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PREFACE 


Longmans’ Algebra for Higher Secondary Schools is a 
revised edition of what has hitherto been popularly known as 
“Longmans’ Matriculation Algebra”. The need for revision 
arose on account of the changes that have been introduced in 
the syllabuses. 

While the text of the original has been retained in most 
parts of the book, it has undergone a thorough change for the 
better. The unwieldy exercises have been split into workable 
units within the class periods besides the home task for 
practice. 

The Remainder Theorem has been assigned its proper 
place in the early stages of the book. The exercises have 
been graded in order of importance and those involving 
cumbersome work have been eliminated. 

Chapters on the Theory of Quadratic Equations and the 
three Progressions have been introduced so as to make the 
book adaptable to the Lower Mathematics and Geometrical 
Drawing Group. Objective-type questions and the selected 
questions from public examination papers are new innovations. 

By virtue of the improvements, it is hoped that this 
volume will be found more useful and will aim greater appre¬ 
ciation from its users than the original. 


Author 
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PART I 

CHAPTER I 

LITERAL ARITHMETIC 

1. Algebra is a method of calculation in which letters such 

as a, b , c J ., *> y> Z are used in addition to the numbers 

0, 1, 2, ., 9 . So Algebra can be called Literal 

Arithmetic. The letters used in Algebra may be assigned any 
values. When we speak of x pencils, we may be thinking of 
5 or 7 or in fact any number of pencils. The letters do not 
stand for quantities. They stand only for numbers. But one 
letter can have only one particular value in the same problem. 

The letters and numbers are connected by the signs 
+, —, X, -r-, =, >, <1, all of which have the same meaning 
as in Arithmetic. 

In Literal Arithmetic the symbol ^ is used as the sign of 
difference, a ~ b stands for a — b if a is greater than b , or b 
if b is greater than a. 

In Literal Arithmetic, the sign ‘ X ’ is often omitted. 5 xa 
is written as 5a ; 4 x a x b is written as 4 ab. But in Arithmetic 
the sign ‘ x 5 cannot be omitted without changing the meaning. 
3x4 = 12 but 34 = 3 x 10+4. 

Note: The products 5xo, ax 6x4 are written as 5a and 4 ab and not 
a5 or a64. The number is always written first. 

In 5a and 4 ab, the numbers 5 and 4 are called the numerical 
coefficients of a and ab respectively. When the numerical 
coefficient is 1, it is not expressed, ab really means 1 xab, the 
numerical coefficient being 1. 

Just as in Arithmetic 4x0 = 0x4 = 0 

in Literal Arithmetic also, Oxa = ax0 =0.* 

Just as in Arithmetic 5 x5 is written as 5 2 , in Algebra, 

axa is written as a 2 (Read ‘a squared’) 

bxbxb is written as b 3 (Read *b cubed’) 

cxcxcxc is written as c* (Read V to the fourth’') 

and so on. / 
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If a factor is repeated a certain number of times, the product 
is called the power of that factor and the small number placed 
above, on the right hand top corner, is called the index. It 
denotes the number of times a factor is repeated in that product. 
In 7 2 , 6 4 , a 5 , the indices are 2, 4, 5 respectively. 


2. Algebraic Language or Symbolic Writing. 

(*) If 5 is added to 7 or subtracted from 7, we write 
74-5 or 7—5. Likewise, ity is added to x, or subtracted from 
x, we write x-f -y or x — y. 

(ii) The statement, “three times x added to 7 equals 25 
is written as 3x4-7 =25. 

(iii) The statement, “If twice a quantity x is increased 
by 9 and the result is divided by 3, the result is 15” is written 


as 


2x+9 

3 



EXERCISE T. 


1. Write in symbols: 


(i) 5 added to x. (ii) * increased by 6. 

(iii) x increased by y. 

(iv) 5 added to x, and y added to the result. 

2. Express in words : 

(i) x-r7. (ii) P+9- 

(iii) x + ll+y. ( iv ) a+b+c. 


3. Write in symbols : 

(i) 9 subtracted from 15. (ii) 9 subtracted from m. 

(iii) 11 diminished by x. (iv) a taken from b. 

(v) The difference between m and n. 

(vi) The sum of 11 and b diminished by c. 

(vii) y subtracted from x and £ added to the result. 


4. Express in words : 

(i) p—1. (ii) m ~ n - 

(iii) l+m—n. (w) P—Q+ T - 

( V ) x-y-Z, < V1 ) a+b-o-i- 

5 (i) How many centimetres are there in 6 metres? 

(ii) „ „ P^ lse » ” 

(iii) „ „ minutes „ „ 


in x rupees 
in t hours? 
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(iv) How many metres are there in l kilometres? 

(v) „ ,, milligrams „ „ in w grams? 

6 . If 1 horse costs Rs. r, what will n horses cost? 

7. If a person travels at the rate of m kilometres an hour, 
how far will he go in t hours? 

8. Write in symbols : 

(i) 5 multiplied by x. (ii) m multiplied by 5. 

(iii) The product of m and n. 

(iv) 7 multiplied by a and the product by b. 

9 . Write in symbols : 

(i) 15 divided by 7. (ii) 15 divided by *. 

(iii) m divided by 7. (iv) p divided by q . 

(v) The sum of p and q divided by m. 

(vi) The difference between a and b divided by c. 

10 . If the price of 7 chairs is Rs. 28 m, what is the price of 
1 chair? the price of at chairs? 

11 . Write in symbols : 

(i) Five added to 6 is equal to 11. 

(ii) Four and five make nine. 

(iii) Two and two make four. 

(iv) Four times three equals three times four. 

(v) Twenty divided by five is equal to eighty divided 
by twenty. 

(vi) Half of p is equal to q. 

(vii) Since five times * is equal to forty, therefore * is 
equal to eight. 

(viii) Since one-third of y is equal to fifteen, therefore 
y is equal to forty-five. 

(i X ) Since seven times m is greater than thirty-five 
therefore m is greater than five. * 

. . , ( X \ u Smce , sbc times P is less than eighteen, therefore 
p is less than three. 

12 . Express in words : 

(i) x-\-7 = 16. (ii) x —11 = 5 . 

(iii) 5* = 30. (iv) = 6. 
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(v) 2a + 36 = 5. 
3a—2b 


(vii) 

(ix) 

(x) 


= 12 . 

7x—2 > 12 , 

2x+5 < 15, 


(vi) = 10 . 

(viii) V 5*— 3 =12, x = 3 

.\ x > 2 . 

x < 5. 


3. 


Definitions, Fundamental Operation. 


An expression is a collection of symbols—that is, of 

letters, figures and signs. Thus 3a, 7a*b, 4a+56, 3a 2ab b 

are all expressions. 

The parts of an expression beginning with one + or 
sign upto the next + or — sign is called a term. 

S 3 a 1 a 2 b are expressions of one term or monomials. 

4a+56 is an expression of two terms or a binomial. 

3 a 2 _ 2 a 6 — 6 2 is an expression of three terms or a trinomial. 

Terms having the same letters are called like terms and 
terms having different letters or different powers of the same 

letters are called unlike terms. _ _ 

T Qs/j. _ 4 -v 3 a-xb—bxa; ab and ba are like terms. 

Similarly^ ate, bca, cab, bac are all like terms. But *+ and 

ab 2 are unlike terms. . f 

An expression containing only on* term is called a simple 

If it contains more than one term, it is 



compound expression. f 

If the values of the letters are known, the value 
expression can be found by substitution. 

Example 1. Distinguish between 3x and **. 

What is the difference if * = 2 or 3 . 

Solution : 3r = 3 X* = * + * + ^gn 3 tunes and added 
*3 = * X* XX (x written 3 times and multiplied together.) 

Whenx=2, 3* -| x2 == 6 = g _ 

WhenX = 3 > =3=27 


difference = 2 . 
difference = 18. 
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Example 2. 


(i) 

Solution : (i) 

(ii) 

(iii) 

(iv) 


Example 3. 

Solution 


Example 4. 

(i) 

Solution : (i) 

(ii) 


If a = 4, b = 3 and c = 2, find the value of: 

5afc. (ii) a 2 * 3 . (iii) 3a\ (iv) 4a 3 -36+5*. 

5a& =5 xaxb = 5x4x3 = 60. 
a 2 b s — axaxb xb xb =4x4x3x3x3 = 432. 
3a b =3xa 3 = 3x/iXflXfl = 3x4x4x4 = 192. 
4a 3 — 3b + 5 C =4 xaxa xa—3 xb-\- 5 2 

= 4x4 x4 x4—3 x3+5x5 
= 256—9+25 = 272. 

Simplify 3ax56. 

3a x 3b — 3 x a x3 x b 
= 3x5 xaxb 
= 15 ab. 


If a =3, 
a — b+c. 


b = h 
(ii) 


c— 2£, find the value of: 
2 ab—be 
3 ac 


a-b+c = 3—*+2£ =4} 

2ab —be 


3 ac 


2 x 3 x4—4 
3 x 3 x-f 


X T 


g_9 


8 1 


- 1 6 y 4 - 

— F x FT — ^ 


1 6 
F 

8 1 

T 


6 

oT 


1. Write briefly : 

(i) 7x7x7x7. (ii) oxnXflXflXd. 

(iii) axpxpxp. (iv) 1 xaxbxb. 

(v) -01 X *01 x *01. (vi) —X—X-X — 

a a a a 

(vii) 3xmxm+4x«xn. (viii) axaxnxnxn. 

(ix) pppp-\-ppp. (x) < 2 Xxxxxa:+^x;x; xy. 

2 . Read the following : 

(i) p 3 . (ii) a- 4 . (iii) r®. (iv) ;z 15 . 

3 . State the value of: 

(i) 5*. (ii) 7 2 . (iii) 2 s . (iv) 3 4 . 

4 . Distinguish between : 

(i) 5a and a 5 , (ii) p 4 and 4 p. 

(iii) Three times 5 and 5 cubed. 
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P= 4 , 
p = *5, 

P ~ T>> 

p = 0 . 


<7 = 1; 

q = *24; 
P =t> 

n=2. 


Find the value of 


5. Find the value of x-y-y+z 

(i) when x = 3, y = 2, £ = 4 ; 

(ii) when x = y = - 4 -, <: — -g-; 

(iii) when x = *24, ^y = *16, £ = "15 ; 

(iv) when x =0, y = 5. £ — 13. 

6 . Find the value of a-\-b — c—d 

(i) when a = 2, b = 7, c = 1, d = 3 ; 

(ii) when <2 = b = J, c = d = ^ ; 

(iii) when a = *15, b = * 8 , c = *02, d = *46. 

7. Find the value of 5mn-\-3pq 

(i) when m = 6 , n = 2, /> = 4, <7 = 1; 

(ii) when m = *7, n = ‘4, p = ’5, q = *24 ; 

(iii) when m = 4, ft = t5> /> = &> P = i > 

(iv) when m = 7, ft = 1, />=0. <7 = 2. 

, • _ 3a6-4-4c</ 

8 . Find the value of ——> 

(i) if a = 2, 6=5, c = 1, d = 4; 

(ii) if a = *4, 6 = *5, c = * 16, d = 2-5; 

(iii) if a = ■£, 6 =f, c= h d = \. 

9. If a = 3, b = 5, c = 2, x = 1, y = 4, find the value of 

(i) 2a 3 4-36 2 . ' (ii) 5a 4 — 26 2 +4x 3 . 

(iii) 1 la 3 4-66 3 +2x c -}-jv 3 . (iv) 2a6 3 + 3a 2 c 2 +4x>> 3 . 

(v) a c + 6 x . (vi) jv a -f* b -K x . 

4. Laws of Indices. 

(i) a 3 X a 2 = (a X a X a) X (a X a) 

=axaxaxaxa = a 5 = a 3+2 . 

(ii) a 3 X a 4 — (a X a X a) x (a x a X a X a) 

=axaxaxaxaxaxa 
= a 7 = a 3 + 4 . 

Similarly, a 4 X a* = a* + & = a 9 

aPxa 1 = a 6+7 = a 12 . 

or in general, a m Xa" =a m + n where m and n are ordinary 
arithmetical numbers. 

This is the First Law of Indices. 


d = 4; 
d = 2-5; 
d = \. 


(i) <M =- 3 = 


axaxaxax a «, 5 - 3 

= fl- = <2 


^ “ * a 3 axcixa 

a 7 axaxaxaxaxaxa 

(ii) a 1 -ra 4 = ~i axaxaxa 


= a 3 = a' 


7—4 
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Similarly p 9 ^p b = P»~ 5 and x”4-x 6 = x 11 " 6 or in general, 
= a m-n w here m and n are ordinary numbers and m > n. 

This is the Second Law of Indices. 


(i) (*3)2 = X 3 = a 6 = a 3x2. 

(ii) (X 2 ) 3 = A 2 XX 2 XX 2 = X 6 = v 2 * 3 

(iii) {p 2 ) s = p 2 xp 2 Xp 2 xp 2 xp 2 = p'° = p 

In general, we may say (*”*)" = x”’ x " where m 
nary arithmetical numbers. 


2x5 

and 7i are ordi- 


This is the Third Law of Indices. 

Example 5. Multiply 5a 2 b 2 x3a 2 6 4 . 

Solution : 5a 2 b 2 X 3a 2 b A = 5 x a 3 x b 2 x 3 x o 2 x b x 

= 5 x 3 X a 3 X a 2 x b 2 X 6 4 

= 15<2 3+2 6 2+4 

= 15a 5 6 6 . 


Example 6. Simplify 


Solution : 


12x>» 

~*y 


I2xy 

"4T‘ 

12 xx xy 
4 xy 



Example 7. Simplify 


18 x 5 y 
6 x*y * 


Solution : 


18x 5 ^> 3 _ 18 x x 5 xy 3 

6x 4 _>» 6 xx 4 xy 


= 3x 5_1 _>’ 3_1 

= 3x>> 2 . 


1. Prove that: 

(i) 3 4 X 3 2 = 3 6 . 

2. Write down the values 
(i) 5 3 x 5 2 x 5 2 . 

(iii) fl 4 Xfl 2 Xfl 7 . 

3. Find the product: 

(i) 2abx3cd. ■ 

(iii) a 2 bc X ab 2 c. 

(v) 3 a 2 b z c 2 X 5a?b*c. 


(ii) 6 4 x6 7 = 6 11 . 

of the following : 

(ii) 7 2 x 7 3 x 7. 

(iv) x 6 xx 3 xx 4 . 

(ii) §x*yx2xy 2 . 

(iv) a 2 b Xab x ac 2 . 
(vi) 2 p 2 q xpq 2 X 3pq. 
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4. Prove that : 

(i) 5 7 -^5 3 = 5 7-3 . (ii) 7 12 -h7 4 = 7 12 ” 4 . 

5. Write down the values of: 

(i) (ii) p 24 +p 15 . 

(iii) m 13 -i-m 7 . (iv) * 24 -h* 12 . 

6. Divide: 

(i) 12* 4 y>by6 x 2 y 2 . (ii) 10m 7 n 5 by 2m 4 n 4 . 

(iii) 8 p 5 q*r 3 by 4 p 3 q 2 r 3 . (iv) 4 m G n 3 p 5 by 2m 2 n 3 p 4 . 

(v) 15/ 6 m 2 « 9 by 5/ 4 m 2 /2 2 . 

7. Write down the values of the following: 

(i) (2 3 )\ (ii) (3 2 ) 3 . (iii) (a”). 

m n 5 

(iv) (*») . (v) (/,*) . (vi) (j>) . 

5. Power and Root. 

When a number or letter is multiplied by itself, we get a 
power of that number or letter. The number or letter is then 
called the root of that power. 

Corresponding to the square, cube, fourth power, etc., we 
have the square root, cube root, fourth root and so on. 

The symbol \/~~ stands for ‘the root of\ \/x is read as ‘the 
square root of x\ 

9 is the square of 3. 3 is _the square root of 9. 

It is written thus : 3 = %/9. 

64 is the cube of 4. .*. 4 is_the cube root of 64. 

It is written thus : 4 = ^/64. _ 

Similarly, a is the 4th root of a 4 or a = %/a 4 . 


Example 8. Prove that : _ _ 

(i) y/ji = a *. (ii) V fl12 = a “■ (>“) V al ' 2 = a3 - 

o 

Sol. (i) Since a 12 = a 6 X a e = (a 6 ) , 



(ii) Since « 12 = a'xa 4 xa 4 = ( a 4 ) , 

vv“ 2 = VT* 1 ) =c4 * 
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(iii) Since a 12 





1- Prove that: _ 

(i) y io* = 10 2 . (ii) \/* 10 = X 5 . 

(iii) \/9a 2 6 2 = 3a6. (iv) \/ 36 3 = 6 3 . 

(v) = a 2 . (vi) %/8x*y* = 2xy. 

(vii) yi6 =2. (viii) \/81 == 3. 

2. Write down the square root of: 

(i) 5 4 . (ii) 4 6 . (iii) a 22 . 

(iv) 4a: 6 . (v) 9/. (vi) 25a 2 6 4 . 

3. Write down the cube root of: 

(i) 64a 9 . (ii) 216* 12 . (iii) 125? 27 . 

4. Write down the fourth root of: 

(i) 16a 8 . (ii) 816 12 . (iii) 256c 20 . 

6. Addition and Subtraction. 

In Arithmetic, 

8 apples 4- 5 apples + 7 apples = (8+5+7) apples 

= 20 apples. 

In Literal Arithmetic, 8a+5a + 7a = (8+5+7) a = 20a 

8b—5b = (8—5) b = 3b. t 

But, if 5 b is added to 8a, we get 8a+56. This cannot 
be simplified. 

Example 9. Add 3xy, 4a^-, 2xy. 

Solution: 3xy+4xy+2xy = (3+4+2)xy = 9^’. 

Example 10. Simplify 3a+4a + 6+56. 

Solution: Since 3a+4a = 7a and 6+56 = 66, 

.. 3a+4a +6 +56 = 7a—(— 66. 

Example 11. Simplify 5 a:— 2a: + 3_>> —^ + 1. 

Solution : Taking the like terms, we have 

5a:— 2x = 3x and 3 y—y = 2y> 

.*. 5x —2 a- + 3y —y +1 = 3*+2>- + l. 
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Example 12. Simplify 4xy+3x+2_y— x—y. 

Solution : Taking the like terms together, we have 

4xy+3x+2_y— x — y — 4 xy +3x —x -j -2y —y = 4xy+2x-j-y~ 

Example 13. Simplify 5 a 2 -\-a —7+3 a —2a 2 + 6. 

Solution : Taking the like terms together, we have 

5a 2 +tf—7 + 3<z—2a 2 +6 = 5<z 2 — 2a 2 -\- a-\-3a — 7+6 

= 3a 2 +4fl — 1. 


EXERCISE 5(a). 


Write down the value of: 

1. 4<2 2 +<z 2 +6a 2 . 2. 

3. p+p+p +/> + ...to 15 terms 4. 

5. 13 ab — lab. 6. 

7. 9a 2 — 4a 2 . 8. 


3 ab +4 ab +2 ab. 
9xy-\-l xy-\-\2xy. 
\labc —12 abc. 
15x 2 — 1 lx 2 . 


Simplify : 

10. 

9. 

* +* +y +y +.v. 

11. 

* +y +* +jv +x. 

12. 

13. 

5x + 7_y—2x+4. 

14. 

15. 

5a-\-b—2c-\-b—2a. 

16. 

17. 

a 2 -\-5a 2 — 3a. 

18. 


19. p 2 — 3/>+2+/> 2 +4/> + l. 

20. 7x 3 +2x 2 +2x +4 —5x 2 —4x. 


a-\-b-\-a-\-b. 
x+5 +x +2 +x. 

# + 6 —r ~\~ a —^ +£* 
4x>;+3x4:— 2xy. 
x 3 +2x 2 +4x —x 2 . 


7. Arrangement of the Terms of an Expression. 

An expression like 3x 5 +2x + 7x 3 — x 2 —5x 4 + l ^ cannot be 
simplified, for, all its terms are unlike. But it is useful to 
arrange the terms either (£) in descending powers of x or (n) in 
ascending powers of x. 

In descending powers ofx, it becomes 3x° 5x 4 + 7x 3 — x 2 + 

2x + l and in ascending powers ofx, it becomes 1+2x x 

+ 7x 3 —5x 4 +3x 5 . 


EXERCISE 5 (b). 

1. Arrange 4+5x 2 +x3+ 7x 4 +3x in (i) descending powers 
ofx, (ii) ascending powers ofx. 

2. Arrange G 2 +^+5a 3 + l +4<z 6 in (i) descending powers 
of a , (ii) ascending powers of a. 

3. Simplify x 4 +3x 2 +4x+5 —x +2x 3 x 2 and arrange the 
answer in ascending powers of x. 
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4. Simplify 8+* 2 +3*‘+2**+7*-4*3+5**-3* + l and 
arrange the answer in descending powers ol x. 

5. The number 435 can be written 4xl 02 + 3xl0 + ^ 
Write similarly 374 and in the answer substitute x foi 10 and 

x 2 for 10 2 or 100. 

Gan you simplify 3x 2 +7x+4? 

6. The number 3048 can be written 3x10*4-4 x10+8. 
Write similarly 5704 and in the answer substitute x- ior 1U 

and x 3 for 10 3 . 

Gan you simplify 5x*+7x*+4? 

8. Highest Common Factor, Lowest Common 
Multiple, Fractions. 

The term ‘factor’ and ‘multiple’ are already known in 
Arithmetic. 2, 3, 7, etc. are contained in 84 an exact number 
of times. 2, 3, 7, etc. are factors of 84. They divide 84 exactly 
i.e. leaving no remainder. 84 is a multiple of 2, 3, 7, 12, etc. 

Of the two expressions 6 a 3 b 2 , Sa 2 b 3 , there are several common 
factors, viz., 2, 2<i, 2a 2 , 2b, 2b 2 , 2 ab and 2 a 2 b*. But 2a 2 6* is 
the highest of all these factors in power, and contains in it 
every other common factor. 

2 a 2 b 2 is called the Highest Common Factor (H. C. F.) 
of 6 a 3 b 2 and 8 a 2 b 3 . 

The Lowest Common Multiple (L. C. M.) of 6 a 3 b 2 and 
8 a 2 b 3 is the lowest expression which is exactly divisible by 
6a 3 b 2 as well as 8 a 2 b 3 ; therefore it must contain the L.C.M. 
of 6 and 8, i.e., 24 as a factor and also it must be divisible by 
a*b 2 and a 2 b 3 , i.e., it must contain a 3 b 3 as a factor, for it is 
the lowest in power of all the common multiples like 
a 3 b 4 , a 4 b 3 , a 4 b 4 &c. Hence 24 a 3 b 3 is the L.C.M. of the two 
given expressions. 

Example 14. Find (i) the H. C. F. and (ii) the L. C. M. 
of 9x 2 y 3 and 12 xy 2 z. 

Solution : (i) The H. C. F. of 9 and 12 is 3. 

The H. G. F. of x 2 and x is x. 

The H. C. F. of_y 3 and / is y 2 . 

Z is not a common letter. It is ignored. 

The H. C. F. of 9x^y 3 and \2xy 2 z is 3xj 2 . 
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(ii) The L. G. M. of 9 and 12 is 36. 

The L. C. M. of a 2 and at is x 2 . 

The L. C. M. ofjy 3 and y 2 is y 3 . 

Z is an extra letter and it is included. 

.*. The L. C. M. of 9 a : 2 jP and \2xy 2 z is 36x 2 y 3 z- 

Note : In H. C. F., the extra letter is dropped out. In L. C. M., the 
extra letter is included in the result. 


Example 15. 


Simplify 


6* y 

4xy 3 z‘ 


Solution : The H. C. F. of the numerator and the denominator 
is 2 a y 2 . Divide the numerator and the denominator by 2 xy 2 . 

6a 3 y 2 __ 3a 2 

4xy 3 z 2 yz 

4x 

Example 16. Express — as an equivalent fraction with 

oy 

denominator 6 ay. 

Solution : If 6 ay be divided by 3y, the quotient is 2a. 

Multiplying the numerator and the denominator by 2 a, 
we have 

4a _ 2a x4x _ 8ax 
3 y ' 2 a x 3 y 6 ay 


Example 17. Express 
numerator \2a 2 x 2 z}. 


2tf 2 X 2 

w as an 


equivalent fraction with 


Solution : If 12tf 2 x 2 * 2 be divided by 2g 2 a 2 , the quotient is 6^ 2 . 

Multiplying the numerator and the denominator by 6z 2 , 
we have 


2a 2 x 2 6z 2 X 2a 2 x 2 _ 1 2a 2 x 2 z? 

Zb 2 y 2 _ 6<: 2 x 3 b 2 y 2 18 b 2 y 2 z 2 ' 

5 7 

Example 18. Reduce — and — to fractions having the least 


common denominator. 


Solution : The L.C.M. of 3a and 4a = 12a. 

.5 4x5 20 7 3 x7 _ 21 

*’• 3a ~ 4 x 3a 1 2a and 4 a 3 x 4a 1 2a‘ 
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Example 19. (i) Add — and 


1 


(ii) Subtract 


1 

lOx* 

from 


3^ 

4x* 


Solution: The L.C.M. of the denominators is 20*. 

Expressing each fraction with denominator 20x, we have 


3 , 

1 15 2 

3 

(ii} - 

1 15 2 

4X -1 

lOx 20a: 1 20a: 

W 4a: 

10a: 2 Ox 20x 


15+2 


15—2 


“ 20a: 


” 20a: 


17 


13 


20a:’ 


“ 2 Ox* 


EXERCISE 6. 


1. Of the expressions 3a, 6 ab, 4a 2 , 2 ab, 12 a 2 b 3 , 12 a 2 b 2 , 
6a 2 b, 16a 4 , ab , 3 a 2 b, 2 ac, 6 a 2 c, 6 abc 2 , which are factors of: 
(z) 6a 2 , (ii) factors of 3a6, (iz'i) common factors of 6a6 and 
4a 2 , (ip) multiples of 4a 2 , (u) multiples of 3 ab {vi) common 
multiples of 2a 2 and 3 ab ? 

2. Find the H.G.F. and the L.C.M. of: 

(i) 4a 2 6 2 , 6a 3 6 3 . (ii) 12a 3 6, 18afc 3 . 

(iii) 12a&, 3 a 2 b. (iv) 39a 3 6 4 , 52a 2 6 5 . 

(v) 4 a 2 b, 6a 3 6 3 , 3 abc 2 . (vi) 6 ab 2 , 8 a 2 b 2 , 12 a 2 bc, 18 abc 2 ,. 

3. Find by factors the H.C.F. and the L.C.M. of: 

(i) 2 3 x 7 2 , 7 3 x2. (ii) 3 2 x5 3 , 3 3 x5 2 . 


4. Simplify: 

... 6 ab 3 c A 

{l) 10a 2 W 


1 3a 2 b 2 c* 
39a 3 6 3 c 5 ‘ 


.... 15a 2 x^y 
(11) ~bax^ 2 ~‘ 

51 x 5 y 3 z 2 
K } \7x*y 2 z' 


(iii) 

(vi) 


48a 2 x 2 _>> 5 

12a*xV 

21 a 7 *y 

7a 8 x 6 ^ 5 * 



Fill in the blanks 

5v * 


(iii) a 3 = 


b 2 ' 


in the following : 


(ii) 

(iv) 


4a 2 6 * 

6 ab 2 ~ 18 a 2 b 2 
1 £ 2 



m 3 /z 3 . 

* 
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6. Reduce the following to fractions having the least 
common denominator : 


(■) 

(Hi) 


5 4 3 c 

6 a 3x* ax 


.•2 


y 


2ab* Zac Abe 


(ii) 

(iv) 


3 x y 
Ax* Gy 1 * 3x 2 ' 

2x 3 3y 3 Axy 2 

3 * 3lPb* A~ri 2 * 3 b 3 ' 


x 2 y 


a 


.7. Simplify the following fractions : 


w 

2x 

3x 



6 

3 

1 4* 

(«) 

2a: 

H— 

a: 

(iv) 


(v) 

i •* 

i -i—. 

y 

X 



(vii) 

l 

1 


C 

2c 

X 

"3x* 

(vm) 

7“ 

3b 

(x) 

1- 

1 

“" • 

(xi) 

2 

xy 

• 



xy 


xj; 

z 

(xiii) 

x+z 4.5 

a 1 c 

(xiv) 

2x 

3 

x 3x 
4 + 5 

(xvi) 

2 a 

5 b , 3c 




3x 

+ 12j> + 4* 

* 


(xvn) 

(xviii) 

a 

be 

± b + c 

1 ca 1 ab * 



(xix) 


S+& 


1 


(vi) -+3. 

v * x 


(ix) 1 


a 


b 

x 


(xii) 2+3+4’ 

( xv ) oZ+^.+4^- 


,2 


2x ' 3* 
3 xy , 2y 2 


15 1 18* 


b —c c—a 
be ca 


a 


ab 


8 . 


Simplify the following : 

2 /,2 

(ii) x* 


... a* b 2 

(0 r-X—• 
v ' be ac 


(iv) 


c 2 6 2 


x 


, x 12&c 21 ab 2 

(V) 


(iii) X~. 

K ' b c a 

3 6x 2 y 2 . 21 xy 2 


(vi) 


15^ 3 • 10* 2 


9. 

10 . 


c 35a 2 '' 306 3 ’ 

What fraction is Am centimetres of m metres ? 

ABC is a straight line ; its part AB measures * units 
and BC measures y units. What fraction is (i) AB of AC ? 
.(ii) AC of BC ? 

9. Generalisation. 

(i) We know that 0x3=0 

0x4 = 0 
0x5=0 

0 x any number = 0 ; 
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the general statement is 0 x* = 0 where x stands for any 
number. 

(ii) We know that 2x1 is an even number. 

2x2 „ „ 

2x3 „ 

2x4 „ ,, 

2 X any number is even ; 

the general form of an even number is 2 x. 

(in) We know that 5x4 =4x5 

6x9 = 9x6 
12x8 =8x12. 

The general form is : a xb = b xa. 

(iv) In the case of rectangles 
if length = 10m, and breadth = 5m, 

perimeter = 2 ( 10 +5)m ; 

if length = 15m, and breadth = 8 m, 

perimeter = 2 (15+ 8 )m ; 

if length = 22m, and breadth = 14m, 

perimeter = 2 (22 + 14)m ; 

i.e.y if length is l metres and breadth is b metres, 

perimeter is 2 ( l-\-b ) metres. 

The generalised statement is p =2 (/ + &). 


Generalise: 

1. 4+5 = 5+4 2. 7 2 x 7 = 7 s 

7+3 = 3+7 9 2 x 9 = 9 3 

9+4 = 4+9. 11 2 X 11 = 11 3 

3. 2x1+1 is an odd number 
2 x 2 + 1 
2x3 + 1 

4. The sum of the first 2 odd numbers is 2 2 

3 3 2 

4. A2 

>> » ^ » >> ^ 

5 . 4 times 6+6 = 5 times 6 
4 times 7+7 = 5 times 7 
4 times 9+9 = 5 times 9. 


3 2 

42 


« 
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6 . In a rectangle, if 

length = 16m, breadth = 12m, area = 16x12 sq. m. 

„ = 24m, „ = 18m, „ =24x18 „ 

„ = 15m, „ = 14m, „ =15x14 „ 

7. Give a general form for numbers ending in 5, by observing; 
the following statements : 

15 = 10x1+5 
25 = 10x2+5 
35 = 10x3+5 
75 = 10x7+5. 

8. Considering 23, 33, 43, 63,.obtain a general 

form for numbers ending in 3. 

9. Generalise the following : 

In a circle, 

if the radius is 5 units, area of the circle = it x 5 2 sq. units 
„ „ 6 units, „ ,, =ttx6 2 „ 

„ „ 7 units, „ „ =ttx7 2 „ 

10 . Given the following data, obtain a general form or 
formula for the area of a trapezium. 

In a trapezium: 


Parallel sides 

Distance between 

Area of a trapezium 

in cm 

them in cm 

in sq. cm 

4, 3 

2 

• 

i ( 4+3) X2 

10, 7 

4 

* (10 + 7) x4 

7, 8 

3 

* ( 7+8) x3 


10. It is important to remember that the letters stand for 
numbers and not for quantities or number of things . t x rupees’ is a 
quantity,but x is only a number. It is wrong to say, “Let 
the length of a rectangle be It should be, “Let the length 

of a rectangle be / metres”. Similarly, the weight of a box 
is not ‘ w ’ but kilograms or < w > units of weight. 

In solving simple problems, in Algebra we adopt the unitary 
method, just as we do in Arithmetic. 
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Example 20. For * kilometres the railway fare is ~Rs.y. How 
much will the fare be for (i) 8* kilometres (ii) t kilometres ? 

Sol. (i) For x km the fare is Rs. y 

y 

For 1 km the fare is Rs. 

y 

For 8x km the fare is Rs. - X 8x 

X 

= Rs. 8 y. 

y 

(ii) As above, for 1 km the fare is Rs. - 


y 

for l km the fare is Rs. -x/ 

X 



X 


Example 21. If x men can do a piece of work in 14 days, 
how many days will y men take to do it ? 

Sol. x men can do a work in 14 days 

1 man ,, ,, ,, 14 xx days 


y men 


55 


55 


55 


14x 

y 


days 


1. Reduce Rs. x, y P. to paise. 

2 . How many hours does it take to walk 

(i) x km at the rate of 5 km an hour ? 

(ii) x km at the rate of y km an hour ? 

3. In t hours a man walks m km. 

(i) At what rate does he walk in km per hour ? 

(ii) How many metres does he walk in 15 minutes ? 

4. A train runs with the speed of m km per hour ; what 
is its speed in metres per minute ? 

5. A clock loses j seconds in 24 hours ; in how many 
days will it be x minutes too slow ? 

6. If three-fourths of the distance between Delhi and 
Simla is x km, what is the distance between the two towns ? 

2 
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7. If a metres of silk cost Rs. 15, how much of it can be 
had for Rs. * ? 


8 . A motor car runs / km in a hours on the first day, 
m km in b hours on the second day and n km in c hours on 
the third day. Find its average speed per hour. 

What is the result of increasing x by 16 per cent ? 

10. How much per cent is x of y ? 

11. Express as a percentage (i) i, (ii) 

a b 

12. Find the simple interest on Rs. 300 at r% per annum 
for 5 years. 

13. Find the simple interest on Rs. p at r°/ 0 per annum 
for 5 years. 

14. Find the simple interest on Rs. p at r°/ 0 per annum 
for t years. 

15. The area of a wall is A sq. m and its height is 8 m ; 
find its length. 

11. If you fail to solve a literal problem, frame for yourself 
a similar problem using numbers for letters and solve it ; then 
follow the same process for the given problem, as illustrated 
further in examples 22 and 23. 

Example 22. The telegraph posts are fixed d metres apart 
along a railway line and a train passes n poles per minute. 
Find the speed of the train per hour. 

Sol. Let us frame a similar problem, putting numbers 
instead of the letters d and n. 


The telegraph posts are fixed 70 metres apart along a railway 
line and a train passes 9 poles per minute. Find the speed 
of the train per hour. 

In one minute the train passes 9 poles or covers (9—1) or 
8 distances between two consecutive poles. 


in 1 minute it goes 70x8 metres 
,, 60 minutes ,, 70x8x60 metres 


70 x8 x60 


55 


km. 


5 ) 


1 hour 


1000 
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Now we can work out the original problem : 

In one minute the train passes n poles or covers (n 1) 

distances between two consecutive poles. 

in 1 minute it goes d X (rc 1) metres 


3 3 


33 


33 


60 minutes 
1 hour 


1 


33 


3 3 


33 


35 


d x{n — 1) X 60 metres 
dx In — 1) X 60 


1000 

3d(n — 1) 


km 


km 


Example 23. A cow is bought for * rupees and sold at a 
profit, for y rupees ; find the profit per cent. 

Sol. Let us take a similar problem in Arithmetic. A cow is 
bought for Rs. 57 and sold for Rs. 72 ; find the profit per cent. 
The profit is Rs. (72 — 57), 

The cost price is Rs. 57, 

.*. the profit is ^ X 100 j % 

Now in the original problem, 
the profit is Rs. ( y — x), 

the cost price is Rs. x , 


the profit is 


x ~ Xl °° ]° /o 


i.e. the profit 


100 (y—x) 
x 



EXERCISE 9. 

1. A merchant bought sugar worth Rs. m and sold it at 
a profit for Rs. n. Find his profit per rupee. 

2. The price of cycles is reduced by 5%. If the old price 
of a cycle were r rupees, what is its new price ? 

3. A bookseller allows x% commission on the published 
price of his books sold for cash. How many paise in a rupee 
is this ? 

4. The price of wheat has fallen p% in two years. It is 
now selling @ 1*5 kg per rupee. What was its rate two 
years ago ? 
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5. Find the cost in rupees of a carpet for a room x metres 
long and_>> metres wide @ Rs. 3 per sq. metre. 

6. A piece of cloth is x metres long an dy cm wide. How 
many pieces 50 cm x 20 cm can be cut out of it ? 

7. What is the volume of a brick a cm long, b cm wide and 
c cm thick ? What is the total area of its surfaces ? 

8. A reservoir is l metres long and b metres wide. If its 
capacity is x cubic metres, find its depth. 

9. The thickness of a sheet of paper is i cm. How many 


sheets will be required to form a pile of paper h cm high ? 

10. Find the length of a wire whose cross-section is - cm ! 

If 


and whose volume is 1 cm 3 . 


CHAPTER II 


DIRECTED NUMBERS, FUNDAMENTAL 
LAWS, FIRST FOUR RULES 

1. Illustrations. 

(i) If a tradesman invests in business a capital of Rs. 100, 
and from his first transaction he gains Rs. 5, and from his 
second transaction he loses Rs. 5, his capital or financial 
position remains unchanged. 

Here the loss of Rs. 5 destroys the gain of Rs. 5 ; thus the 
loss of Rs. 5 and the gain of Rs. 5 are opposite in character but 
equal in magnitude. 

(ii) If a man ascends 10 m and then descends 10 m, his 
ultimate position remains unchanged. 

Here the descent of 10 m destroys the ascent of 10 m, thus the 
ascent of 10 m and the descent of 10 m; are opposite in character 
but equal in magnitude. 

(iii) If a man walks 3 km east and then 3 km west, his 
ultimate position remains unchanged. 

Here the effect of going 3 km east is destroyed by the effect 
of going 3 km west ; thus going 3 km east and going 3 km 
west are opposite in character but equal in magnitude. 

These three examples are of equal and opposite quantities 
or movements. 

It is evident that the gain of Rs. 8 does not completely destroy 

the loss of Rs. 12, but the effect of one on the capital is opposite 

to the effect of the other ; hence gain and loss are two opposite 
quantities. 

Similarly, income and expenditure, rise and fall, the distance 
to the right-hand side and the distance to the left-hand side, 
die distance to the north and the distance to the south, the 
degrees above the freezing-point and the degrees below the 
freezing-point, the arrival of men and the departure of men, 
the time before a particular event and the time after that event 
are pairs of opposite quantities or movements. * 
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In Arithmetic the operations of addition and subtraction 
which are opposite to each other, are denoted by the signs 
-f- and — respectively ; similarly, it would be convenient to 
denote any pair of opposite quantities or movements by the 
same signs, -f- and —. Thus -f- and — assume another 
meaning now. 

If one quantity or movement be represented by the sign 
the opposite one would be represented by the sign —. They 
form part of the quantities expressed. 

2. In general, it is a convention to mark such quantities 
positive as raise or strengthen our position , and to mark such 
quantities negative as Lower or weaken our position. 

Thus, gain , income , credit, ascent, rise, etc. are taken as positive, 
and loss , expenditure , debit , descent, fall, etc. are taken as negative. 

Similarly, motion and distance to the right-hand, motion 
and distance to the east and north, degrees above the freezing 
point, etc. are taken as positive ; whereas motion and distance 
to the left-hand, to the west and south, degrees below the 
freezing-point, etc. are taken as negative. 

Note : The + sign is generally omitted before a positive quantity. 
+ Rs. 5 and Rs. 5, -+- 8 and 8 are positive. The — sign must be 

invariably written before a negative quantity. 


• • 

1. Name three pairs of equal and opposite quantities. 

2. Name two pairs of equal and opposite movements. 

3. If + Rs. 12 denotes Rs. 12 received, what would 
— Rs. 12 mean ? 

4. If 1000 metres height above the sea-level be represented 
by -f- 1000 metres, what would be the meaning of — 5UU 

metres ? 

5. If the arrival of 5 men be denoted by -f 5 men, what 
would be the meaning of — 5 men ? 

6. Write the following symbolically prefixing the usual signs : 

(i) An income of Rs. 50. (ii) A loss of Rs. 20. 

(iii) A debt of Rs. 100. (iv) An expenditure of Rs. 40. 
(v) A saving of Rs. 15. (vi) An ascent of 25 metres. 
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(vii) A promotion of Rs. 5. 

(viii) 200 m below the sea level. 

(ix) 13 km due east. (x) 15 km due north. 

(xi) 17 km due south, (xii) 20 km due west. 

(xiii) 8 men arrived. (xiv) 10 men left. 

(xv) 16 metres to the left. 

(xvi) 24 metres to the right. 

7. Express with proper signs each of the following quantities 
as a gain : 

(i) gain of Rs. 12 ; (ii) loss of Rs. 9 ; 

(iii) gain of Rs. 25 ; (iv) loss of Rs. 15. 

8. Express with proper signs each of the quantities in 
question 7 as a loss. 

9. Express all the following as northerly movements : 

(i) 5 km north. (ii) 7 km south. 

(iii) 3 km north. (iv) 8 km south. 

10. Express all the movements in question 9 as southerly 

movements. 

3. Directed Numbers. 

The pairs of opposite quantities mentioned previously, 
i.e. gain and loss, credit and debit, have reference to the 
original financial position of a person. 

Rise and fall, ascent and descent are measured from the 
level of the ground. 

Similarly, distances to the east and west, to the north and 
south are measured from a certain point. 

In all cases, the magnitudes of opposite quantities are 
measured from a particular position. This particular position 
is called the starting-point ; the numbers indicating their 
measures and direction are called directed numbers. 

Example 1 : A barrel floating on the surface of a sea is 
carried by successive tides as follows : 

3 km east, 4 km west, 2 km east, 5 km west, 6 km east. 
Represent these movements by means of the usual signs. 

Sol. Using 4- sign for east and — sign for west, we have : 
(+3 km) 4-(—4 km)+(4-2 km)+(—5 km), as representa¬ 
tion of the changes in the position of the barrel. 
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Example 2: A person gains Rs. 30, loses Rs. 25, gains 
Rs. 15, and then loses Rs. 10. Represent these changes 
symbolically, using a for Rs. 5. 

Sol. Since a is to stand for Rs. 5, the given gains and losses 
would be represented by-f- 6 a, — 5a, 4 - 3a and —2a respectively. 
Thus we get the following symbolic representation : 

( -j- 6 a) -f-( — 5a) + ( + 3a) -f-(~ 2a). 

4. Relative Position. 

Suppose all measurements are calculated on the following 
scale from the mark 32. 


26 27 28 29 30 31 32 33 34 35 36 37 

Since 35 is 3 steps forward from 32, it is said to be (—1-3) 
relative to 32, and as 30 is 2 steps backward from 32, it is 
said to be ( — 2) relative to 32. 


1. In the graduated scale XX\ take 0 as the starting- 
point, and mark on it the positions of the following points : 


I I J I , J-l-l A. 1 


X' 


(i) 

(iv) 

(vii) 

(X) 


4- 


3. 

8. 

9. 

0. 


(H) 

(v) 

(viii) 

(xi) 


4- 

+ 


3. 

10 . 

15. 

14. 


2. Tell from the scale the number of 


(Hi) + 5. 

(vi) + 12 . 

(ix) -{- 7. 

(xii) — 15. 

divisions between 


(i) -f- 3 and — 3. 

(iii) — 10 and + 10 . 
(v) — 6 and 4- 4. 
(vii) — 9 and 0. 

How many divisions do I 


(ii) 4 - 5 and — 8 . 

(iv) — 5 and — 8 . 

(vi) 0 and — 7. 

(viii) 4 - 8 and 0 . 

move, and in what direction 


3. if I move from 4-3 to —3 ? 

4. if I move from 4-5 to H -8 ? 
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5. if I move from —8 to —5 ? 

6. if I move from —5 to +8 ? 

7. if I move from +9 to +4 ? 

8. if I move from 4-11 to —3 ? 

9. if I move from —10 to 4-2 ? 

10. if I move from —4 to —10 ? 

11. On Monday a merchant gains Rs. 60, on Tuesday 
he loses Rs. 25, on Wednesday he loses Rs. 15, on Thurs¬ 
day he gains Rs. 12, on Friday he loses Rs. 16, on Saturday 
he gains Rs. 24, and on Sunday he gains Rs. 40. Represent 
these changes by means of the usual signs. 

12. An aeroplane rises to a height of 850 m, then descends 
350 m., it again rises 260 m, and then descends 145 m. 
Express its ascent and descent symbolically. 

13. The changes in the level of a hilly-road are as follows : 
a rise of 80 m, a drop of 50 m, a rise of 110 m, a drop of 
60 m, a rise of 130 m, a drop of 70 m, a rise of 150 m. 
Represent the level symbolically, using x for 10 m. 

14. P, Q,, P, S y T are five stations on a railway. From 
P to Q_ the level falls 50 m, from Q to P it rises 70 m, from 
R to S it falls 40 m, and from S to T it rises 80 m. Represent 
the whole level symbolically, using a for 5 m. 

15. The average temperature of a day was 80°. At certain 
hours of the day the temperature was 75°, 78°, 84°, 88°. 
State each of these, relative to the average temperature. 

16. Reckoning times from 10 a.m., express each of the 
following times on a certain day by directed numbers : 

(i) 4 p.m., (ii) noon, (iii) 7-30 a.m., (iv) 3-20 p.m. 

17. The freezing-point of water according to a Fahrenheit 
thermometer is 32°. Express the following temperatures 
relative to the freezing-point: 

(i) 78°, (ii) 24°, (iii) 32°, (iv) 0°. 

5. Addition. 

The graduated scale below stands for a straight road 
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running east-west. Each division stands for one kilometre. 
0 is the starting-point. 



A man is supposed to be walking along this road in both 
directions as detailed below. His movements are expressed 
symbolically : 


Details of movement 

Symbolic expression 

(i) 

When he goes 8 km east, 
then 5 km east, his final 
position is 13 km east. 

(East is +; West is —) 

( + 8 km) 4- (4-5 km) = 4-13 km. 

(11) 

When he goes 8 km west, 


then 5 km west, his final 
position is 13 km west. 

(—8 km)-J-( — 5 km) = —13 km. 


(hi) 

When he goes 8 km to the 
east and then 5 km to the 
west, his final position is 

3 km east. 

(4-8 km)4-(— 5 km) = 4-3 km. 



(iv) 

When he goes 8 km to the 
west and then 5 km to the 

(-8 km)4-(4-5 km) = - 3 km. 


cast, his final position is 

3 km west. 



In the following illustration, some transactions are repre¬ 
sented symbolically, using-(-sign for gain and—sign for loss. 


Transaction 

(i) 

Rs. 3 

gain-f Rs. 4 

gain 


results 

in Rs. 7 gain. 


(ii) 

Rs. 3 

1oss4~Rs. 4 

loss 

results 

in Rs. 7 loss. 


(iii) 

Rs. 3 

gain4~Rs. 4 

loss 

results 

in Re. 1 loss. 


(iv) 

Rs. 3 

loss-f-Rs. 4 

gain 

results 

in Re. 1 gain. 



Symbolic expression 


i + r + Rs. 4} = -fRs. 7. 


(4-Rs. 3) + ( + Rs. 4) = 


(—Rs. 3) + (— Rs. 4) = -Rs. 7. 
( + Rs. 3) + (—Rs. 4) = — Re. 1 
(-Rs. 3) -f- (4-Rs. 4) = -I-Re. 1 
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Introducing letters in the above illustrations and expressing 
in algebraic terms, we have 


(+8*)+(+5&) = +13* 

(+3*)+(+4x) = +7x 

( — Qk) +( — 5k) = —13 k 

(-3*) +(-4*) = 7x 

( +8A-) +( — 5k) = + 3k 

( + 3*) +(—4*) = - * 

( — 8k) +( + 5A*) = — 3 k 

( —3*) +(+4*) = + * 


If you buy 8 apples and again 5 apples, you will have 
13 apples. 

Similarly, 3 books +4 books = 7 books, 

or algebraically, 8a + 5a =13 a {a stands for apples). 

36+46 = lb (6 stands for books). 

But the sum of 8 apples and 3 books can neither be 11 apples 
nor 11 books. They cannot be added. They are of different 
kinds. Likewise, in Algebra, only like terms can be added or 
subtracted. 

Thus 3*+ 7* = 10*. 

5a6+3a6+6tf6 = 14 a6 
2*^+5*^ + 3_>>* 2 = \0x 2 y. 

Note : x 2 y is the same as yx* y but unlike xy 2 . 

Example 3 : Add together : +2 xy, —3 xy, +6 xy, —4 xy. 

Sol. 


(i) See if all the terms are like terms 

yes, all are take 

(ii) Add the coefficients of positive 

terms 

terms 

(+2)+(+6) = +8 

(ni) Add the coefficients of negative 


terms 

(—3) +(—4) = -7 

(iv) Combine these two results 

(+8)+(-7) = +1 

(v) Attach the literal part to the 


right 

Result is 1 xy i.e. xy 
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It can also be written thus : 

(+2 xy) + (-3 xy) +( +6*y) + ( -4 xy) 

= (+2*y+6xy) + ( — 3xy —4xy) 

= +8xy + (-7xy) 

= (+8-7 )xy 
= +1 xy = xy. 

Example 4 : Simplify : 6ab 2 c —4 cab 2 +8 acb 2 — 12 b 2 ca. 

Sol. Note that all the terms are alike but only have different 
signs. The literal part in ab 2 c. 

The expression = 6ab 2 c — 4ab 2 c -\-8ab 2 c —12 ab 2 c 

= (6+8-4 — 12 )ab 2 c 
= (14 — 16 )ab 2 c 
= — 2 ab 2 c. 

Example 5 : Simplify : 

5 xy —6yz + 3zx —4 xy + 3yz —zx 
Sol. The given expression 

= 5xy-6yz-{-3zx — Axy + 3yz—zx 
= (5xy—4xy)+(—6yz+3yz)+(3zx—zx) 

= lxy + (—3yz)+2zx 
= xy—3yz+2zx. 

EXERCISE 12. 

1. Using a graduated scale or a diagram, perform the 
following additions : 


(i) (+7)+( + 12) 

(ii) ( —7) +(—12) 

(iii) (+7) +(—12) 

(iv) 

(—7)+( + 12) 

(v) (+5)+(-8) 

(Vi) 

( 5) +( +8) 

(vii) ( +8) +( —8) 

(viii) 

(-12)+( + 12) 

(ix) +5-7+6 

(X) 

—5 + 7-6. 

Add : 


• 

2. —lx 3. 

5 ax 

4. +19 axy 

+4x 

— lax 

— 9axy 

5. +8 ab 6. 

— 4 xyz 

7. + 9 x 2 y 

— lab 

+ 7xyz 

— 5x 2 y 

+ 5 ab 

— 13 xyz 

+12 x 2 y 
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8. — 9. — 2m 2 n 10. + 8 p 2 q 2 

—Sy 2 Z 4-17 m 2 n — 12/>V 

— 5 mbi + 4 p 2 q 2 

Simplify : 

11. 4ab -\-3ab — 2ab — lab. 

12. 13 xyz — 4xy Z -j-5xy Z . 

13. — 3abx 2 4-8 abx 2 — 9abx 2 -|-4 abx 2 —2abx 2 . 

14. — lpq 2 r — 1 2pq 2 r -f lp q 2 r — 3pq 2 r 4- 5 pq 2 r —8 pq 2 r. 


Simplify by collecting like terms : 

15. a — 2b-\-3c —4a-}-66—5c-}-2 a. 

16. x —4y 4-5 £ — 3y 4-4* — 5* 4-2jy — 10* -j-5y -4-x. 

lK~ 3 A g+4g2 ~P* + 7p<l-6p*-2pq-\~5q 2 . 

18. 5 ab 4 bc-\-ca —2 ab -\-6ca-\-l be — 3 ca-j-bc. 

19. 6x 2 yz +xy 2 Z -4 x 2 y Z -5 xy Z 2 +3xy 2 Z -f lxy Z 2 . 

20. 4 ax 2 y — 5a 2 xy +8ax 2 y — 1 axy 2 +2a 2 xy—4axy 2 . 

5. Addition of miscellaneous expressions. 

~3^t d %^rS! hCr 5a3 - 4a2 *+6^-2*3, a 3 2ab* 

thlm up ; re we y h a ave nging terms in C ° lumnS and addin S 

5 a 3 — 4a 2 b 4-6 ab 2 —2b 3 
a 3 — 3a 2 b~ 2ab 2 
—3a 3 _ -\-ab 2 4 -b*. 

3a 3 —7a 2 b+5ab 2 —b* 


EXERCISE 13. 


Add together : 

1. x 2 -\-3xy,~2xy+y 2 . 2. * 2 
d. a 2 -t~ab,— ab — b 2 . 4. p 2 

5. a 2 -{-a-\-\ i 3a 2 —a4-2, 5a 2 - 

6. — 5* 2 4-3*y ~y 2 , —8x 2 4 -xy - 
o’ 2x-\-3y — 4 Zy —5 x—y— z - 

8. b 2 ~b 2 c-\-c 2 b y 2b 2 c—3c 2 b y — 

9. 3a 2 x*—4ax — \Q y 2a 2 x 2 +ax- 

10. a 2 5ab — 4b 2 , —3a 2 -\-2ab~ 

11. 5/> 2 _2/> ? 4-7<7 2 , —9 p 2 4-3pq 


+xy , —xy~\-y 2 . 

~3pq +? 2 > —5p 2 +6pq 4-2 q 2 
-4a — 7 


~y 2 , 7x 2 — 3y 2 . 

~3x~4y. 

-4b 2 — 2c 2 b. 

—6, — 4 a 2 .* 2 4-a* 4-9. 

-6b 2 , 5a 2 4-3 ab -f-26 2 . 
—6q 2 , -\-2p 2 — 5pq -}- 1 O^ 2 . 
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— 1 — 3x — 2x 3 , 5x —3-h4x 3 , * 2 4-2x 3 — 2*4-2. 

3 a —464-5c— d-\- 6e, — 2a-\-4b —2 c 7d-\-3j , 

-6a+4b-?>c-ld+9f, -5a-2b+5c-4d-3e, 
9a-2b—c-\-2e—6f. 

ka 2 —kab-\-b 2 , 2ab—kb 2 +k“ 2 > la 2 +%ab—$b - 2 . 

If A = x 2 —5* +9, B = 4x—3, C=6-* 2 , find the value 

of A -\-B +C. - 

If* = 4<z 2 —3<z 4-5, .7 = —2fl+7a +4and 
^ = _9-}-4a —1 la 2 , find the value of x-\-y-rZ- 

6. Subtraction. 

The subtraction of directed numbers involves two things 
<1) the quantity and (2) the sign. Supposeit^requircd^o 
subtract +4 from +7. It is the same as asking. What must 
be added to +4 to make +7?” The answer is, + 

Similarly, (+7)—(—4) = + }} 

( —7) —(+4) = -U 

(—7) —(—4) = — 3 

These can be illustrated with the help of a graduated sea e 

.as before. . 

As usual, upward direction is + and downward is 

{i) Required: ( 4-7) — ( 4-4). 

Start from +4. Count the number of steps to readm¬ 
it iS 3 * A i_7? 

In what direction do you move to read 4- 

Upward direction i.e. 4~- 
•. (4-7)-(4-4) = 4-3 
(ii) Required: (4-7) ( 4). 

Start from -4 and find the number of steps to 

Teach +7. It is 11. ,, 

In what direction do you move to reach + • 

Upward direction i.e. 4"* 

.-. ( + 7)-(-4) = +11 
<iii) Required: (—7)-(+4). 

The number of steps from +4 to —7 is 11 and 
the movement is downward i.e. 

/. (—7) (+4) = -11 

{iv) Required: (—7)—(—4) — 


/ 

+ 7 
4S 

+A 
*3 

■ft 


= —3. 


-l 

- X. 

-3 
'A 

' 4 ± 

-7 
-8 

yi 
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. J he number of steps from —4 to —7 is 3 and the movement 
is downward. 

••• (—7)—(—4) = —3. 

Let us now consider the following algebraic additions 
and subtractions : 


Addition 


4-7+7 -7 

'4—4 -4-4 


7 

4 


4-11 +3 


3 -11 


4- 4 
4- 7 


+4 

— 7 


4 — 


4-7 - 


4-7 

4-4 

4-3 


4- 7 
— 4 


— 7 
4- 4 


— 7 
—4 


4-11 —11 —3 


4-11 

3 

4-3 

— 11 

:ion 

4-4 

4- 4 

— 4 

—4 

4-7 

— 7 

4- 7 

— 7 

—3 

4-11 

— 11 

4-3 


3 3 
3 3 
3 ) 


33 
33 
3 3 


33 

33 

33 


“ O 

„ adding -f-4 
,, adding —7 
,, adding +7. 


suhtrarf • answers > w find that 

subtracting t\ g ' VCS * he Same resuIt “ +j n S -4 
subtracting + 7 
subtracting —7 

Hence the following rule may be adopted. 
and “if/ 7 " <>r * r a S’oen quantity, change its sign 

Example 7 ; Subtract 3a —54 —c from 5c —84 +4 a. 

change the siVns of alnl!”*. t ^ le . terms in columns, 

add. S f a11 the terms ln the subtrahend, and then 


subtraction 

4a— 8b+5c 

3a—56 — c 
a—3b+6c 


corresponding addition 
4a —8 b -|-5c 
—3a+56-f- c 

a —3 b -f-6c 


ui en tally "straightaway without witincr S Uib t ra c t‘on ca " and sh °uld be done 

> witnout writing the corresponding addition form. 


'-J 4*“ 
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Example 8 : Subtract 

1 2xy —5x 2 +2c 2 — 1 from 32x 2 +20x_>>—3>> 2 . 

Sol. Arranging the terms properly, changing the signs in 
the subtrahend, and adding the columns, we have 

32a: 2 -\-20xy — 3y 2 
+5x 2 —12 xy —2c 2 + l 

37x 2 + 8xy — 3y 2 — 2c £ +1 


With the help of a graduated scale, subtract: 

1. + 7 from +12. 2.-7 from +12. 

3. + 7 from -12. 4. - 7 from -12. 

5. +12 from + 7. 6. —12 from + 7. 

7. +12 from — 7. «• -12 from - 7. 


9. Subtract : 


(i) 

+ 7* 

+ 12 a 


(ii) 

+ la 

— 12 a 


(iii) 

— la 


+ 12a 



(v) 

+ 12 a 
+ la 


(vi) 

+ 12 a 
— la 


(vii) (viii) 

— 12a —12a 
+ la —la 


10. Subtract: 

(i) + 5a: from— 5x. 

(iii) + 9 n from+9n. 

11. Subtract: 

(i) 0 from m 
(iii) + rn from 0. 


(ii) — 7m from +7m. 
(iv) —13 q from — \3q. 


(ii) 0 from — m 
(iv) — m from 0. 


12. Subtract: 

(i) x+y 
x—y 


(ii) *4 -y 
x+y 


(iii) x+y 

y+x 


(iv) x —y 

jv-x 



Do the following questions on 
5x+2jy+3£ (ii) 

3x+2_y + 


subtraction : 

—ab +4 be +6ra 
2 ab — 3 be -\-lca 


—x 2 —2y+3x>. 

—X 2 + 4y 2 — xy 


(iii) 


(iv) — 7+3>* 

ll-y + 3x 2 
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Subtract by arranging like terms in columns : 

14. 1—m 2 +m 3 from 3—2m 2 — m 4 . 

15. a* 2 -\-2y 2 -j-z 2 —6 from 4a- 2 — 7 -\-z 2 —2 y 2 . 

16. a 2 — 2ab-\-3b 2 from — 6 < 2 2 +a 6 — 9b 2 . 

17. — &x 2 y 2 — 3y 2 z 2 — z 2 x 2 from —12 a^>’ 2 — 4y 2 z 2 -{-7z 2 x 2 . 

18. 3p 3 -\-4p 2 q — pq 2 — 2 < 7 3 +3 from 4 p 3 — p 2 q — pq 2 -\-2q 3 —3. 

19. Subtract a 2 -\-b 2 from the sum of a 2 4 r 2ab -f -b 2 and 
a 2 —2ab+b 2 . 

20. Subtract the sum of x 2 -\-xy and xy -f _>’ 2 from the sum 
of a 2 + a y-\-y 2 and a 2 —a y-\-y 2 . 

If a = 3<z 2 -l, y = 2£ 2 +4, 4 = a 2 -b 2 -\-7, find : 

21. a —y. 22. y—z. 23. a. 

24. a -\-y — z • 25. a —y4~Z- 26. y-\-z — a. 

7. Removal of Brackets. 

(1) Because (5+4) = 9 , 8 +(5+4) = 8+9 = 17 

We know also that 8+5+4 is equal to 17 
•*. 8 + (5+4) = 8+5+4 

( 2 ) Because (5—4) = 1 , 8 +( 5 — 4 ) = 8 + 1 =9 
Also, 8+5—4 is equal to 9. 

•*. 8 + (5-4) = 8+5-4 

(3) Because (—5+4) = —1 , 8 + (— 5+4) = 8 — 1 = 7 
and also 8 —5+4 is equal to 12—5 =7 

8 + (—5+4) = 8—5+4 

(4) Because (—5—4) = —9, 8 + (—5—4) =8 + (— 9 ) = —1 
and also 8 —5 —4 is equal to — 1. 

/. 8 + ( —5 — 4 ) = 8-5-4. 


Applying the same principle, we have the following 
relationship in Algebra : 
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Brackets with a —sign before. 

Brackets removed. 

(>) 

(■') 

(iii) 

(iv) 

a — (+ b +r) = a—b—c 

a — ( +6— c) = a — b +c 

a — (—b +c) = a-\-b—c 

a — (—b — c) = a-\-b +c 


From these two sets of examples, we can conclude that 

(1) when there is a + sign before the brackets, the brackets 
can be removed without making any change in the 
signs of the enclosed terms and 

(2) when there is a — sign before the brackets, the brackets 
can be removed on changing the sign of every term 
within, from + to — and from — to +. 

Example 9 : Simplify by removing brackets : 

(1+3*) -(2 -5*) +(2-3*) - (1 +5*) 

Sol. (1 + 3 *) -(2 - 5*) + (2 -3*) -(1 +5*) 

= 1+3*—2+5*+2—3* —1—5* 

= i _2+2 —1+3*+5*—3*—5* 

= 0 . 

Example 10 : Simplify : 

(a-\-b -\-c -\-d) —( a — b-\-c — d ) +(6— c-\-d a) 

Sol. The given expression 

= (tf+fc+c+d)— (a— b-{-c— d)+{b— c-\-d—a) 

— a-\-b +c -\-d — a-\-b — c-\-d-\-b — c-\-d a 

= a — a — a-\-b -\-b -\-b -\-c — c — c-\-d-\-d-\-d 

= g— 2a+3b +c-2c+3d 

== —a -\-3b—c —|— 3^. 

When there are 2 or more pairs of brackets, one within 
another, they can be removed by proceeding from the 
innermost brackets first. 

Example 11: Simplify 7x+ { —3* + (5—2*) }. 

Sol. The expression = 7*+ { — 3*+5— 2*} ^ 

= 7*+ { —5x+5 } 

= 7*—5*+5 
= 2*+5. 
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Example 12 i Simplify 7x — { 3x (5 2.x ) } 

Sol. The expression = 7x— { —3x— (5 2x) } 

= lx— { — 3x—5-f2x) 

= 7x— { —x—5 } 

= 7x-fx-}-5 
= 8x-f5. 


Write down the value of the following : 

1. (i) +(+5), (ii) -(+3), (iii) +(-7), (iv) -(-6). 

2. (i) -( -3m), (ii) + ( -5 q), (iii) -2-(2-2), 

( iv) —(2 —4) —2. 

3. (i) -**-( -a*)+( -« 2 )+( +* 2 ), (ii) ( +P-P)~ 

4. (i) +( -l)+( -l)+( -1), (ii) —(+3) —(+3) — 

( +3), (iii) -( —3) —( —3) —( -3). 

Simplify : 

5. 4/> + ( —3q—5p). 6. (4a — 56)+( —2a+46). 

7. (6 p —2^)+(3^—4 p). 8. 4 p — (— 3q4~5p). 

9. 7k —( —4k—21). 10. (3a— 4b)— ( — 2a + 56). 

11. (/— 5m-h2n)—( —3rz-f4m—5/). 

12. —3a — 3 b-\-c+ 3a-\-3b — (+c). 

13. />-f*{2^+3— 5 p —( — q~\~7) +5). 

14. 2p — ( —3 -\- p — 2g — 5) —7. _ 

15. 2a-t-(-f"5i — 7b —2a). 16. 2— {a-h3-}-(<z—4a—5) } 

17. 5y-[3x + {2y-{3y-z)+5z}]. 

18. 1 —[1 — { 1—(1—I) } ]. 

19. If a = —1, b = —2, c = —3, find the value of 

1 — b-\-a — [c — { a-\-{b — c — a—b — c) } ]. 

Find the value of: 

20. -}-c:) —( a — b — c) +( —a — b — c) -\-{a-\-b — c), 

21 . (x 4 -y —z) + (. y 4-z —x) — {z +* —y) — (x -\-y + z ). 

22. {a—b +C) —{3a —3b +3 c) + (2 a —2b +2 c). 

23. (a 3 4-6 3 — abc) — { a *—b*+c*—abc) + 

(a 3 — b'+c 3 — abc) — (a*+&» — e 3 +a&c). 

24. [a- { b + {c + d) }]-[a+ { b-{c-d) }] 7 

-f[a— {b — (c-f</)}]—[a— { b—{c —</)}]. 
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8. Insertion of Brackets. 

This is just the reverse of ‘removal’ of brackets and the 
following rules will apply: 

(i) Any number of terms in an expression may be put within a 
pair of brackets and the sign -f- prefixed. 

(ii) Any number of terms in an expression may be put within 
a pair of brackets and the sign — prefixed , provided the signs of all 
the terms placed within the brackets be changed , i.e.,from -f- to — and 
from — to + . 


For example, 
a-\~b — c = 

a + (b—c) 

or 

a — (— b+c) 

p —q+r = 

P + (—q+r) 

or 

fi — l+q—r) 

l- f-m+n = 

l-\-(m -\- n ) 

or 

l — (— m — n) 

at —y —z — 

x+(—y—z) 

or 

x-{y+z) 


Enclose all the terms within a pair of brackets, preceded 
by (i) + sign (ii) — sign. 

1. 2a-\-3b — 4c. 2. 2a— 36+4c. 

3. 3x-t-4y+5£. 4. 3x—\y— 2z- 

Enclose the second and the third terms within a pair of 
brackets, preceded by (i) + sign (ii) — sign. 

5. ax+by—c. 6. x—2\y-\~Z- 

7. 3p+4q— 5r. 8. 5/—4m—«. 

Enclose all the terms after the first, within a pair of brackets 
preceded by (i) + sign (ii) — sign. 


9. — a 2 +m 2 +b 2 — n 2 . 


10 . 


— a 2 -\-bc — b 2 — ca. 


11 . Fill in the blanks in the following by bringing together 
the like powers of x : 

2*4 +3x 2 — 4X 3 +x 2 —5x 4 +x 3 

= (2x* . )+(* 3 . )+(3* 2 .) 

= —(— 2x* .)—(—**.)— (— : 3 **.•■) , 

12. Put the proper sign (-{-or —) in the place of each 


star. 

a 2 — b 2 -\-c 2 —ab -\~bc —ca 

= ( a 2 * ab) -f-(— b 2 * be) -\-(c 2 * ca) 
== (* a 2 * b** c 2 )—(* be* ca* ab). 
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9. Multiplication. 

A labour camp consists of workers and children. Each 
worker pays Rs. 8 to the camp-fund. Each child receives 
Rs. 8 from the fund. Let us consider the changes in the 
camp-fund by the arrival and the departure of these people. 

(i) If 5 workers join, the fund increases by Rs. 40. 

(ii) If 5 workers leave , the fund decreases by Rs. 40. 

(iii) If 5 children join, the fund decreases by Rs. 40. 

(iv) If 5 children leave , the fund increases by Rs. 40. 

“Joining”, “income”, “increase” are represented by + sign. 

“Leaving”, “expenditure”, “decrease” are represented 
by — sign. 

The above four cases can now be written in symbols thus :— 

(i) (+5) x(+8) = +40 (ii) (-5) x(+8) = -40. 

(iii) (+5) x ( —8) = —40. (iv) ( —5) x ( —8) = +40. 

By examining similar suitable examples, we can generalise 
thus : 


(+a)x(+£>) = -\-ab 
(—a)x(+6) = —ab 
(~bfl)x( — b) = —ab 

(— a) X (— b) = ~\-ab 

Hence the Law: 



The product of two quantities with like signs is positive . 

The product of two quantities with unlike signs is negative. 

If one of the factors is zero, the product is zero. 

(+«) x0 = +0=0; (—a) xO = -0 = 0. 

Zero X any quantity is zero. 

If there are three or more quantities to be multiplied, the 
result of multiplying them all is called their continued product. 


Example 13 : Find the continued product: 


Sol. 


(0 

(iii) 

(iv) 

(i) 


(2a)x( ' 3i)x(+3c ) 

(— a) x(— 26) x(— 5c). 

(+<*) x(+6) x(+c) =(+ai)x(+0 

= -\-abc. 
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(ii) 2ax(- 3b) x(+3c) = (2) x (— 3) Xfl xb x (+3c) 

= —Gab x ( +3c) 

= (—6) x(+3) x(ab) x(c) 

— —18 abc. 

(iii) ( +3a) X ( —4£) X ( — 2c) = (+3x-4) XflXix(-2c) 

= (—12)+ (ab) X ( 2) X ( c) 

= (-12) x(— 2) x(+ab) X(c) 
= (+24 ){+abc) 

= +24 abc. 

(iv) ( — a) x ( — 2b) x ( — 5c) = ( +2ab) x ( -5c) 

= (+2) X(— 5) x{ab) XC 
= —10 abc. 


1. Multiply: 

(i) (+5) by (+7), 
(iii) (—9) by (+5). 

(v) 12 by —5. 
(vii) +5<z by +8. 

(ix) —8m by +4. 
(xi) 6 a by —12. 

2. Multiply: 


(ii) (+7) by (-2). 
(iv) (-8) by (-4). 

(vi) —15 by 8. 
(viii) +7m by —4. 

(x) —7m by —8. 
(xii) +12 by —2m. 


(ii) (+4m)x0x(-3m). 
(iv) Ox (-7/0 X(— 2 q). 
(vi) (-5) X(— 5). 

(viii) (-b) x(—b) X ( b ). 


(i) 

(iii) 

(v) 

(vii) 

(ix) 

(x) 

(xi) 


4 xO x (—3). 

(+2 a) x(—3 b) xO. 

( +5) X ( +5). 

(—a) X (— a). 

( — C) X ( —£) X ( -c) X ( —c). 

( — p) X ( — p) X ( — p) X ( - p) X ( — p) ■ 

(—1) x( —l). (xii) (-l)x(-l)x(-l). 


3. Show that 


(i) 

(b) 

(iii) 

(iv) 

(v) 

(vi) 

(vii) 
(viii) 


(+*) 2 

(+*) 3 

(+m ) 5 
( + 1) 2 
( + 1) 3 
( + 1) 4 
( + 1) 5 


+a 2 

+x 3 

+P\ 

+m 5 

+ 1 
+ 1 
+ 1 
+ 1 


and ( 
and ( 
and ( 
and ( 
and ( 
and ( 
and ( 
and ( 


= +* 2 . 

== — x z . 

p ) 4 == +P*- 

= —m 5 
= +1 • 
= —1. 
= +1. 
= — 1 . 


•*) 2 

x ) 3 

■pv 

-m ) 5 

-l ) 2 

-l ) 3 

-l ) 4 

-l ) 5 
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4. (i) What is the value of ( — 1)”, when n is an 

number ? „ , 

(ii) What is the value of ( — l) n , when n is an 

number ? 

(iii) What is the sign of each of the following : 

(-a ) 83 , (-a) 94 , (+/>) 45 > (+m) 29 ? 


even 

odd 


5. (i) 8x = 0 ; what is the value of x ? 

4( x — 3) = 0 ; what is the value of x—3 ? 

6 . Find the value of 3x 3 — 2x 2 _y — 5xy 2 +y 3 by substituting 
for x and y the values given in the table : 


a : 

—3 

—2 

+ 1 

— 1 

— i 

0 

y 

+2 

— 3 

—2 

— 1 

0 

— 1 


7. Find the value of: 

(i) 5x 3 — 3x 2 +4x + l. 

(ii) — 3x 4 -b* 3 H-2x 2 — x+4. 

(iii) — 4X 3 — 2x 2 +6x— 9. 

when x has values —2, +3, —1, 0. 

8 . Find the continued product of: 

(i) (—2y)*, (3 y)\ {-y)\ 

(ii) (— 2ab 2 ) 2 y ( a 2 b) 3 . 


10. Product of a compound expression and a simple 


Just as (a +6) x 2 = ax2 +6 X 2 

= 2a +26, 

and (a — 6)x2 = ax2—6x2 

= 2a —26 
= ac-\-bc, 

= ac — be. 


so 

and 


(a+6) X c 
(a —6) X c 


Illustrations. 

(i) Take a rectangle ABCD, having 
AD — c units, AE = a units, and EB 
AB = (a-j-&) units, = 6 units. 

Draw EF parallel to AD , dividing 
the rectangle ABCD into 2 smaller 
rectangles. 






40 ALGEBRA FOR HIGHER SECONDARY SCHOOLS 

The whole rect. AC = rect. AF 4 - rect. EC. 

Now, area of rect. AC — ( a-\-b)c sq. units, 
the area of ,, AF = ac sq. units, and 

,, ,, ,, EC = be sq. units. 

Substituting, we have: ( a-\-b)c = ac-\-bc. 

(ii) Take another rectangle ABCD in which AB = a units, 
AD = c units. 

On AB , mark a point E making 
EB = b units. 

AE = ( a — b) units. 

Draw EF parallel to AD. 

The rect. AF = rect. AC —rect. EC. 

But area of rect. AF = ( a — b)c sq. units 

,, ,, AC = ac sq. units 

and „ ,, EC = be sq. units 

Substituting, we have ( a—b)c = ac—bc. 

Note : (a-\-b) x c is the same as cy.{a-\~b) 

Rule : The product of a compound expression and a single term 
is found by multiplying in succession each term of the expression by that 

term. Since (a+b) m = am -\-brn, 

if we substitute c-\~d for m , we have 

(a+b) (c+d) =a ( c-\~d)+b (c-\-d) 

= ac ad — f- be -\~ bd. 

Graphic Ulustration. Take a rectangle ABCD in which 

.. a ^E— 6 — B AE = a units, EB = b units, 

t uc 6c c AH = c units, and HD = d units. 

h| -F-j G Through E and H draw straight 

i „ . sh i Hnes EF and HG, respectively 

| l parallel to BC and AB , and 

dI < 3 - <g—* c intersecting at K. 

Rect. AC = rect. ^4A'-frect. HF+ rect. .EG+rect. KC. 

The area of rect. AC = ( a-\-b) (c-\-d) sq. units, the aiea of 
rect. AK = ac sq. units, the area of rect. HF = ad sq. units 
the area of rect. F.G=bc sq. units, and that of rect. KC=bd 

sq. units. . 

( a-{-b ) ( c-\-d ) = ac-\-ad-\-bc-\-bd. 
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Rule : Multiply each term of the first expression by each term of 
the second and add all the partial products thus obtained. 

Example 14: Multiply (i) 3a 2 -\-2b 2 by -\-ab y 

(ii) 3 a 2 — 2b 2 by -f -ab, 

(iii) 3a 2 -\-2b 2 by — ab y 

(iv) 3a 2 — 2b 2 by — ab. 

Sol. (i) (3a 2 +2fc 2 ) x(+ab) = (3a 2 ) x ( +ab) + {2b 2 ) x ( +ab) 

= 3a*b+2ab 3 . 

(ii) {3a 2 -2b 2 ) X(+ab) = { ( +3a 2 ) +( -2b 2 ) } x(+ab) 

= (+3a 2 ) x(+ab) -\-(—2b 2 ) x(+ab) 
= 3a 3 b—2ab 3 . 

(iii) (3a 2 +2b 2 ) x ( -ab) = (3a 2 ) x ( -ab) +( +2 b 2 ) x ( -ab) 

= —3a 3 b—2ab 3 . 

(iv) (3a 2 -2b 2 ) x(-ab) = { (+3a 2 )+(-26 2 ) } x{-ab) 

= ( +3a 2 ) ( -ab) + ( — 2b 2 ) ( -ab) 

= —3a 3 b+2ab 3 . 


Example 15 : Multiply (i) (3x-\-2y) by (3*+4>>), 

(ii) (3a: +2 y) by (3a:—4 y), 

(iii) (3a—2?) by (3a — 4y). 

Sol. (i) (3x+2y) x(3x+4y) = (3x + 2y)(+3x)+(3x+2y)(+4y) 

= 9x 2 -{- 6xy 1 2xy - f - 8>> 2 
= 9x 2 + 18xy+8y 2 . 

The process is usually arranged thus : 


3* ~i~2y 
3x~j-4y 

(3x+2y) x(+3x)= ... 9a: 2 -f 6 a y 

(3x+2y) x(+4y)= ... -\~\2xy-\-Sy 2 

Product = ... 9a 2 -f-1 8xy -f- 8y 2 


After some practice, each partial product is written with 
like terms in columns and the left-hand side of the process is 
omitted, as illustrated below : 


(ii) 3x-\-2y 
3x — 4y 

9 a 2 -f-6 xy 

— 1 2a>>—8 y 2 
9 a 2 — 6a>»—8jv 2 


(iii) 3 a-2 \y 
3x—4y 

9 a 2 —6 a y 

— \2xy~\-8y 2 
9 a 55 — 1 8xy -j-8y a 
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EXERCISE 18. 


1. Multiply: 

(i) (4a-f-56) x( + 3), 

(iii) (2m—3rc) x(4-7), 

(v) (3p — 2q) x ( +4/>), 
(vii) (2 a-\-b —3c)x(4-4c), 

2. (*4-2) X ( a : +3). 

4. (a+6) x (6 4-c). 

6. (2 a+b) x (3a4-26). 

8 . (a 2 —a6) x(a6—6 2 ). 

10 . (—x 2 +2 xy) x (3*y — y 2 ) . 

12. (2x 2 +5a6) x(2* 2 —5 ab). 


(ii) (5*+7 j0 X( -3), 

(iv) (3m — bn) x (— 7), 

(vi) ( 3 P -2q)x(-5q ), 

(viii) (2a-6-2c) x(-5c). 

3. (*4-5) x(*+2). 

5. (a 4-6) x (a 4-6). 

7. (2*4-3?) x (* 4-j>). 

9. (x 3 —10) x(— x 3 4-10). 

(x 2 4 -*y) x(— * — y). 

(3m 2 —2ma) X (a 2 — 3ma)~ 
(-2a 2 -J)x(5a-i). 


14. (— £4-5x) x (J*- 

11. More Examples 


11 . 

13. 

3). 15. 

of Multiplication 


Example 16 : 


Multiply a 2 -f -xy—y 2 by x 
x 2 -f-xy — y 2 
x 2 —xy -j-y 2 

x 4 4 -x 3 y —x 2 y 2 
—x 3 y —x 2 y 2 4 -xy* 

•2n2 


2 _ 


xy+y' 


+x 2 y 2 4- x_>> 3 —_y 4 


— x 2 y 2 4-2 x>» 3 —JV‘ 


Before the actual process of multiplication, it is useful to 
arrange the multiplicand and the multiplier according to 
descending or ascending powers of some common letter. 

Example 17: Multiply \+a 2 -\-a by — a + \+a 2 . 

(i) Arranging according to (ii) Arranging according to 
descending powers of a, ascending powers of a, 

1 4-a-fa 2 

1 — a-fa 2 
1 -fa-f* 2 


a*-fa-f 1 
a 2 —a-f-1 
4 4-a 3 4-a 2 


a 


—a 3 —a 2 —a 
4-a 2 -f #4-1 


a' 


4-a : 


4-1 


1 


—a—a 2 —a 3 

4-a 2 -fa 3 4-a 4 
4-a 2 4-a 4 


Example 18: Multiply 3a 2 6 2 — a6 3 -f2a 4 — a 2 b 
by —2a6-f6 2 —3a 2 . 
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Arranging according to descending powers of a, 

2 a *—a 3 b +3 a 2 b 2 —ab 3 
— 3 a 2 — 2 ab-\-b 2 

—6a* 4-3 a 5 b -9a*b 2 -\-3a 3 b 3 

—4 a s b +2 a*b 2 —6 a 3 b 3 +2 a 2 b* 

_ 4-2 a*b 2 —a 3 b 3 +3 a 2 b*—ab s 

Product is : —6a 6 — a 5 b — 5 a*b 2 — 4 a 3 b 3 5 a 2 b A — ab 5 

EXERCISE 19. 

Multiply : 

1. l-j -a-\-a 2 by 1 — a. 2. 1 — a-\-a 2 by 1 -\-a. 

3. a 2 -\-ab -\-b 2 by a-\-b. 4. a 2 — ab-\-b 2 by a — b. 

5. a* -\~ a 2 b 2 -\-b* by a 2 — b 2 . 6. a 4 —a 2 6 2 4-^ 4 by a 2 4-^ 2 - 

7. 7a 2 — 12a*+9& 2 by 3a 2 —4b 2 . 

8. 6x 2 —3xy4-4>* 2 by 2 a: 2 +5x>»—3_>> 2 . 


9. 

7x 3 — 2 x 2 y -j-xy 2 —4y 3 

by 3x 2 — 4xy-\-y 2 . 

10. 

x 2 4-xy -\-y 2 

by x 2 — xy-\-y 2 . 

11. 

x s -\-y 3 -j-^3 —3 xyz 

by *4 -y+z. 

12. 

x 3 -\-y 3 —z 3 4- 3 xyz 

by x-\-y— z. 

13. 

1 4-^+« 3 +c 2 4-« 4 

and 1 —a. 

14. 

a 2 -\-b 2 4-c 2 — ab —ac - 

-be and b-\-a-\-c. 


15. y 2 +£ 2 4-xy-\-x 2 —yz 4~*£ and x—z—y. 

16. ^ab-\-%b 2 —£a 2 and \ab-\~\a 2, — \b 2 . 

17. 3a 2 4-a 6 4-l—5a—a 3 and 2a 5 — 1 4-a 2 —a 3 . 

Find the product of: 

18. a 3 —3a 2 +3a — 1 and 1—2a+a 2 . 

Check the result by putting a— 2. 

19. 3a+2a 2 + l and l-|-2a 2 —3a. 

Check the result by putting a = —3. 

20. 1 4-x 2 -\-y 2 — X y -\-x -\-y and y 4-x — 1. 

Check the result by putting x=2 and y =—1 

12. Continued Product. 

E xam ple 19: Find the continued product of 

a — b, a-\~b, a 2 -\-b 2 and a*-\-b*. 
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Sol. Here we multiply a—b by a-\-b , 
.and that product by a 4 -\-b 4 . 

(i) a—b (ii) a 2 — b 2 


a-\-b 
a 2 —ab 


a 2 +b 2 

a 4 —a 2 b 2 


the 


product by a 2 -\-b 2 , 

(iii) a 4 — b 4 
a 4 +b 4 

a 8 — a 4 b 4 


-\-ab — b 2 
a 2 ^b 2 


+a 2 b 2 —b 4 
a 4 —b 4 


+a*b 4 —b* 
a 8 —b 8 


Find the continued product of: 

1. 1 +< 2 , 1—< 2 , 1 + < 2 2 . 2. <2 +1, <2+2, <z+3. 

3. a—2, <z+3, <z+5. 4. *+< 2 , x+6, *+c. 

5 . (*+?), (x+ 2 y), (x+ 3 y). 6 . (<2+6), ( a + b ), (tf+6). 

7. (<2-6), (<2-6), (<z-*). 

8 - ( x +y)> (*—y)> (* 4 +* 2 y 2 )• 

9. (<2 2 +<z6+6 2 ), (<2 2 -<z&+6 2 ), (, a 4 -a 2 b 2 +b 4 ). 

10 . (<2-6), (<2 2 +<2^+^ 2 ), (<2 3 +6 3 ), (a 6 +£ 6 ). 

11. (<2+6+<0> —^+0» ( a +^— c )i (-a+^+0* 

Find the square of: 

12. a+b+c. 13. a—b+c. 14. 2<2— 36 + 4 c. 

Find the cube of: 15. a-\-b-\-c. 16. a b-\-c. 


13. Coefficients of particular terms. 

Example 20 : Find by inspection, the co-efficient of x 2 in 
the product of (3x 2 —5x + l), (2x—5). 

Sol. Here 6 partial products are possible. From 
we have to collect the terms containing x 2 . 


2x x 3x 2 
2x x ( — 5x) 
2x x 1 
—5 x 3 a - 2 
—5 X —5x 
—5X+1 


them. 


gives us 6x 3 ; hence ignored, 
gives us — 1 Ox 2 , 
is ignored, 
gives us — 15x 2 . 
gives us 25x : ignored, 
gives us a number; ignored. 

Thus the terms containing x 2 are 
(— 1 Ox 2 ) + (— 15x 2 ) or — 25x 2 . 

The coefficient of x 2 is —25. 

Note : Usually, only the terms containing the required power of x 
are taken down. 
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E xam ple 21s If A = a-{ -y and B = x — y, find the value of 

(3A+B){2A—B). 

Sol. 3A -j-B = 3 (a -f->) -f- (a — y) 

= 3x-\-3y-\-x ~y = 4a+ 2 \y. 

2A—B = 2(x-\-y) — (a — y) 

= 2a+2 'y—x+y =x-\-3y. 

.\(3A+B)(2A—B) = (4x + 2y)(x-\-3y) 

= 4x 2 -\-2xy-{-12xy-i-6y 2 
= 4x 2 + 14x>»-h6>’ 2 . 


EXERCISE 21. 

Find by inspection the coefficient of: 


1. 

A 2 

in the product 

of (a 2 — 5x+2), (x+4). 

2. 

A 2 

yy 

yy 

(3x 2 +2x-5), (7*-4). 

3. 

M 

A 

yy 

yy 

(2x 2 +x— 1), (x—3). 

4. 

A 

yy 

yy 

(6x 2 -\-xy — j' 2 ) . (2 x—j>). 

5. 

ry 

a 2 

yy 

yy 

(4a 2 — 7 a+3), (3a+5). 

o. 

r-j 

a 

o 

yy 

yy 

(a— 4), (2a 2 —9a+3). 

7. 

A 2 

yy 

yy 

(1 3x), (4—5x 2 +6x). 


X 

X 


yy 

yy 


yy 


y y 


yy 


yy 


Find the term containing : 

8. a 2 in the continued product of (* — 1), (a*+2), (a—3). 

(2a+5), (3a—4), (2a —1) 
(4a 5), (A-f-1), (a—2). 

. ” ” (1— (2+3 \y). 

A — a +y and B = x—y, find the value of 

3A 2 -\-4AB-[-5B 2 . 

Find the value of (A -{-B) (A — B) 

_ , when A = (2* ~y) and B = (* -2 \y). 

Evaluate P 2 -\-2PQ-\- Q} ^' 

T , ■ t when P = (*+*) 2 , Q. = (*-a) 2 . 

‘ w -+&+4 ’ y (IT) b l7+%%7^ 7+) «tS e + v ^ Iuesof 


9 . 

10 . 

11 . 

12 . 

13. 

14. 
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17. Multiply x 2 +2x+3 by 3x*+2x + l; hence write down 
the product 123x321. 

18. Multiply 2 x 3 +x 2 +3 by * 3 +3*-f4; hence write down 
the product of 2103 and 1034. 

14. Division. 

If 37 is divided by 8 , the quotient is 4 and the remainder 
as 5. Arranging in the form of a “Long Division”, we have 


or DivisorX Dividend / Quotient 


g ^ 37 ^ 4 or Divisor^ Dividend ^ Quotient 
5 Remainder 

Just as 37 = 4x8+3, 

Dividend = Quotient X Divisor + Remainder 

This relation holds good in Algebra also. 

When the division is exact i.e. when the remainder is zero. 

Dividend = Quotient X Divisor. 

V 5x3 = 15, 15+3 = 5 and 15+5 = 3. 

Similarly, if a X b = c, then 

c+6 = a , and c+a = o. 

If aX b = 1 , then 1 +a = b and 1 +6 = a. 

If the product of two quantities is equal to unity (1), each 
is called the reciprocal of the other. 

• t _ P O 


3x1 = 1 


XX- = 1 
x 


% is the reciprocal of 3. 
3 is the reciprocal of -g- 

x is the reciprocal of - 


1 . 


is the reciprocal of x 


r w 

(2 5\ /4 a 5A are - rs of reciprocals. 

\5* 2/ \5b’ 4 a) 

We know that 3^=1 and aho = x ^ 3-3 = 3*^. 

^ Dividing by 3 is the same as multiplying by h 
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Similarly, dividing by q is the as multiplying by 

Dividing by - is the same as multiplying by —• 

x 

Hence, to divide by a quantity is the same thing as to multiply by 
its reciprocal. 

Thus division is the inverse of multiplication. 

In a chain of multiplication and division, the operations can 
be performed in any order. 

a xb ~c = a~c x b 

a-r-b—c = a—c-^b £ =a x-^ Xij 


15. Division of a Multinomial Expression by a 
'Simple Expression. 

J us tas (15 + 12+9) + 3 = (15+3)+(12+3)+(9+3) so, in 

Algebra, (a -\-b -}-c) —d — (a~~d) -\-(b -±-d) -\-(c-r-d) 

When a multinomial expression is to be divided by a simple 
expression —divide each term of the multinomial by the divisor and 
take the sum of the partial quotients. 

16. Rule of Signs. 

V (+5)x(+3) = +15, .\ ( +15) +(+5) = +3 ( i ) 

-Mill - + \i’ ••• + i 5)-(i5j = —3::: ( is 

v (+5) x ( 3) = -15, ( 15) + (+5) = ±3 (iv) 

. In M and ( m )> the dividend and the divisor have the same 
sign, and the quotient is positive. 

. In (“) and ( iv )> the dividend and the divisor have obbosite 
signs, and the quotient is negative. PP 

Similarly in Algebra, 

(+a£)+(+a) = +6, (— ab)~(— a) = s~b 

= ~ h ) (-a4)-f-(+a) = —b 

In division , like signs produce + ; unlike signs produce —. 

Example 22: Divide —15<2 6 6 4 by 5a 2 b 2 . 

Sol. ( — 15a 6 6 4 )+(5a 3 6 2 ) 

= ( — 1 5 +5) x (a 6 +a 3 ) x ( b* ~b 2 ) 

= — 3a 6 ~ 3 b A ~ 2 = — 3a*b*. 
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Example 23: Divide x 6 —5tfx 5 4-3a 2 x 4 by 

x 6 —5ax 5 + 3a 2 x 4 

Sol. The quotient = -- 

x 6 5 ax 5 3a 2 x 4 

= '^2T 4 

— _Av2 


—2x 4 


2 x 4 1 —2x 4 


|x z +-5ax 


6/7V — 3q 2 


EXERCISE 22 

Divide : 

1. 9x 5 by 3x 3 . 2. 

3. —12 a A b b by —4a 3 6 3 . 4. 

5 . —18 a?x 2 b 2 y A by — 6 a 3 x 3 b 2 j> 3 . 

6 . — m*n?p*q 3 by m 2 n 2 p 2 q 2 . 

7. —14a 3 6 5 c 4 by 4-2a 2 6 2 c 2 . 

8. — j/>V by -,V¥- 

9 . — abcd-\-axcm by — ac. 

10 . 6 atocy —4acx«+2«6c^ by 

11 . — a 2 b 2 c—ab 2 c 2 —a 2 bc 2 by 

12. 25fl 4 x 6 —20a 3 x 4 —35<z 2 x 3 by 

13. 18a 4 6 5 x 3 — 1 2a 2 b 3 x 4 -\-6a 3 b 4 x 5 by 

14. \2a*b 2 c — \Sa 2 b 4 c — 36ab 2 c 4 by 


18a 2 6 4 by —6 ab 2 . 

— 15 a 3 b 2 by 10a 2 6 2 . 


12 <zx. 

— abc. 

5 <z 2 x 2 . 

—6 a 2 b 3 x 3 . 
—6 ab 2 c. 


Expanded process. 

2.io+3\4.10 2 +8.10+3/2.10 + 1 

)4.10 2 +6.10 [ 


/ 


2.104-3 

2.104-3 




17. Division by a Compound Expression. 

Division of one compound expression by another is analo- 
gous to ‘Long Division’ in Arithmetic, as illustrated below 

in the division of 483 by 23; 

Compact process. 

23\483/21 

r±\ 

23 
23 

— 1 m k., v 102 hv X 2 etc., 483 4-23 becomes 

(4x2+8**+3)1(2* +3.[ The full working is given below: 
Line 1. 2*+3\4x*+8x+3/2* + l 

Line 2. / 4 * 2 + 6 * V 

t • q 2x4-3 

^! ne 2x+3 

Line 4. --- 


X 
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Explanation: Proceed from left to right. Take the first 
terms of the dividend and the divisor foi trial. 4x 2 — 2x =2x 
Put this as the first term of the quotient. Multiply the divisor 
by 2x and write the product below line 1 —as in line 2. 
Subtract and bring down the next term -f 3 —as in line 3 . 

' an ^. . this t is , thc second term of the quotient.* 
Multiply the divisor by 1 and put down the product as in 
line 4 and subtract. There is no remainder. 

Example 24: Divide 4a 3 + 7a 2 — 3x — 15 by 4a — 5 . 

4x — 5\ 4a 3 -f lx 2 — 3x — 1 5 /a 2 -u3 a + 3 
)4x 3 -5x 2 ( 

12 p*~—3 a 

1 2a 2 — 15a 


12a —15 

12a —15 


The required quotient is a 2 +3a + 3. 

In this example the dividend and the divisor are alreadv 

p oT:-en f d -■ g h p—> 

division arrange them so, before doing the actual 


x 2 +2—3x. 



25: Divide 2— 3x*+ x — x * +x * by _ 

Arrange the expressions according ^descending powers'of 

* 2 -3*+2ya 3*2 +x+2 / x t +2x + \ 

)x*—3 X 3 +2x* ( 

2x* -5** +* V 

2x*—6x*+4x 


2 

2 


3a+2 


— 3x-\-2 

he required quotient is A 2 -f- 2 A + l. 


Divide : 

1. a*+8x + 15 byA+5. 
3- a —8a + 15 by a— 5. 

4 


2 . 

4. 


23. 

A^-f2.v-15 by a-3. 
x -14a+ 49 by a —7 
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Divide : 

5. 2x 2 —3x—2 by 2* + l. 


6 . 

8 . 

10 . 

12 . 

14. 


1 Ox 2 — 14x —12 by 2x —4. 
3a 2 + \0a-{-3 by 3*z + l. 

4/> 2 —4/? —3 by 2p —3. 

—21*2 2 +<2 + 10 by —7*z+5 
3a— 3*2 2 +*2 3 — 1 by a — 1. 


7. 3m 2 +m— 2 by m + 1. 

9. 6a 2 —la —3 by 3*2 + 1. 

11. 5m 2 —17m+6 by 5m—2. 

13. 1 — * +x 2 — x 3 by 1 + * 2 - 

15. 3x 3 —2> 3 +9x^ 2 — 1 lx 2 _y by 3x —2> 

16. 3 a 3 —arb —2b 3 —3ab 2 by 26 4-3*2. 

17. 2*2 4 +* 2 2 — 3*z 3 — 9+9*z by 2*2 2 —3+*2. 

18. 4x — 1 —8x 2 —6x 4 +1 lx 3 by 1 —x + 3x 2 . 

19. 1.4-q-b*2 2 4-a 3 4-*z 4 +0 5 byl+*2 2 +*2 4 . 

20. 3i 5 +3x 4 +2x 3 + l by3x 3 —x4-l. 

18. Division with certain terms missing. 

Sometimes, the dividend may not contain some terms 
It means that the coefficients of such terms.are zero. In the 
expression 1 — x 3 , x and x 2 are missing. So 1 —* may oe 
wrkten as l+0x+0x 2 -x 3 . Similarly "iay be 

written as x 4 4-Ox^+x 2 ? 2 +*0> 3 +>*• .Before commencing the 

division, it is useful to supply the omissions. 


Example 26 : Divide 1 —a 4 by 1 —a. 
Sol. 1 -*2 4 = 1 4-0*2 4-0*2 2 4-0*2 3 *2 4 

1 —+ 0 + 0 + 0 — *2 4 ^1 -\a-\ra 2 +a 3 

4 -* 2+0 
+ * 2 — * 2 2 


+ * 2 2 +0 
+ *Z 2 -*2 3 

+ * 2 3 -^ 
+ *Z 3 —*2 4 



The required quotient is 1 +* 2 +* 2 2 +* 2 3 . 
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Example 27: Divide a 4 +a 2 b 2 -\-b 4 by a 2 — ab-\-b 2 

Sol. Dividend = a 4 -\-0a 3 b -\-a 2 b 2 ~\-0ab 3 -\-b 4 

a 2 — ab +b 2 \a 4 +0 +a 2 b 2 + 0 +b 4 /a 2 -\-ab -\-b 2 

)a 4 —a 3 b-\-a 2 b 2 [ 

T^To +0 

-\-a 3 b — a 2 b 2 -\-ab 3 

-\-a 2 b 2 — ab 3 -\-b 4 
-\-a 2 b 2 —a& 3 -\-b 4 


X 


The quotient is a 2 ~\-ab-\-b 2 


i 


EXERCISE 24. 


2. a 5 —f-j> 5 by a: -\-y. 
4. a* 8 —by x -\-y. 


Divide : 

1 . x 3 +jr* byx+y. 

3. x 5 —y 5 byx~y. 

5. a 6 —I by a 3 +2a 2 +2a-{-1. 

6. *« — 2* 3 + l by a 2 — 2a + 1. 7. A 9 -f y 9 by a 3 4-v 3 
S. x 3 -|-3xy -\-y* — 1 by x-\-y — 1. 

Divide and check the result by putting a = 2, y = 1; a = 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 


1 , 


.6 


— y* by A 3 d-2A 2 ^H-2A^ 2 4-y 3 

•> r*«o n ID I . 


x 12 — 2x 6 y 6 — 3y 12 by x 4 ~x 2 y 2 +y 4 . 

° 4 —-gV^ 4 by a—^b. 

by £x — $y+iz* 

x 4 +y 4 —Z 4 +2x 2 y 2 —2z 2 — 1 by a 2 + y 2 _* 2 — 1 

a lT^r^rT^ abc b V « t +^ 2 +« # +^+tfC— 

A 3 -f-8y 3 —27£ 3 -|-18xy£ by a— 3^-f-2y 

a 3 + 8b 3 -f-27c 3 — 18«^ by <z 2 -|-4& 2 -}-9c 2 — 2<z£— 66c — 3ra. 


19. Division with a Remainder. 

As already pointed out, if we denote the dividend bv D the 
tdxK e qU ° tient ^ remainder b y *>we hive 

R 


But the complete quotient is Q. I ~ 

d 



52 


ALGEBRA FOR HIGHER SECONDARY SCHOOLS 


Example 28. Divide x 4 —3x 3 — 13x 2 -f-12x-b4 by x 2 —x+2. 

Sol. Arrange the divisor and the dividend according to 
descending powers of x. 

*2 _ x _j_2\x 4 —3x 3 — 13x 2 +12x +4 /x 2 —2x — 17 

Jx 4 — x 3 -f* 2x 2 ^ 

—2X 3 —15x 2 + 12x 
—2x 3 + 2x 2 — 4x 


— 17x 2 + 16x-|- 4 

— 17x 2 + 17x—34 

— x-j-38 

The quotient =x 2 — 2x —17 and the remainder = —x-j-38. 

The complete quotient is x 2 —2x — 17 -j -^ 2 _ ^-^2' 

When the divisor and the dividend are arranged according 
to ascending powers of x, the division may be endless and the 
answer different from the one obtained above. 

Arrange the divisor and the dividend according to ascending 
powers of x. 

2 _x -f x 2 \ 4 -f 12x — 13x 2 —3x 3 -j-x 4 / 2 + 7x —4x 2 — 7x 3 

j 4 _ 2 x+ 2 x 2 ^ 

14x — 15x 2 — 3x 3 
14x — 7x 2 -j- 7x 3 


8x 2 — 1 Ox 3 -f- x 4 
8x 2 + 4x 3 —4x 4 


— 14x 3 +5x 4 

— 14x 3 +7x 4 —7x 6 


The quotient = 2-{-7x 4x 2 

is — 2x 4 -f-7x 5 . 

The complete quotient is 2-f-7x 


—2x 4 +7x s 

- 7x 3 and the. remainder 


—4x 2 —7x 3 + 


— 2x 4 -f- 7X 5 
2— x+x a 
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Sol. 


e 29 
1 —x 


Divide 1 -\-x by 1 —x up to 4 terms. 

1 -p* +0+0-f-O + . . ./I -f-2x + 2* 2 -f2* 8 -K 

x 


+ 2 x +0 
+ 2 *— 2 x 2 


t 


4-2x 2 4-0 

4-2x 2 —2X 3 


+ 2 x 3 -}-0 
-\-2x 3 — 2x* 


2x* 


4 ~2x 4 -f~ • • • 

The complete quotient is 1 4-2x-f2x 2 4-2x 3 4-- 

1 —x 

Example 30: Find a and b in order that 

** 2x 3 -J-8x 2 4- ax-\-b may be exactly divisible by x 2 4-x4-5. 

Sol. * 2 4-x 4- 5 \ x 4 — 2x 3 4- 8x a 4- ox 4- 6 /x 2 — 3.v 4 - 6 

yx 4 4- x s 4-5x 2 ( 


—3x3 4-3x2 4 -ax 
—3X 3 — 3x 2 — 15x 


Since this is given to be 
should be zero i.e. 

. ( a 4-9)x = Ox and 

i.e. a 4-9 = 0 and 
i,e * a — —9 and 


6x 2 4-(a4-15)x4-6 
6 x 2 4- 6x4-30 

(a 4~9)x 4- (b —30) 

an exact division, the remainder 

b — 30 = 0 
b = 30 
b = 30. 


EXERCISE 25. 

Divide and give the complete quotient in each case : 
<2 2 4-6 2 4-2a6 4-3 by l4-a4-6. 

2- <2 3 4-7a 2 4-21a4-1 7 by a 2 4-5a4-6. 

3. a 4 4-7a 3 4-14a 2 4-9a4-4 by a 2 4 -3a 4-1. 

4. 2a 4 4-3a& 3 —4a 2 6 2 4-a 3 £—56 4 by a 2 — 2b z ~\-ab. 

m ,S- up to , 4 ter ms; give the remainder and the complete 
quotient in each case : ^ 

5. 1 by 1 +x. 6. 1 -2a by 1 +3 a . 

7. 1—a by 1 -2a4-2a 2 . 8. 1 by 1 —x. 
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Prove that: 


9. 

10 . 




a 2 +1 la +35 
a+5 

x 2 — 9*+25 

AT —4 

a 2 — 13a+45 
a — 7 

at 2 — 16* +60 
a :—9 


= a+ 6 + 


= a :—5 + 


<z+5* 

5 


4* 


= a —6 + 
= x—7 — 


3 

a —7* 
3 

a:- 9 * 


13. x«-6x 5 + \5x 4 —20x 3 + \5x 2 —6x-\-\ is the product of 
two expressions of which one is x 2 — 2 at + 1. Find the other. 

14. Find the divisor when the dividend is x 3 —6x 2 + 12x 5, 

the quotient x —3 and the remainder x + 1. 

15. What must be subtracted from 12a 2 +8a 9, so that 

it may be exactly divisible by 2 a — 1 ? 

16. What must be added to 3a 3 — 8 a 2 + 7a, so that it may 
be exactly divisible by 3 a — 2 ? 

17. What must be added to 3a 3 + 7a 2 — ba —5, so that it 


may be exactly divisible by *z 2 + 2 a— 1 ? 

18. Find the condition that x x — 3x 2 +m may be exactly 

divisible by x 2 + l? . 

19. For what value of k is 9<z 3 — 6 a 2 +3a —k exactly divisible 

by a 2 —2a+3? 

20. For what value of a: will 2 a : 3 +5x 2 — 7 hx +4 be exactly 
divisible by x 2 + 2 x — 1 ? 


CHAPTER III 

SIMPLE EQUATIONS 

1. An algebraic statement that two expressions 
are equal is called an equation. 

Thus (i) 2a — 3b = — 3b+2a, (ii) (x + l ) 2 =x(x+2)+l > 
(iii) x-\- 3 =5 are all equations. 

The part of an equation which lies on the left-hand side of 
the = sign is called the “ Left-Hand Side” or briefly L.H.S.; 
and the part of an equation on the right hand side of the 
= sign is called the “ Right-Hand Side” or briefly R.H.S. 

In (i) put a = 3 and b = 1, and simplify. 

L.H.S. = 2x3— 3x1 = 6 —3 = +3 and 

R.H.S. = —3xl+2x3 = —3+6 = +3. 

.*. L.H.S. = R.H.S. 

In (i) put a = 2 and b = 3 and simplify. 

Even then L.H.S. = R.H.S. 

This equation is true for all values of a and b. 

Similarly equation (ii) i.e. (.v + 1 ) 2 = *(a: + 2) + 1 is true for all 
values of x i.e. when x = 0, 1 , 2 , 3 , etc. 

Such equations which are true for all values of the letters 
involved in them are called Identities. 

On the other hand, equation (iii) x + 3=5 is true only 
when x = 2 and for no other value of x. 

Equations which are true for particular values of the unknown 
quantities involved in them are called “ Conditional Equations” 
or merely “Equations.” 

An equation a:— 5= 0 is true only when *= 5. The value 
5 is said to satisfy the equation. The process of finding that 
value of x (or the unknown quantity) which will satisfy the 
equation is called “Solving the equation”, and the value 
itself is called a root of the equation. Sometimes it is also 

called a “solution” of the equation. 

An equation which, when simplified, involves only one letter 
m the first degree only is called a simple equation. 
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2. Methods of* Solving Simple Equations. 

An equation may be compared with a balance. The two 
scale-pans are the two sides of the equation. The sides of the 
equation are connected by the sign of equality. The two 
scale-pans are connected by a beam, and with equal weights 
in them, the beam is horizontal. 

If the contents of the 2 scale-pans balance each other, they 
will still do so if equal amounts are (i) added to or (ii) removed 
from both sides. They will also balance if the contents of 
both sides are doubled or trebled or halved and so on. 

Let us see how the principle of the balance works in the 
solution of an equation. 

Suppose there are a few packets of equal weights containing 
rupee-coins. Let one scale-pan contain three full packets 
and two loose coins ; and let the other pan contain two full 
packets and 5 rupee-coins and let them balance. Also let 
x units be the weight of one packet which has to be determined. 

We have the equation 3x +2 =2*+5. 


Symbolic 

representation 


3 packets and 
2 coins balance 
2 packets and 
5 coins, 
or 

3x-f 2=2x+5 
Remove 2 packets 
i.e. 2x from each 
side. 

Now 1 packet and 

2 coins balance 
5 coins 

OR x 4- 2=5 
Again remove 2 
coins from each 
side. 

Then we have one 
packet balancing 

3 coins. 

OR x=3. 
The weight of a 
packet is 3 units- 


Diagrammatic representation 










SIMPLE EQUATIONS 


57 


In the above illustration, we have only been removing 
>equal quantities from both sides. On the other hand, if we 
add equal quantities, or multiply or divide both sides by equal 
quantities, still they would balance. 

Thus, from the analogy of the balance, it can be seen that 
the solution of equations is based on the following four axioms, 
namely: 9 


If equals be added to equals, the sums are equal. 

[Axiom I] 

II equals be subtracted from equals, the remainders 

xr i__«• . . . _ [Axiom II] 

11 equals be multiplied by equals, the products are 

* q “ al - , . [Axiom III] 

11 equals be divided by equals, the quotients are equal. 

v n , , [Axiom IV] 

Example Is Solve the equation x — 7 = 10. 

Sol. Given x — 7 = 10. 

Adding 7 to both sides, we have 

x—7 + 7 = 104-7 
x = 1 7. 

Example 2: Solve the equation *4-9 = 13. 

Sol. Given x-f9 = 13. 

Subtracting 9 from both sides, we have 

*4-9—9 = 13—9 
* = 4. 


[Axiom I] 


[Axiom II] 


Example 3 


Solve the equation ~ = 4 . 

5 


Sol. Given * = 4 

Multiplying both sides by 5 , we have 

jX5 = 4x5 

_ „ x = 20. 

Example 4: Solve the equation 
ool. Given 3x — 12. 

Dividing both sides by 3 , we have 

3x 12 

3 3 

x = 4. 


[Axiom III] 


[Axiom IV] 
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Example 5 s Solve the equation 3y —|—2 = 17. 

Sol. Given 3y+2 = 17. 

Subtracting 2 from both sides, we have 

37+2— 2 = 17—2 

or 3y = 15. 

Dividing both sides by 3, we have 

3y _ 15 

3 3 

y = 5 

Example 6 s Solve the equation 

Sol. Given J —6 = 10. 

Adding 6 to both sides, we have 

6+6 = 10+6 

or 7 = 16. 

4T 

Multiplying both sides by 4, we have 

|x4 = 16x4 
4 

£ = 64. 


EXERCISE 26. 

Solve the following equations showing the full process : 


1. 

3 x = 18. 

2. 

5a: = 

35. 

3. 

7a: = 

21 

• 

4. 

1 \x = 44. 

5. 

y _ 

4 

7. 

6. 

y _ 
6 

3. 


7. 

| = 5. 

8. 

y _ 

12 

4. 

9. 

1 

3* = 

6. 


10. 

\z = 2. 

11. 

AT— 5 = 

= 13. 

12. 

x — 3 = 

= 

12. 

13. 

AT—9 = 4. 

14. 

a: —14 

= 3. 

15. 

x—7 -- 

= 

6. 

16. 

X—2 = 9. 

17. 

X+4 = 

= 11. 

18. 

a:+6 = 

— 

15. 

19. 

a:+8 = 17. 

20. 

AT + 10 

= 21. 

21. 

2y+3 

= 

: 15.- 

22. 

3^+4 = 22. 

23. 

5a:+2 

= 27. 

24. 

4a:+5 


= 21. 

25. 

3y — 1 = 8. 


26. 

ly —6 

= 15. 




27. 

6 z —3 = 33. 


28. 

5z —7 

= 38. 





[Axiom IIJ 


[Axiom IVJ 

+6 = 10 . 

4 


[Axiom IJ 


[Axiom III]: 
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29. 

3*—5—* = 13 


30. 

31. 

2*+7 +* = 10. 


32. 

33. 

6*—2 = 3*+7. 


34. 

35. 

5y — 1 = 2>>+9. 


36. 

37. 

5-1 = 2 ‘ 


38. 

39. 

s+L - - 5 

6 ‘6 6 


40. 

41. 

iL+5 = 2. 

12^4 


42. 

43. 

5*—8+3* = 12- 

-4*. 

44. 

45. 

2* — (*+4) = 9. 


46. 

47. 

17* + (8* — 11) = 

39. 

• 

CO 

Tt< 

49. 

7r+(5y—9) -6 = 

21. 

50. 


5*— 9 —2* = 12. 

4*+3 +* =15. 

4^+6 = 2* + ll. 

4y + 7 = y + 17. 

|+2=4. 

£ 1 _ 2 

5 5 5* 

5*_1 _ 3 

6 4 “ 8' 

1 lx —3 +2* = 7*+ 18+5*. 
5y — (3_)’—2) = 22. 
z —(6 — 4z) +5 = 14. 

4*— (* + 5)4-3 = 0. 


3. Transposition. 

Consider the equation 2x — 7=5 ... ... (i) 

Adding 7 to both sides, we have 

2x —7 —J— 7 = 5+7 ... ... 

or 2x = 5+7 ... ... (ii) 

Comparing (i) and (ii), we notice that —7 disappears from 
the L.H.S. and appears on the R.H.S. with its sign changed 
from — to +. 

Again, consider another equation 

5* = 15+2* ... ... (iii) 

Subtracting 2* from both sides, we have 

5*—2* = 15+2*—2* 

or 5*—2* =15 ... ... (iv) 

Comparing (iii) and (iv), it looks as if +2* has been 
transferred from the R.H.S. to the L.H.S. and its sign changed 
from + to —. 

In actual practice, this is what is usually done, and this is 
allowable also i.e. a term may transferred from one side of an eqation 
to the other , but its sign must be changed. 

This process is called the process of transposition. 
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Example 7: Solve 11at—5 = 4*+9. 

Sol. Given 11*—5 = 4*-{-9. 

Transposing 4* and 5, we have 

1 lx—4* = 94-5 

.*. 7x = 14 and x = 2. 


[Verification. 

Put 2 fcr x in the above equation. 

L.H.S = 11x2-5 = 17. 

R.H.S. == 4x 24-9 = 17. 

L.H.S. = R.H.S., and the solution is correct.] 

Example 8: Solve 5x— 18 — 2x = x-\-2 — 3x. 

Sol. Given 5* —18— 2x = x-\-2 — 3x 

Transposing all the terms containing * to the left-hand side 
and all other terms to the right-hand side, we have 

5*—2*-*4-3* 4-2 4-18 

or 5* 4- 3x— 3a: = 20 

or 5 at — 20 

x = 4. 


[Verification. 

Put 4 for x in the above equation. 

L.H.S. = 5x4-18-2x4 = -6. 

R.H.S. = 44-2—3x4 = —6. 

L.H.S. = R.H.S., and the solution is correct.] 


Note : In practice it is usual to bring all the terms containing x to the 
left-hand side and all other terms to the right-hand side. 


Example 9: Solve 4(2* 4-5)—2(*4-l) = 0. 
Sol. Given 4(2*+5)—2(* 4-1) =0. 

Removing the brackets , we have 

8 * 4 - 20 — 2*—2 = 0 

or 6* 4-10 = 0. 

Transposing -f-18, we have 

6* = —18 
* = —3. 


[Verification. 

Put —3 for x in the above equation. 

L.H.S. = 4 { 2x (—3)4-5 } -2( —34-1) 

= 4x ( — 1) —2x (—2) = —44-4 = 0. 
R.H.S. = 0 

L.H.S. = R.H.S., and the solution is correct.] 
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Example 10: Solve (a — 2) (4a — 1) = 5 -j-(2.v — 3) 2 . 

Sol. Given (a — 2) (4a — 1) = 5 -j- (2a:— 3) 2 

Removing brackets, we have 

4a 2 —a—8a 4-2 = 5 -f-4x 2 — 1 2x -j- 9 

[ (2a— 3) 2 = (2.v —3) (2 a 

Transposing , 

4 a 2 — a — 8x—4 a 2 4-12a = 5 4-9—2 

4-3a: = 12 

a = 4. 


-3)] 


[V explication. 

L.H.S. : 
R.H.S. 
L.H.S. = 


(4— 2)( 16— 1) = 30. 

5+ (8 —3)- = 30. 

R.H.S. and the solution is correct.J 


Note : It will be found useful to remember the following hints : 
en,,,.. y ma V change the signs of all the terms on both sides of an 
SSsfde, by-t 'wc C gc n ^‘-5 = U 8 a ' i,y - ThUi> in " A+5 = “ 8 » if " c divide 

«iO,ouK|K e n ^. anSe thC P ° Si,i0n ° f " 1C ' WO SidCS ° f a “ C<1Uation 

Thus, 11 = x— 3 may be written as x —3 = 11. 
tion ( TW V S m ? Y c f nccl * h « same 'emi from both sides of an cqua- 

+£;JL U tll'; 5 =H +X_5 iS u l - hG Samc ' hin S as 2* = 6+*, and I7?-4 

0x-f0 + 2x is the same thing as 17x—4=5x+6. 


EXERCISE 27. 


In solving the following equations 
Qnspos7tion y and verify each solution : 


apply the method of 


1 . 

3. 

5. 

7. 

9. 

11 . 

13. 

15. 

17. 


3a—5 = 2a—3. 

2a 4-3 — a*—8. 

11-2a = 15-a. 
15 4-3a = 8 4-2a. 

4 4-2a = 6—3a. 


— 3y —5 : 
3(5a4-6) 
3 4-3a-4 


-5a 4-2 = 


= — 7 ^ 4-1 
= 4(2 -a) 
= 5 a — 1. 
8a—20- 



2 . 

4. 

6 . 

8 . 

10 . 

12 . 

14. 

16. 


4a—1 = 6a 4-5. 

5a -f- 7 = 2 a- f3. 

7 4-3a = 12—2a. 

9—5a = 13 4-3a. 

12—4a = — 5 4-2 a. 
-5 4-7a = —11—2a. 
9a 4-20—4a = 45. 
7a— 6-f a = 16 4- 3 a. 
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18. 5*—9+3* — 7 = 0. 

19. 3*—6+5* —12 = 0. 

20. 4*+20—8(13— x) = 0. 

21. 3(*—5)—7(2*+3) = 0. 

22. 4(2*-3)+5(*-2) = 0. 

23. 2(3* — 1) —6(2*—5) = 0. 

24. —7(12+3*)+5(*-2) = 0. 

25. — 3(5-4*) +2(3*-l) = 0. 

26. 2* — (3—5*) +2 = 4*—7. 

27. (4*—3)(2* —1) = (2*+5)(4* —1). 

28. (4*+5)(3*—2) = (6* — 1) (2* 5). 

29. (*—6) (12*4-1) = (3*+2)(4*-l). 

30. (3*+2)(8*+5) = (6* —1)(4*+7). 

31. —(*—8)(* + 12) = (* + l)(6— *). 

32. — (7-6*) (3-2*) = -(4*-3) (3*-2). 

33. (* + 3) 2 + (4—*) 2 = 2* 2 +*. 

34. (*+5) 2 -(2-*) 2 = 7. 

35. (2* + l) 2 -8 = (2* —l) 2 . 

36. 14—5(*—4)(*+8) = 188—5(*+3) 2 . 

37. 9(*—2) 2 +3(*—4) 2 = (3*—7) (4*— 19)+42. 

38. Find the value of x which will make 5(x—4) -{-2. equal 

39. For what value of m will (2m —3)(m +4) + 5 —2m 2 be 

eC *40. For what values of * are the following statements 
true : 

(i) (12x+5)(x—3) = (3x-b4)(4x + 3)+29 ? 

(ii) (2x — l)(6x+5) = 4(3x—2)(x + l)+3? 

(iii) (2x— 1) (3x—4) = (6x—5)(x —1) ? 


4. Equations involving Fractions. 

If fractions occur in an equation, the denominators can be 
got rid of, by multiplying both sides of the equation by the 

L.C.M. of the denominators. 

„ , 3x 5x 
11: Solve -x+-£- = 38 - 



Sol. 


3x 5x 
Given 4 -+-g- 
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'The L.C.M. of the denominators 4 and 6 is 12. 
Multiplying both sides of the equation by 12, we have 

12x^ + 12x^ = 12x38 

4 o 

3 x 3*-}-2 x5x = 12 x38 
or 9x-}-1 Ox = 12 x38 

or 19x = 12 x 38 

12x38 

*-19- 

i.e. x = 24. 

[Verification. 

Put 24 for x. 

t „ c _ 3x24 , 5x 24 
L-H-S. — —--1- t— = 18 + 20 


= 38 = R.H.S. 

the answer is correct] 


Example 12 s 

Sol. Given ~ 

5 


c . 3x 5 x 3 
S ° lve T + 6=2+4* 


4 


5 x 

6 2 ^ 


The L.C.M. of 5, 6, 2 and 4 is 60. 

Multiplying both sides by 60, we have 

36x4-50 = 30x4-45 
36x—30x =45—50 
6x = —5 
5 

* 6 * 

[V erifi cation. 

L.H.S =*X (-$) + $ = -* + $ = *. 

LHs’-RHT’ )+ i T = *• 

l—n.o. - K.ri.b., and the solution is correct.] 


Example 1: 

Sol. Given 


2x-j-7 


+6 = 


3x4-4 


2x4-7 


+6 = 


3x4-4 


10 


+ 8 . 


-+ 8 . 


5 1 ~ “ 10 

The denominators are 5, 10 ; their L.C.M. is 10 



64 


ALGEBRA FOR HIGHER SECONDARY SCHOOLS 


Multiplying both sides by 10, we have 

10x (2 *^~ 7) - + 10x6 = 1 q X (3 *q 4 ) + 1 q xS 

or 2(2x + 7) 4 - 6 O = 3x4-44-80 

or 4x4-144-60 = 3x 4-4 4-80 

Transposing, we have 

4x —3x = 44-80 — 14—60 

or x = 10. 


[Verification. 

Put 10 for x in the equation. 

27 57 

L.H.S. = 4“ + 6 = — 

5 5 


R.H.S. 


. = ' 1 4 ,- 8 = 5 -' 


10 


57 


Example 14 : Solve x— 

2x — *3 

Sol. Given x- 


L.H.S. = R.H.S. 
Solution is correct.] 

2x —-3 *5— x 


•7 

*5 —x 


35 


•7 *35 

The L.C.M. of the denominators is 3*5. 

Multiplying both sides by 3’5, we have 

3 . 5l _ 3 . 5x M=3-5x ( - 5 -* ) 


7 - *35 

or 3*5x—5(2x — ’3) = 10(’5—x). 

Removing brackets, 

3*5x —10x4-1-6 =5 — lOx 

Multiply throughout by 10, to get rid of the decimals 
Then, 35x — 100x4-15 = 50— lOOx 

Transposing, 35x — 100x4~100x =60 15. 

or 35x = 35 

_1 
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EXERCISE 28. 


Solve the following equations and verify each solution : 


1. 


3. 


5. 


7. 


10 . 


14. 

16. 

17. 

19. 

21 . 

23. 

25. 

26. 
27. 

5 


* 4- f 
2 ‘ 3 


5. 


* 2a __ 7 
2 ' 3 “2* 

I- 5 - 7 -!' 

!-«• 


2. 2 — z = 3. 

4 6 

5 * x i a 

4. —- - = 14. 

6 4 


2a 

5 


3 

4 


X ^ 

o. —---- 


A 

2 


5 

6 * 


8. -—4=2. 


1 1 = 1 
* 6 8 

y 3 ,y —s 


[Hint : Multiply both sides by a.] 

3a + 1 2a — 1 


12 . 5 


5 
x 
2 

4a: —1 




= 0 . 


3=5?_ 5 J: + 7 

4 6 ^ 


3a:+ 1 


— 1 . 


2 -+? +2 _ *-! + 


9. 

11 . 

13. 

15. 

a*+3 


5 

3y— 2 
7 


11 

5_y —1 

14 


= 0 . 


^ + 5f__ n __3 a 

5*4 A1 —20~ 18 ^ 

AT —1 , A—2 A—3 

21 7 


5a 


2 * 


14 


11 


22 


a . 5 a—8 a4-4 

3 + “l6~ = 4r +6 *- 18 ‘ 

2x~l __ 1 __ * 4-1 

3 4 x 


12-J- -4^ = 44-?* 16 


8 


20. *5a4-1-2a = 3-4. 


1-32a:+-02a: = 1-19+*. 22. -2_>-+-05 = -la+’lS^. 


•24—-5* * 3a 4-1 




24. 


3a —1 -6—-2a 


i(A-2)4-i(A-3) = £(a— 4). 
7a-3 _ 3a4-5 . 7a-2 

9 1 - A --~- . 



66 


ALGEBRA FOR HIGHER SECONDARE SCHOOLS 





2x — \ 3x -4 6+x x + \ 

2 ‘ 6 4 9 * 

5+3a: 3a: — 1 3 —5 a: 2a:+ 1 

5 2 3 h 4 * 

What value of a: will make £ + 3 + 4 —2 e 9 ual to x ? 


5. Formulae. 

A formula is a collection of symbols expressing in a compact 
form the relation between certain quantities. 

__ P x RxT . s a f ormu j a i t shows the relation between 
100 . 
the interest /, the principal P , rate °/ 0 P and the time 1 . 

Here I is expressed in terms of P, R, and T. I is the subject 
of the formula. This formula can be put in different forms. 


One form is: P x R X T = \00 x I 
Making P the subject, it becomes P = 


100 x/ 
RxT' 


If R is the subject, R = 
If T is the subject, T = 


100 x/ 
P xT‘ 
100 x/ 


PxR' 

Each quantity can be expressed in terms of the others. 
This is called changing the subject of a formula. 

Example 15: A rectangular room is l metres long, b metres 
broad and h metres high. If the area of the four walls is A 
sq. metres, we know that A = 2 h{l-\-b). 

Here A is the subject of the formula ; change the formula so 
that l may become the subject. 

Sol. A =2h ( l+h) 

or 2 h ( l-\-b ) = A. 

Divide each side by 2 h : 

We get l-\-b =2 

Subtract b from both sides : 

'-a-*- 
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EXERCISE 29. 

and 1 heigh^ Sq c ^ m jL t ^ area ° f a tHangle whose * * cm 
Make (i) b the subject, (ii) h the subject. 

c= 2 v, If MTki s ; h th e ci sub™c c t rencc of a circle of radius ' cm - 

an ,, 3 :, !" . a trapezoid the parallel sides are a cm and b cm 
and the he.ght ts h cm. If its area is A sq. cm, A = * (a lb)l 

Make (i) h the subject; (ii) (a+4) thc subject _ 

metres A °l * C T cIe is r metres and its area A sq. 

metres, A = r z 7t. Make r the subject. 4 

5- If * be increased by r%, the result y 
Make r the subject. Find r, if a* = 20 and y == 21. 

height and" ,?L- he FadiuS °f the base of a cylinder, A cm its 

^bje tS ct V ° 1Ume ’ F = « ' *he 

terms oFu™} = '‘ +fl ’ ^ « f in *, «; (ii) « in 

9. If F degrees Fahrenheit is the same temperature as 
I- degrees Centigrade, F = 32 +— 

find C when F = 50. 

demand llteTcl: ^ 

Make (i) h the subject; (ii) r the subject. 

11 . Ifs = ut + ^ft*, make/the subject. 

12. The temperature /, the pressure p and the volume v 
of a quantity of gas are connected by the formula ~ pv — in 

^_l_273 

Make t the subject, and find t if p = 3, v = 1050. 


make C the subject, and 
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6. Symbolical Expression. 

The framing of an equation depends upon the ability to 
express given statements in symbols. Sufficient practice in 
symbolical expression is therefore necessary to solve problems. 


1. What is the sum of 7 and a ? ... [7+fl] 

2. What is the sum of m and n ? 

3. What is the difference between q and 15 ? 

4. What is the difference between p and q ? 

5. One part of x is 7 ; what is the other ? ... [*—7] 

6. One part of 2m is n ; what is the other ? 

7. One part of 2 m-\-n is m-\-n ; what is the other ? 

8. By how much is m greater than 17 ? ... [m —17] 

9. By how much is m less than 20 ? 

10. The sum of two numbers is m and one of them is n ; 

what is the other ? , 

11. The sum of two numbers is 2*4-19, one of them is 

#4-5 ; what is the other ? . 

12. The difference between two numbers is d , the greater 


[53 -ri\ 


is 25 : what is the other ? . . „ . 

13. What is the selling price if the cost price is Rs. lbU 

and the profit is Rs. * ? 

14. What is the excess of 53 over n ? 

15. What is the excess of m over 34 ? 

16. What is the excess of p over q ? 

17. What is the defect of 19 from 23 ? 

18. What is the defect of m from 40 ? 

19. What is the defect of * from y ? 

20. What number is less than 60 by m . 

21. What number is less than 2m by n . 

22. By how much does 21 exceed n . 

23. By how much does 2 p exceed q . 


24. If n is a factor of 28, what is the other factor ? 


R21 


25. If m is a factor of a. what is the other factor ? 

26. If m be divided into 5 equal parts, what is the 

of each part ? 


value 
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27. If the product of two numbers is 2 p 2 and one of them 
is p , what is the other ? 

28. How many times is 8 contained in 48 ? 

29. How many times is a contained in 48 ? 

30. How many times is m contained in n ? 

31. There are three numbers, each equal to a ; what is 
their product ? 

32. What is five times * increased by 15 ? ... [5a* + 15] 

33. What is seven times n diminished by 12 ? 

34. What is three times p increased by q ? 

35. What is six times m diminished by n ? 

36. x is multiplied by 4 and 13 is added to the product ; 
what is the result ? 

37. y is doubled and then 5 is added to it ; what is the 
result ? 

( Fractions) 

38. One-fiftli of m is increased by 7 ; what is the result ? 

39. One-third of* is diminished by 9 ; what is the result ? 

40. Three-fourths of y is increased by 11; what is the 
result ? 

41. Five-sixths of m is diminished by 13 ; what is the 
result ? 

(Consecutive Numbers ) 

42. Write down three consecutive numbers of which 
(i) 15 is the middle one ; (ii) * is the middle one.... [14, 15, 16] 

43. Write down three consecutive numbers of which 11 
is the least one ; of which k is the least one. 

44. Write down three consecutive numbers of which 27 
is the greatest one ; of which p is the greatest one. 

45. Write down three consecutive numbers of which 
2m-1-3 is the middle one. 

46. Write down three consecutive even numbers of which 
2«-j-4 is the middle one. 

47. Write down three consecutive even numbers of which 
2*—6 is the least one. 


70 


ALGEBRA FOR HIGHER SECONDARY SCHOOLS 


48. Write down three consecutive even numbers of which 
2*+2 is the greatest one. 

49. Write down three consecutive odd numbers of which 
2n —3 is the least one. 

50. Write down three consecutive odd numbers of which 
2m-\-\ is the middle one. 

51. Write down three consecutive odd numbers of which 
2/2+5 is the greatest one. 


( Digits) 

If the digits of a number beginning from the left-hand 
side be 3 and 7, the number is 37, and its value is 10 x3+7 ; 
when the digits of 37 are reversed, it becomes 73, and its 
value is 10x7 +3. 

Similarly, if the digits of a number beginning from the 
left-hand side be x and the value of the number 
= 10xx+_? = 10*+? ; when these digits are reversed, the 
value of the number thus formed = 10 xy-\-x = \0y-\-x. 

52. Represent the numbers whose digit in the tens place 
is 8 and the digit in the units place is n. 

53. Represent the number whose digit in the tens place 
is k and the digit in the units place is 4. 

54. If the digits of a number beginning from the left be 
m and n , what is its value ? 

55. In the preceding question, if the digits be reversed, 
how would you represent that number ? 

56. Represent the number whose digit in the tens place 
is 3 p and the digit in the units place is 2 q. 

(Ages) 

57. A man is m years old now ; how old was he 16 

years back ? n years back ? ... V( m 16) years] 

58. A man is 35 years old now ; how old will he be 12 

years hence ? * years hence ? 

59. How old will a man be k years hence, if he is now y 
years old ? 

60. How old is a man now who was 17 years of age 13 

years ago ? * years ago ? 
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61. How old is a man now who was p years of age 18 
years ago ? n years ago ? 

62. A man will be 60 years old in k years ; how old is 
he now ? 

63. A man will be n years old in m years ; how old is 
he now ? 

64. The age of a boy is (m —5) years ; what was his age 
k years ago ? What will be his age p years hence ? 

65. A father is 37 years older than his son. The age of 
the son is (m—3) years ; what is the age of the father ? 


(i Speed ) 


66. A man walks at the rate of a km an hour ; (i) how 
Jar does he walk in 3 hours ? (ii) in h hours ? 

67. A man walks at the rate of * km an hour ; (i) how 
far does he walk in 4 hours ? (ii) in t hours ? 

Wh . at is the speed per hour of a man who travels 
( 1 ) 32 km in 8 hours ? (ii) 32 km in a- hours ? (iii) m km 
in t hours ? \/ 


69. A train goes at the rate of 28 km per hour ; (i) in 
what time will it go 280 km ? (ii) m km ? 

wW A tra '.? g0eS ^ the rate of s km P er hour i (>) in 

what time will it go 250 km ? (ii) m km ? 


( Trade ) 

gamisS e 5 C : 0 fmS ri its e s °ening pri'ce" “ ^ ^ the 

is icIe is ^ 7a > and the io - 

is ’I', rrfind n i?s P c^t °price. artiCle “ ^ 3 " d the loSS 

onc 4 ‘coJ? e rd! ? cows is Rs - 350; what u the P rice of 

for ? r Vup 1 ^"? C ° W C ° StS k rUpeeS> h ° W man y can be bought 
76. What is 124 per cent of 40 ? of a ? 
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77 . What is m per cent of Rs. 250 ? of Rs. k ? 

78 . A man buys goods for Rs. x, and sells them at a 
gain of 7 per cent ; what is the selling price ? 

79 . A man buys goods for Rs. 3m, and sells them at a 
loss of 12 per cent ; what is the selling price ? 

80 . A man buys goods for Rs. c, and sells them at a 
gain of p per cent ; what is the selling price ? 

7. Solution of Problems. 

Problems are solved with the help of equations. So the first 
step in the solution of problems is the framing of equations. 
The following procedure may be followed in solving problems. 

(i) Read the problem carefully and understand what is 
given and what is required. 

(ii) Represent the required quantity by the symbol x or y 
or some other letter. 

(iii) State the conditions of the problem in symbolic 
language. 

(iv) Obtain two expressions which represent the same 
thing and put one equal to the other. 

(v) Solve the equation thus formed. 

(vi) Verify the solution. 

Example 16: The excess of twice a certain number over 
9 is 15 ; find the number. 

Sol. Let the required number be x. 

Twice that number = 2x 

The excess of twice the number over 9 = 2x 9. 

As this excess is equal to 15, we have 

2x —9 = 15 
or 2x = 24 

and x = 12. 

The required number is 12. 

Verification 

[2x 12 — 9= 15 
Solution is correct.] 
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Example 17 : One number is greater than another by 11 
and their sum is 49. Find the numbers. 

Sol. 


Let the smaller number be 

x. 

Then the other number is 

* + 11 . 

As their sum is equal to 49, 
we have 

x + (x + 11) =49 
or 2x -f 11 = 49 

or 2x = 38 

at = 19 

The smaller number is 19 and 
the greater number is 19 + 11 
i.e. 30 


II 

Let the greater number be 

y- 

Then the other number is 

>— 11 . 

As their sum is equal to 49, 
we have 

y~\~(y — 11 ) = 49 
or 2y —11 =49 

or 2 y = 60 

y = 30 

The greater number is 30 and 
the smaller number is 30 —11 


i.e. 19 


Verification 


[30 — 19 = 11, the numbers differ by 11. 

30 + 19 = 49, the sum of the numbers = 49. 

The solution is correct.] 


Example 18: Divide Rs. 64 between A and B , so that three 
b^Rs 10 iare may be S reater than four times B's share 


Sol. Let A’s share be Rs. x. 

Then B*s share is Rs. (64— a:). 

Three times A’s share = Rs. 3a: 
and four times ^’s share = Rs. 4(64— x) 

by^O 0 ^ 111 ^ t0 tllC condition ’ is greater than 4(64 


-*> 


3a: =4(64—a:)+ 10 
or 3a: =256— 4a + 10 

or 3a:+4a: = 256 + 10 
or 7x = 266 

or a: = 38. 
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64—x = 64 — 38 =26. 

A's share = Rs. 38 and B 3 s share = Rs. 26. 

Verification 

[Since 3 x 38 is greater than 4 x 26 by 10 
and 38 + 26 = 64, the answer is correct.] 

Example 19 : I thought of a number, doubled it, then added 
7, the result was 31 ; what was the number thought of? 

Sol. Let x be the number thought of; then the successive steps 
would be : 

a:, 2at, 2a: + 7, 

Then 2.v + 7=31 

2a: = 24 
a- = 12. 

The number thought of is 12. 

Verification 

[12x2 + 7 = 31, the answer is correct.] 

EXERCISE 31. 

1. The sum of two numbers is 83, and one of them 
exceeds the other by 17; find them. 

2. If 28 be added to five times a number, the result is 
78 ; find the number. 

3. If 7 be taken away from four times a number, the 
result is 69 ; find the number. 

4. If 9 be added to one-third of a number, the result 
is 19 ; find the number. 

5. If 11 be taken away from one-fifth of a number, the 
result is 23 ; find the number. 

6. Think of a number, double it, and add 15. If the 
result is 71, what was the number thought of ? 

7. Think of a number, divide it by 4, and add 9 to it ; 
the result is 15. What was the number thought of? 

8. Think of a number, take away 5 from it, multiply the 
result by 4, and add 10 to it ; it becomes equal to 90. Find 
the original number. 

9. A is twice as old as B , and the sum of their ages is 
72 years ; find their ages. 
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10. A is three times as old as B, and the difference of 
their ages is 30 years ; find their ages. 

11. One angle is greater than another by 32°, and their 
sum is 106° ; find them. 

12. In an isosceles triangle, the vertical angle is one-half 
of each of the base angles. Find each angle. 

13. One angle is one-fifth of another, and their difference 
is 20 ° ; find them. 

14. Divide Rs. 96 between A and B, so that four times 
^4’s share may be greater than three times B’s share by Rs. 13. 

15. Divide Rs. 150 between A and B , so that five times 
A’s share may be less than six times B’s share by 9. 

16. Divide Rs. 81 among A, B and C\ so that B may get 
Rs. 7 more than A, and C Rs. 6 less than twice A’s share. 

P lvlde Rs - 340 among A , B and C\ so that B may 
get Rs. 30 more than A and C Rs. 50 less than twice A’s share. 

18. Divide Rs. 500 among A, B and C, so that B may get 
Ks. 60 more than one-half of A’s share and C may get Rs. 90 
more than one-fourth of A’s share. 


Problems on Fractional parts. 

Example 20: Divide 180 into two parts, so that one-third 

ot one part may be greater than one-fourth of the other by 18. 

bol. -Let a* be one of the parts ; then 180 —a would be the 
other part. 


One-third of the first part 


3* 
1 


One-fourth of the second part = A (180 —a) . 

According to the condition given in the problem, we have 

3 = 4 (180 x ) ~f-18. 

Multiplying both sides by 12 , we have 

4a = 3(180— a) +(12 x 18) 
or 4a = 540 —3a +216 

or 7 a = 756 

a = 108 , 

and ( 180 —a) = 180 — 108 = 72 ; 

The two parts are 108 and 72. 
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Verification 

[Since Jx 108 = 36, and f of 72 = 18, also 36 is 
greater than 18 by 18, the solution is correct.] 


EXERCISE 32. 

1. What is the number whose one-half, one-third, and 
one-fourth added together give us 65 ? 

2. What is the number whose sixth part exceeds its 
seventh part by 10 ? 

3. What is the number whose fourth part falls short of 
its third part by 5 ? 

4. Divide 81 into two parts, so that five-sixths of the 
smaller may exceed seven-fifteenths of the larger by 9. 

5. A post is one-sixth of its length in mud, one-fourth 
of its length in water, and 3*5 metres above the water ; find 
its length. 

6 . A man goes one-half of his journey by a railway 
train, one-fourth of it by a motor-car, one-sixth of it on a 
horse, and the remaining 10 km on foot ; find the total length 
of the journey. 

7. Out of a cask of wine one-seventh had leaked away, 
6 litres were sold, and then the cask was three-fourths full. 
find the capacity of the cask. 

8 . A man leaves one-fourth of his property to his wife, 
one-sixth of it to each of his two sons, one-eighth of it to 
each of his two daughters, and the rest amounting to Rs. 1,200 
for a school ; find his total property. 

9. The difference between two numbers is 16, and 
one-sixth of one is less than one-fourth of the other by 5 ; 
find the numbers. 

10. The sum of two numbers is 678. When the greater 
is divided by the smaller, the quotient is 5 and the remainder 
is 6 . Find the numbers. 

11. The sum of two numbers is 1064. When the greater 
is divided by the other, the quotient is 4 and the remainder 
is 14. Find the numbers. 
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12. The difference between two numbers is 431. When 
the greater is divided by the smaller, the quotient is 3 and the 
remainder is also 3. Find the numbers. 

9. Problems on Age. 

Example 21: A is 24 years older than B ; 10 years back A’s 
age was five times the age of B ; find their ages. 

Sol. Let A’s age be a years ; then B's age is (a*— 24) years. 
10 years ago, ^4’s age was ( a — 10) years, and B's age (a —24 — 10) 
years i.e. (a— 34) years. 

According to the condition given in the problem, we have 

a — 10 = 5(a—34) 
or a — 10 = 5a — 170 

or a—5a = —170 + 10 

_ or —4a = — 160 

a = 40 and a— 24 = 40—24 = 16 
f.e. .4’s age = 40 years, B *s age =16 years. 

V erification 

[(i) 40—16 = 24 

(ii) (40—10) is five times (16—10) 

The conditions are satisfied. 

The answer is correct.] 


EXERCISE 33. 

V ^’ s . a S e is three-eighths of B's age ; the difference of 
their ages is 15 ; find their ages. 

, A father is 20 years older than his son ; 12 years back 

the age of the father was six times than that of his son : find 
their ages. 


3 * A father is 24 years older than his son ; 15 years hence 
e lather will be | times as old as his son ; find their ages. 

^hat is ^4’s present age, if he is now three times' as 
Q as and was 5 times as old as B 8 years back ? 

nro 5 V, A father is twice as old as his son ; 14 years ago he 
thiee times as old as his son ; find their ages. 

f 6 * A 1S 10 years older than B ; 12 years ago, five-sevenths 
ages S agC exceeded fi ve-eighths of .S’s age by 10 ; find their 
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7. A father is 26 years older than his son ; 16 years hence 
three-fifths of the father’s age will exceed two-thirds of his 
son’s age by 14 ; find their ages. 

10. Problems on Consecutive Numbers. 

Remember that consecutive odd numbers differ by 2 and 
also consecutive even numbers differ by 2 . 

Example 22. Find three consecutive even numbers whose 
sum is 96. 

Sol. Let 2 n be the middle one of 3 consecutive even numbers, 
then 2 n —2 = the least one of the 3 consecutive even 

numbers, 

and 2 / 2+2 = the greatest one of the 3 consecutive even 

numbers. 

Since their sum is given to be equal to 96, we have 

(2/z-2)+ 2/2+(2/2+ 2) =96 
or 6/2 = 96 

or n =16. 

2 / 2-2 = 30, 2/2 = 32, and 2 / 2+2 = 34 

The numbers are 30, 32, and 34. 

Example 23. Find two consecutive odd numbers so that one- 
third of the greater may exceed one-fifth of the smaller by 8 . 

Sol. Let 2/2 +1 be the greater of the consecutive odd numbers, 
then 2/2 — 1 = ,, smaller ,, ,, >> >> 

According to the condition given in the problem, we 

have 

i( 2/2 + l) = - 4 ( 2/2 — 1 ) +8 

Multiplying by 15, 5 ( 2/2 + l) = 3 ( 2/2 —1) +15 x 8 

or 10 / 2+5 = 6 / 2—3 + 120 

or 4 / 2=112 

or n — 28. 

2// + 1 =57, and 2/2 — 1 =55 

The two consecutive numbers are 55 and 57. 

EXERCISE 34. 

1. Find three consecutive numbers whose sum is 87. 

2. Find three consecutive even numbers whose sum is • 

3. Find three consecutive odd numbers whose sum is 
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4. Find two consecutive numbers such that one-third 

of the greater exceeds one-fifth of the smaller by 7. 

5. Find two consecutive even numbers such that one- 
eighth of the greater may exceed one-tenth of the other by 3. 

6. Find two consecutive odd numbers such that one 

seventh of the greater may fall short of one-fifth of the 

smaller by 4. 

7. Find two consecutive numbers such that seven-eighths 
of the greater may exceed five-sixths of the smaller by 6. 

8 . Find two consecutive odd numbers such that two 

thirds of the greater may exceed three-fifths of the smaller by 9. 

11. Problems on Digits of Numbers. 

If*,_y are the digits of a number, and if* is in the tens place, 
the actual number is 10 x-j-j>, and the sum of the digits is x -fcy. 

If the digits are reversed , the number becomes lOy-fx. 

Example 24. There are two digits in a number, the digit in 
the units place being 8. If 9 be added to the number, the 
order of the digits is reversed ; find the number. 

Sol. Let the digit in the tens place be * 

The digit in the units place is 8. 

The number = 10xx-f-8. 

When the order of the digits is reversed, the value of the 
new number = 10x8 4-*. 

According to the condition given in the problem, we have 

(10x-f8)+9 = 10x8-f* 
or 10* 4-1 7 = 80 -\-x 

or 9* = 63 

or x = 7. 

Thus the required number = 78. 

V erifi cation 

. 78 + ^ == 87 > and s et 87 by reversing 
the digits of 78, the answer is correct.] 


r-XJERCISE 35. 

i, b A ifTil Jer ?° n " ist5 4 two digits ; the sum of the digit 

Find the n„mber added ^ ^ ^ are rever * ed 
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2. A number consists of two digits ; the digit in the units 
place is 5. If 27 be added to it, the digits are reversed. 

Find the number. 

3. A number consists of two digits whose sum is 8. If 
54 be subtracted from it, the digits are reversed. Find the 
number. 

4. A number consists of two digits, the digit in the tens 
place being 5. If 18 be subtracted from it, the digits are 
reversed. Find the number. 

5. A number consists of two digits ; the digit in the 

units place is one-third of the digit in the tens place. If the 

digits be reversed, the new number falls short of the original 

by 36. Find the number. 

6. A number consists of two digits, the digit in the 

units place is one-half of the digit in the tens place. If 9 be 
subtracted from the number, the digits are reversed, rind. 

the number. # 

7. Reverse the digits of a number, it will be three-eighths 
of what it was before ; also the difference between the digits 
is 5. Find the number. 

8. There is a number of two digits whose difference is 
2. If it be increased by three times the sum of its digits, 
the digits are reversed. Find the number. 


12. Problems on Time and Distance. 

Fxamole 25 s Two trains with speeds 32 km and 24 km 
per hour respectively, starting at the same time run ^pposi^ 

directions between two stations P and Q., P > 

one going from P to Q. and the other from & to P. 

when and where they will meet. 

Sol. Suppose that the two trains meet at O after * hours. 



Then the distance travelled 
kilometres and the distance traveueu. uy 
x hours = 24* kilometres. 
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The sum of these distances is equal to PQ or 336 km. 

32*+24* = 336 
or 56* = 336 

or * = 6. 

Hence the two trains meet after 6 hours and at a distance 
of 6 x32, or 192 km from P. 


Example 26: A and B are travelling on the same road in 
the same direction, A with the speed of 5 km an hour and 
B in a motor-car with the speed of 60 km an hour. A is 20 km. 
ahead of B. Find when and where B will overtake A. 

Sol. Suppose B overtakes A after * hours. 

Then the distance travelled by A in * hours = 5* kilometres 
and the distance travelled by B in * hours = 60* kilometres. 

According to the condition given in the problem, we have 

60*—20 = 5* 
or 55* = 20 

or * = -£ t . 

Hence B overtakes + after T \ hour or 21 T 9 f minutes, and 

at a distance of -^xOO, or 21 x \ km from his own starting- 
point. 


EXERCISE 36. 

1. A train running at the rate of 24 km an hour leaves 
Amntsar for Jullundur at 7 p.m., and another train leaves 
Jullundur for Amritsar at 8 p.m. at the rate of 32 km an 
hour. Find the time when the two trains meet, the distance 
between Amritsar and Jullundur being 50 km. 

2. There are two ports P and the distance between 
them being 5625 km. A steamer sails from P to O with 
the speed of 240 km a day ; two days after, another steamer 
starts from Q_ and sails towards P with the speed of 250 km 
a day. Find when and where they meet. 

3. + sets out for a walk at the rate of 3*5 km an hour. 
6 hours afterwards, B cycles after him at the rate of 9 km 
an hour. When will B overtake + ? 

i A and B tr f vel in opposite directions from two towns, 
135 km apart and meet in 15 hours ; if + goes twice as fast 
^ what will be the speed of B ? 

6 
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5. A train with the speed of 32 km an hour staFts from 
a station £ hour after a goods train, and overtakes it in 50 
minutes. Find the speed of the goods train. 

6. A man walked to the top of a hill at the rate of 2*5 km 
an hour and down the hill at the rate of 3*5 km an hour. 
The journey took him 4 hours in all ; find the length of his 
journey. 

7. A man has 7^ hours at his disposal ; how far can he 
go in a motor-car, running with the speed of 36 km an hour 
so as to return home in time in a tonga running with the 
speed of 8 km an hour ? 

8 . A and B start at the same time from two towns, 39 km 
apart, and meet in 4 hours and 20 minutes. If A walks 1 km 
an hour faster than B, find where he meets B. 

9. A train takes 8 hours to travel from P to Q,. Had it 
gone 2 km an hour faster, it would have taken \ hour less to 
reach Q. Find its speed and the distance between P and Q,. 

10. A and B travel along the same road. A on foot with 
the speed of 5 km an hour, and B in a motor-car with the 
speed of 60 km an hour. A is 10 km ahead of B ; find when 
and where B will overtake A. 


13. Problems on Trade and Investment. 

Example 27 : A person invested Rs. 880 in buying sheep 
and goats at the rate of Rs. 12 and Rs. 16 each respectively. If 
the total number of sheep and goats be 65 find the number 
of sheep and the number of goats. 

Sol. Let the number of sheep purchased be at, 

then the number of goats purchased = 65 —a:, 
the price of the sheep = Rs. 12.v, 
and the price of the goats = Rs. 16(65—*). 

According to the problem, we have 

12* + 16(65 -x) = 880 
or 12*4-1040 — 16* = 880 

—4* = —160 
* = 40 

• • 

The number of sheep = 40 
and number of goats = 65 —* = 65 40 = 25. 


or 
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Verification 

[The price of the sheep = Rs. 40 x 12 = R?. 480 ; 

The price of the goats = Rs. 25 x 16 = Rs. 400 
The total cost = Rs. 480 +Rs. 400 = Rs. 880 

The answer is correct.] 


Example 28: The population of a town is 15,000; the 
annual death-rate of males is 4£% and that of females is 5£%. 
The total number of deaths during the year is 745 ; find the 
number of males and females in the town. 

Sol. Let the number of males in the town be x, 

then the number of females in the town = 15000—x. 
Annual number of males deaths 


4£ 9* 

XX 100 200 * 

Annual number of female deaths 


- (15000-*) - 


1 1 ( 10UUU— X ) 

100 ~ 200 

According to the condition given in the problem, we have 

9* 11(15000— x) 


+ 


= 745. 


200 ‘ 200 

Multiplying both sides by 200, we have 

9x -f-11 (15000 — *) = 149000 
or 9x-f-165000 — 1 lx = 149000 

or 2* = 16000 

or x = 8000, (the number of 

15000-*= 15000-8000= 7000, (the numbc^of 

The students should verify the answer. females). 


EXERCISE 37. 


P } \ J WO n P1CCeS of cloth, measuring 80 metres cost together 

144 ; J 3 ™ P iece was bought at Rs. 1*50 per metre aSd the 
other at Rs. 2 per metre. Find the length of each. 

.J* K, 8 kg - of and 12 k S- of coffee together cost Rs. 154 

coffin fi 11 ° f tea r cost L 50 P aise more than a kilogram of 

coffee, find the cost of each per kg. ° 
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3. A person bought sugar of two different kinds, and 
paid in all Rs. 74, the better one at the rate of Rs. 1*60 per 
kg and the other at Rs. 1*40 per kg. ; the total amount of 
both kinds of sugar was 50 kg. Find the number of kilograms 
of each kind. 

4. A person had Rs. 9,900, a part of which he lent out at 
8% and the rest at 6% ; the interest amounted to Rs. 702. 
How much was lent out at 8% ? 

5. A sum of Rs. 3,200 was lent out at simple interest, 
partly at 5% and partly at 6£% per annum. The total 
annual interest amounted to Rs. 190. How much was lent 
out at each rate ? 

6. A person had a capital of Rs. 4,600, a part of which 
he invested in a business yielding 10% annual profit, and 
the rest he lent out at 8% per annum ; the whole annual 
income amounted to Rs. 416. Find how much he invested 
in the business. 

7. The population of a town is 6,600 ; the annual death- 
rate of males is 34% and that of females is 3f% ; the 
total number of deaths during the year is 239. Find the 
number of males and females in the town. 

8 . A tradesman bought an equal number of goats of 
two kinds, one at Rs. 12 each and the other at Rs. 15 each. 
If he had spent his money equally on the two kinds, he would 
have had one goat more. How many did he buy of each 

kind ? 

14. Problems on Rectangles, Coins, etc. 

Example 29: The length of a room exceeds its breadth 
by 7 m. If the length be increased by 5 m and the breadth 
be diminished by 3 m, the area remains unaltered, find 
the dimensions of the room. 

Sol. *4-7 *+74-5 . 


a: 


x —3 
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In the first case, let the breadth 
of the rectangle be * mett es. 
Then the length = (* + 7) 
metres 

The number of square metres 
in the area = *(* + 7) 


In the second case, the length 
= (*-+-7)4-5 metres 
= (* + 12 ) metres 
and the breadth = (at — 3 ) 
metres 

Then the number of square 
metres in the area == 

(x +12) (at — 3) 


According to the condition given in the problem, we have 

*(* + 7) = (* + 12) (*—3) 
or * 2 +7* = * 2 + 12* — 3* — 36 
or * 2 —*2 + 7 * —12*+ 3* = —36 
or —2* = —36 

* = 18 and *+7 = 18+7 = 25 
•** the length =25m and breadth = 18 m. 



k - - ' 3 ?i Divide 36 into 4 parts such that if the first 

be increased by 2 the second be diminished by 2 , the third 

be multiplied by 2 , and the fourth divided by 2 , the result in 
each case is the same. 


Sol. Let x be the result 
(First part +2) = *, 
(Second part —2) = a, 

(Third part x2) = x . 


we get in each case. 

first part 
second part 

third part 


(Fourth part -2) = *, fourth part 

Since the sum of the parts is equal to the whole, 


*— 2 . 

* + 2 . 
* 

2 * 

2 *. 


Hence 


and 


(*-2)+(*+2)+|+2a- = 36 


or 

or 

the first part 
the second part 

the third part 

the fourth part 



* = 8 . 

= *—2 = 8—2 = 6 . 

= *+2 = 8+2 = 10 . 

_ * 8 

2 ~~ 2 = 4> 

= 2 * = 2 x 8 = 16. 
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Example 31 : A bag contains Rs. 450 in rupees and 25-paise 
coins. The amount of the latter is double that of the former. 
Find the total number of coins. 

Sol. Let the amount of the rupee coins be Rs. at. 

Then the amount of the 25-paise coins = Rs. 2x. 

By the question, x-\-2x = 450 

or 3x = 450 

* = 150 

The value of the rupees = Rs. 150 and the value of the 
25-paise coins = Rs. 300 

number of rupee coins = 150 ; 

number of 25-paise coins = 300= 1200 

Total number of coins = 150 + 1200 = 1350. 


1. Find the length of the side of a square whose area is 
exactly equal to the area of a rectangle whose sides are 

225 m and 289 m. 

2. The length of a rectangular room exceeds its breadth 
by 9 m. If the length be increased by 7 m and the breadth 
diminished by 5 m, the area remains the same. bind the 

dimensions of the room. 

3. The length of a rectangular room exceeds its breadth 
by 6 m. If the length be increased by 9 m and the bre adth 
diminished by 3 m the area is increased by 15 sq. m. bind 
its dimensions. 

4. The length of a room exceeds its breadth by 12 m. 
the length be diminished by 6 m and the breadth increased 
by 2 m ; the area is diminished by 48 sq. m. Find its 

dimensions. 

5. Divide 180 into four parts such that if the first part 
be increased by 5, the second diminished by 5, the third 
multiplied by 5 and the fourth divided by 5, the result in each 

case is the same. 

6. Divide 155 into four parts such that if the first P?, 
be diminished by 4, the second be increased by 5, the third 
be divided by 2, and the fourth be multiplied by 3, the result 

is the same. 
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7. Divide 81 into four parts such that if the first part 
b.e diminished by 5, the second be increased by 1, the third 
be multiplied by 2, and the fourth be divided by 3, the result 
is the same. 

8. A bag contains Rs. 325 in rupees and 50-paise coins. 
If the amount of the latter be less than that of the former by 
Rs. 15, how many coins are there of each kind ? 

9- A purse contains three times as many 25-paise coins 
as 10-paise coins. The value of all the coins is Rs. 17. How 
many coins are there of each kind ? 

10. A certain sum of money is to be distributed amongst 
a number of boys ; on calculation it is found that if Rs. 4 be 
given to each, Rs. 13 would be left over, and if Rs. 5 be given 
to each, Rs. 15 would be wanting. Find the number of 
boys and the sum. 


88 


ALGEBRA FOR HIGHER SECONDARY SCHOOLS 

SECTIONAL REVISION I 

PAPER 1 

1. Simplify 3a* —5 y — a — 3j>-j-2x. 

2. Find the value of 2a 3 —3a 2 +*— 5 when x = —2, —1, 0. 

3. Divide x 4 — x 2 y 2 — x 2 z 2j ry 2 z 2 by x 2 — xy-\-xz —yz- 

4. Prove by different methods that 6a— 2(8a —3a) = —4 a. 

5. Solve the equation (3a-{-20)—(a—3a+2) = 21. 

6. A number consists of two digits whose difference is 4. 
If it be increased by three times the sum of its digits, the 
digits are reversed ; find the number. 


PAPER 2 


1. Subtract b { a — {b-\-c) } from the sum of a { a — ( c — b)} 
and c { a — (b — c ) }. 

. 2. What must be added to 8a 3 — 12a 2 — \6x-\-2l to make 
it exactly divisible by 2a— 3 ? 


3. Simplify f_ 




4. Find the continued product of 

(■ a-b ), {o 2 +ab+b 2 ), (a 3 +^ 3 ). 

5. Solve the equation £(a—4)—£(2a—6) =20. 

6. A father is 21 years older than his son ; 12 years hence 
three-fourths of the father’s age will exceed two-thirds of the 
son’s age by 18 years ; find their ages. 


PAPER 3 

1. A person walks 3 a —2 b-\-c km east ; he then walks 
2 a — b — 3c km west, again walks 5 a — b —4 c km east. How 
far is he then from the starting-point ? 

2. Remove the brackets and simplify 7(x— 2y) —5(x 3 y). 

3. Divide 1 +a by 1 — 2a+2a 2 up to four terms. 

4. If a = 2a — 3b and y = 3a—2b, find the value of 
(2a — 3y) (a — 2y). 

5. Solve £ (x —2) —■§ (2a +1)+2 = 0. 

6. A and B are travelling on the same road in the same 
direction, A with the speed of 4 km an hour and B with the 
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speed of 4*5 km an hour. B gives A a start of 40 minutes ; 
find when and where B will overtake A. 


PAPER 4 

1. Simplify 3 a — [a ~b —2 {a —b-\~c — {a —b —c —a) } +a]. 

2. The product of two expressions is * 4 +4* 3 + 3* 2 + 2*— 1, 
and one of them is * 2 +* + l ; find the other. 

3. Alultiply * 4 +* 2 + l by x 2 — 1. 

4. Find the value of —— c . -J r ~ c J^ a when 


= 2, b = a +2 and 


a-\-b 
= a— 2. 


b-\-c c-\-a 


5. Prove diagrammatically : 

(\) ( aJ rb) c = ac-\~bc> (ii) ( a — b) c = ac — bc y 

(iii) ( a-\-b ) (c-\-d) = ac-\-ad-\-bc-\-bd. 

6 . Solve the equation — 2^1 — 3 (* + 1 ) 


PAPER 5 


1 . 


2 . 

3. 

4. 


Distinguish between (i) an index and a power, 

(n) an identical equation and a conditional equation. 
Find the value of 

(l) ( + 1) 2 ”, (ii) ( + l) 2 n-> 1 ? (iii) ( 1 ) 2n y (iv) ( — \)*n+l. 

Divide 1 by 1 -\-a-\-a 2 up to four terms. 

Find ^ le co_e fficient of* 3 in the product of 
3* 2 — 2x — 1 and 2* 2 4-3atH-1. 

and' (Jw + f) Continucd Product of (a*+a + 1), (a 3 - a + 1) 

6 . ^ cycles at the rate of 12 km an hour from P to Q 
and returns at the rate of 8 km an hour. B cycles both 

Jha^ A th Find te tl° f 'r km an , h ° Ur> and ,akes 15 Routes less 
tiian A. Find the distance between P and Q,. 

PAPER 6 

(°-2r) ient ° f * in the continued P ro du Ct of 
arrange the product in ascending powers of*. + ’ d 
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3. If x = am 2 -\-5bm-\-5c and y = am 2 — 6bm— 6c, find the 
value of 6*+5 y. 

4. Simplify (x—a)(x—b)(x—c) 

— [ bc(x—a ) — {(a+b-\-c)x— a(b-\-c) }*]. 

5. Solve the equation (x— 3)(*—5) +1 = (at + 1)(*— 2) +4. 

6. A travels from P to Q.> a distance of 60 km, and back 
again, at the rate of 12 km an hour. On his way back he 
meets B who travels at the rate of 8 km an hour and who 
started at the same time from P. Find the distance from P 
of the place where they meet. 

PAPER 7 

1. (i) From the formula D = dx Q-\-R , find the value of 
R when D = 895, d = 25, Q = 35. 

(ii) One factor of 21a*-\-\\a —10 is 3a 2 — a-\- 2, find the 

other. 

2. Add a —36+4C, 3a-\-2b —5c, 4 a —7£+3c, and multiply 
the result by the difference between 9a-\-6c and 10a —b — 5c. 

3. Simplify (5x-\-4y-{-\){5x-\-Ay — 1) +(3x— 5jy)(3x-\-5jy) 

— (4*—3j0(4*+3j0+1. 

4. What must be added to a 3 —5 a{a —3)—1 to make it 
equal to a 3 -\-5a(a 4*3) +1 ? 

5. Solve the equation (x-f-6) 2 — (5— x) 2 = 18x-f-7. 

6 . A person invested Rs. 5,800 at simple interest, partly 
at 4% and partly at 5% per annum. The total annual 
interest was Rs. 267. How mucli was lent at 4%? 

PAPER 8 

1. Prove that x (x — l)(x— 2)(x —3) +1 = (x 2 — 3x-\- 1) 2 . 

2. If x =m(p-\-q) and y =n(p—q ), find the value of 

x y . x y 

-f- — and-. 

in n m n 

3. Find the dividend when the quotient is a 2 -\-a-\- 2, the 
divisor is a 2 — 3a 4-4, and the remainder is la + 3. 

4. A man walks 6 km North, then 10 km South, then 
again 8 km North. How far is he from the starting-point ? 
Illustrate graphically. 
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C Q 1 • '3.X— -2 '6 — 'OX 

5. Solve the equation --- bl =-- 1. 

J J 

6 . A farmer bought an equal number of sheep of two 
kinds, one at Rs. 30 each and the other at Rs. 40 each. If 
he had spent his money equally on the two kinds, he would 

have had one sheep more. How many of each kind did he 
buy ? 

PAPER 9 

1. Simplify 3*+5 — 7* 2 + 4* — 3 a* 2 — 4x 5 — x 4 +* 3 + 3x 4 + 6, 
and arrange the result in ascending powers of x. 

o 2 q „ Fin o d the c ,, value of^- + l)(*+2)(*+3)+lwhent = l, 

A 3, 4...&c. Show that in each case the result is a perfect 
square. 

,., 3 - ‘ h ? formula V = $7rr*h, V is the subject. Make 

(0 r > C 11 ) h the subject of the formula. 

4. Find without actual multiplication the term contain¬ 
ing * 2 in the product of (2* 3 — * 2 H-a: 4-4), (3* 2 -f 2* +1). 

5. Solve the equation '9 

^ 3 0 

Tr ^* The length of a room exceeds its breadth by 11m 
hv 4 S J ei t\ g increased by 5 m and the breadtli diminished 

of t^Voo e m area 1S dlITUmshed b y 44 s q- m ; find the dimensions 

OBJECTIVE TYPE ITEMS—1 

proper w^leUcrt ° f f ° U ° win S statements by supplying the 

™ C1 ' e ar ^ c tl } ree --- •••in the expression 3— 7xA-5x*. 
^ ( ) The co-efficient of m 3 in the expression 27m —7m 3 

^l 11 ) fi^re 6 in the expression 3x 6 is called 
is call ( :d ) a The . V . alU ; r 1 1 d, ^“l'rn ^ 

va ri ab^is A ^r a t : 0 . n .. that ^ °" e ™ lue ° f ^ 

in..... (Vl) .. T po,“r:?r 7 ~ 3 *’ +5 * 5 - 7 * 7 arranged 
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(vii) 2x 5, 2x —3, 2x — 1 are three consecutive. 

numbers. 

. For each part below , choose the right answer and indicate 
it by the Capital letter printed alongside. 

(i) In the equality 8.r— 3y=\7 i the letters x and y 
are known as A. variables B. constants 

C. exponents D. integers. 


(ii) The reciprocal of 1 — ^ is 


A. 


B. 1 —- 
m 


G. 


D. 


2 —m ' 2 +in 

(iii) In /> 4 , p 3 , p 2 , />, the numerical co-efficients are 
A. Zero in all cases B. Unity in all cases 
G. 4, 3, 2, 1 D. 4, 3, 2, 0. 

3. Which of the following are three consecutive numbers, if the 
middle number is a ? 


A. a-\- 1, a , a-\- 2. 


B. a — 1, a, af 1. 


G. a —2, a } a-\-2 


a 


D. a, 2a. 



CHAPTER IV 

FORMULAE 


tfcfv u few im P° rt ant multiplication formulae are given in 
S hear? Wmg PagCS and they should be thoroughly learnt 

Formula Is (a+b) 2 =a 2 +2ab+b 2 

alt < a +*>* = (a+b)(a+b) 

__±_- - «°+b )!+*(-+*) 

l l r o — 42 -\~ab -\-ab -\-b 2 

- ? i Sgr - _ 

./'i, x,r»«> -»• 


■O+ 2 - O * V+\7 


Example 1: Find the square of 3 v-i_ 4 A 

and 4 to‘‘pl^"of f *. thC f0rm (a+i)2 havi "g 3 * in place of « 

(3x+4>.) 2 = (3r) 2 +2 (3 a) (4>>) -f- (4y) 2 

Sar 21 Fl “ d p^« 

S “\ *>“' - (’j)’! 9 “oi 7 S 4 2|7«)(Mj" ) 

Se ' eC ° nd term of the binomial = 56 
.. me missing term = 25b 2 . 

EXERCISE 39. 

Write down the. square of: 

1. 2*-f5y. 2. 3a-\-7b. 3 ^ io . „ 

5. 3a6-f-46 2 . 6. 8 a * +3a 6. 7. 9g‘ * 

9mpX+V - 11. 2a 2 6 +3 a 6 2 . 12 . a +t-6). 
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Find the missing terms in the following perfect squares : 

13. 16* 2 + (.) -\-49y 2 . 14. 36m 2 +60mK + (. ). 

15. (.) +11 2pq +64p 2 . 16. 121k 2 + ( . ) +81. 

17. 144m 2 + 72m( .). 18. (.) + 104/>-|-169. 

Formula U : (a—b) 2 =a 2 —2ab +b 2 


a—b 
a —b 

a 2 —ab 
—ab -f -b 2 


( a—b ) 2 = (a— b){a— b) 

= a (a — b) — b(a — b) 

= a 2 —ab —ab -\-b 2 
— a 2 —2 ab-\-b 2 


a 2 -2ab-\-b 2 


Statement of the formula in words : 


The square of the difference of two quantities is equal to the sum 
of their squares minus twice their product. 

Example 3: Find the square of (3x 4y) 2 . 

Sol. (3*—4_>>) 2 is of the form (a — b) 2 having 3x in place of 

a and 4v in place of b. 

( 3 *_4v)2 = (3*) 2 —2 (3*) (4?) +(4_>») 2 

= 9x 2 —24xy + \6jy 2 . 


Example 4 : Find the missing term in the perfect square 

(.)—60mw-}-36w 2 . 

Sol. 36k 2 = (6k) 2 , —60mn = -2(5tk)(6k) 

The first term of the binomial = 5m^ 
the missing term = (5m) 2 = 25m 2 . 


Write down the square of: 

1. Za-bb. 2. 5m—3. 

4. lx — 1. 5. 4—7/?. 

7. 4m 2 — 5k 2 . 8. ax—by. 

10. 7k 2 —4£ 2 . 11. 2a 3 b—b 3 . 

Find the missing term in the following perfect squares : 

.13. 16a 2 — ( )+9* 2 - 14 ‘ 81* 2 -72*y + ( )• 

15 ( ) —48/?k 4-36/? 2 . 16. 49m 2 —( )+121. 


3. 6p— 5. 

6. a — (— b). 

9. 2a 2 x—3b 2 y. 

12. 7/?V- 8 / , V- 
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2. Application of formulae I and II. 

Example 5: Find by formula the value of (309) 2 . 

Sol. (309) 2 = (300+9) 2 

= (300) 2 +2 x300x9 + (9) 2 
= 90000+5400+81 
= 95481. 

Example 6 : Find the square of 395 by formula. 

Sol. (395) 2 = (400-5) 2 

= (400)2—2 x400x5 + (5) 2 
= 160000—4000+25 
= 156025. 


3. 

6 . 

9. 

12 . 


(703)2. 

(lOOl) 2 . 

(396) 2 . 

(599) 2 . 


EXERCISE 41 

Find algebraically the value of: 

1. (302)2. 2. (405)2. 

4. (806)2. 5 . (Gil) 2 . 

Find algebraically the value of: 

l! 98 ) 2 * 8 . (245)2. 

10. (138)2. 11. ( 497 ) 2 . 

Formula III. (a+b)(a-b) = a 2 -b 2 . 

r °duct of the sum and the difference of two quantities is equal 
p difference of their squares. 

T00 f’ (a4~b)(a — b ) = a{a — b)-\-b(a — b) 

, » = a 2 — ab-\-ba — b 2 = a 2 — b 2 . 

“Sample 7: Multiply 4 a +36 by 4 a — 36. 

p ( 4a +36) (4a—36) = (4a)* — (36)* = 16a*—96*. 

“sample 8 : Multiply a +6 +c by a -b -c. 

°. (a +6 + e )( a —* — e ) = {a + (i+c)} {a—{6+c)} 

= a 2 — (b +c) 2 
= a 2 — {b 2 -\-2bc+c 2 ) 

= a 2 —b 2 ~2bc~c 2 
= a 2 -b 2 -c 2 -2bc. 

^wsple 9 : Simplify ( x -2y+3z)*-(x+2y-3 z )\ 

ine given expression = {( x —2y+3z) -\-{x-\-2y— 3 *)} 

x{(*-2?+3*)-(*+2?--3*)} 

= 2* X ( —4y -\-6z) 

= — 8xy-{-l2xz. 
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EXERCISE 42. 


Write down the product of: 
1. 3x+5 and 3x—5. 

3 . ax-\-b 2 and ax — b 2 . 

5. 4a-\-5b and 4 a — 5b. 

7 . a-\-b 3 a—b and a 2 -\-b 2 . 

9 . <z 2 + 6 2 , < 2 2 —& 2 and <z 4 +£ 4 . 


2 . am-\~bn and am—bn. 

4. px-\-qy and px—qy. 

6 . 3a y — 7xz and Zxy-\-lxz- 

8 . <2 + 1 , a — 1 and <z 2 + l. 
10. x-\~y—Z and a— y+Z- 


11 . x — 3y +4^; andx-3^-4^ 

12 . x 2 —xy-\-y 2 and x 2 +x y+y 2 . 

13 . A . 2 _p x _|_i and a 2 — a + 1. 14. a 4 +a 2 + 1 and a 4 x 2 +1. 

Simplify : 

15 . (2a— b+c) 2 — (a+b — 2c) 2 . 

16 . (a 2 d-ab+b 2 ) 2 — (a 2 —ab+b 2 ) 2 - 

17 . (a+b—c+d) 2 —(a—b+c—d) 2 . 

18 . (2<z+36—4c+5</) 2 — (2<z— 36+4c — 5d) 2 . 


3. Corollaries. 

. - ( a +b) 2 = a 2 +2ab+b 2 , a 2 +b 2 = (a+b) 2 — 2ab 

\a—b) 2 = a 2 -2ab-\-b\ a 2 +b 2 = (a—b) 2 +2ab 
Also, we know that a 2 —b 2 = (a+b)(a—b). 

Example 10: Find the value of a 2 +b 2 , 
if a +b = 9 and ab = 20. 

Sol. We know that a 2 +b 2 = (a+b) 2 —2ab. 

Substituting the values of + ( * and 2 +™ e haVC 

a =81—40 = 41. n a 

Example 11 : Find the value of a*+b* when a-b = 7 and 

ab = 60. 

Sol. a 2 +b 2 = (a b') 2 -\-2ab (By formula) 


[ 


= (7) 2 +2x60 
= 49 + 120 
= 169 

12: Find the value of (236) 2 -(232) 

Sol. ( 236 ) 2 —(232) 2 = ( 236 +232) (236—232) 

= 468 x4 
= 1872. 


a—b — 7 

ab = 60 
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EXERCISE 43. 


Find the value of a 2 -{-b 2 when 

1. a —{- b =27 and ab = 180. 

3. a — b — 7 and ab = 120. 

Find the value of: 

5. (547 ) 2 —(542) 2 . 

7. 328x328-318x318. 

Simplify: 

9. {a-\-b) 2 — { a —b) 2 . 

11. (px-\-qy) 2 ~(p x — qy )2' 

13. (3ab— 2b 2 ) 2 ~4(a 2 — b 2 ) 2 . 

Formula IV: (x + a)(x+b) = x* + (a+b)x + ab. 

(x-\-a)(x-\-b) = x(x-\-b) + a (x-\-b) 

— x 2 -)-xb -\-ax -\-ab 

• ( i \/ = -\~{a-\-b)x-{-ab 

.. {x-\-a)(x+b) = a: 2 -{-(sum of the second terms) a: 

Examnip \\r ■ H-(product of the 2 nd terms). 

Example 13: Write down the product of: 

M X +t an <J *+5 (») and x — 2 . 

(m) x 3 and at + 7. (iv) a;- 5 and a:—6. 


2 . a -{-b = 19 and ab = 88 
4. a—b = 9 and ab = 112 

6 . (784) 2 — (779) 2 . 

8 . 614x614—607x607. 

10 . {2a — 3 £) 2 _|_( 3 a — 2b) 2 . 

12 . {2mx—ny) 2 — {mx + 3ny) 2 


Sol. 


(0 (*+4)(*+5) = * 2 + (4+5)x+4x5 

, =a- 2 +9x+20. 

('■) (a + 6 ) (x - 2 ) =:=+( 6 - 2 )x + 6 x(- 2 ) 

_ -.2 I A . l ' / 


= X 


+-4r —12. 


(iii) (*-3)(,+7) = ■** + (—3+7)*+( — 3 ) x7 

(iv) (A" 5) (at 6) =^ + ( r 5-6). + (- 5 )x(-6) 

= a: 2 _ii a ._|_3o. ' 


EXERCISE 44 


Find out the product of: 

1- x -{-3 and a -{-5. 

3. x -f-5 and x-\~7. 

5. m —8 and w+5. 

7. p~ 14 and p-\- 9. 

9. a: —7 and *-f-15. 

11. .v— 6 and x-\~\7. 


2. x -{-4 and a: -{- 6 . 

* + 7 and a:-{-9. 

6. 77i — 11 and m-\- 7. 

8. a—20 and a + 11. 
10 . a: 8 and at + 12. * 
1^- 12 and a:-{-20. 


7 
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13. x 4" 10 and x —11. 

14. 

a + 13 and a —8. 

15. a: + 16 and a*—9. 

16. 

a + 12 and a —7. 

17. a + 7 and x —17. 

18. 

a + 3 and a —15. 

19. a —5 and a —18. 

20. 

a + 7 and a —19. 

21. a — 7 and a —9. 

22. 

a —12 and a —15. 

23. a —13 and a — 10. 

24. 

a —9 and a —14. 

.Multiply : 

25. 2a+ 3 and 2 a+5. 

26. 

3m +5 and 3m—2 

27. 1 +2a and 1 —3 a. 

28. 

3+4a and 3—5 a. 


Formula V : (x+a)(x+b)(x+c) 

== x 3 + (a-fb + c)x 2 -f(ab-l-ac+bc)x-(-abc. 

By actual multiplication, 

(a 4 -a)(x+b)(x+c) ={x 2 -\r(a+b)x+ab}(x+c) 

= x 3 + {a -\-b)x 2 +abx + cx 2 + (a +b)cx +abc 
= x 3 -\- {a-\-b-\-c)x 2 + (ab +ac +bc)x+abc. 

From this formula, the following results can be easily 
deduced, by putting —a, —b, —c for a, b , c respective y 

wherever required. 

(a+«)(a+6 )(*— c) = x 3 -\-{a-\-b (c)}x 2 + 

{ab-\-a(—>c) +b(—c)}x+ab(--c). 

= _ c )x 2 + (ab —ac — bc)x—abc (i) 

Similarly, (*+«)j ^$$Z$- e )* + i-ab-ac+bc)x+abc (u) 

and (* ~ a) i X ^(-a-b -e )**+(ab +ac +bc)x-abc (Hi) 

Example 14 : Write down the product of 

x —2, x+3 and *— 6. 

Sol. (*—2)(*+3 )(at—6 ) 

+ ( ~ {(Zt!)(3H-(3)(—6)+(—6)(—2)}* + (—2)(3)(—6) 

= x 3 — 5x 2 — 12*+36. 


Write down the product of: 

1. (* + l)(*+2)(*+3). 

3. (*+4)(*+5)(*+6). 

5. (x +4) (x +5) (■* 7). 


(x+2)(x+3)(x+4). 

(x+3(x+4)(x-5). 

(x+5)(x+2)(x-4). 


FORMULAE 


99 


7. (*4-3)(*—4)(*—5). 8. (* —j—4) (* —6) (*—3). 

9. (* 3) (at 4) (*—5). 10. (* — 4)(at-1)(at — 7). 

H. (*-3)(*-5)(*—2). 12. (a--4) (a: -6) (at -8). 

13. (2*-{-l) (2*-f-3) (2*+5). 14. (3* —1)(3*— 2)(3*— 4). 

15. (a* 4-2) (o* 4-3) (< 7 * 4 - 6 ). 16. (m*4-l)(m*— 4)(m*— 5). 

Complete the following : 


17. (*4-/»)( +?)(* + ) = * 3 4-( 

18 - ( +<*)(/>+26) (/> — 3c) = (p) 3 + ( 

19. (m-f3)( —4)(m-f ) = m 3 -f( 


)*- 2 -|-( )*4 -p qr . 

)/>* + ( )/» + ( ). 
)w 2 4-( )w—60. 


Formula VI: (a-fb) 3 = a 3 4-3a2b-43ab2 + b 3 

= a 3 -j-b 3 4-3ab(a -j-b) 

0 /~ the sum of two quantities is equal to the sum of their 
cubes plus three times their product multiplied by their sum. ^ 

__ formu1 ^ ca _ n J De easily established by actual multinli- 
calion or can be deduced from formula V, as shown below: 

(a-\-b) — {ab) {a-\-b) {ab) 

~ * Zlbi+ffaff Xi + J xH ix4)a+ixi xi 

— a?-\-3a 2 b -\-3ab 2 -\-b 3 
= a 3 -\-b 3 -\-3ab(a-\-b). 



+’0-V+»0-V+V' 


Example 15: Find the cube of 2*4-3y 

So1 ' - h's;+&”).” - ".vc 

or V*+3j>y = (2*)»+3(2*)*(3j<) +3(2*)(3 j.)»+(3v)* 

= 8 * 3 - f 36 *^ 4 - 54.*>» 2 4-2 7 >; 3 . ' y) 

part™of *erms ** ^ as wel1 “ the missing 

( + ) 3 = (2*) 3 +3(2.*)2( )+3( )(5jr)« + ( ). 
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Sol. Since in the expansion, the 1st term is (2*) 3 and the 3rd 

term contains (5j>) 2 , 

the left-hand side = (2*+5y) 3 

and the right-hand side = (2 a.-) 3 +3(2.v) 2 (5>>) +3(2*)(5>) ,! +(5j0 8 . 


Find the cube of: 


2. * + 3 \y. 

6 . 2+5*. 


3. 2a-\-3b. 

7. 3* 2 +2. 


4. ax-\-by. 

8 . a 2 -\-b 2 . 


1 . 2 *+> 

5. 1 +3*. 

9. 3<z 2 +26 2 . 

Fill in the gaps in the following : 

10 . ( + )3 = (4m)3+3( ) 3 ( )+3( )( ) a +(2n) 3 - 

IX. (2 b+ ) 3 = ( ) 3 +3( )( ) +3(2/>) ( )+(3?) 3 - 

12l ( + ) 3 = (5/>) 3 +3( )(5/.) 3 +3( )(2?)*+( )"• 

13. (2a+ ) 3 _ ( ) 3 + (36) 3 +3( )(2a+34). 

Formula VU : ( a _b ) 3 = a^-WSab-b 3 

The cube of the difference of two quantities is 'ff’iteV 

of their cubes minds three times then product mulched by then 

{a - b) _{* + ( ^ a3 Z 3a 2t + 3ab*-b* 

= n3—b 2 —3ab(a—b). 



Example 17 : 

Sol. (3*—2jv) 3 
(3*—2 \yY 


Find the cube of 3* —2y. 
is of the form ( a—b ) 3 . 

= (3*) 3 — (2y) 3 — 3 (3*) {2.y) (3* 
— 2 7 a 3 —8>' 3 — 54 *+ + 36.v>'“ 

= 2 7* 3 —54*+ + 36x>’ 2 —8> i3 . 


— 2_>0 
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EXERCISE 47. 

Find the cube of: 

1. 2x — 1. 2. 3— 2a. 3. 3a—41?. 4. 4*— 3_y. 

5. 5x — 4y. 6. 4m 2 — 3w. 7. 2ax—3by. 8. I—a 2 . 


Fill in the gaps in the following : 

9. (... — 3y) 3 — (2a.) 3 —3(...) 2 (. 

10 . ( 4 m —---) 3 = —3 (...) 2 (. 

11 . (... — 6b) 3 = (,..) 3 _ 3 ( 4 a ) 2 (. 

12. (2p — ...) 3 = (-••) 3 — (.) 3 —3( 

Simplify : 


)+3(.)(...) 2 -(3M 3 . 

) +3(4m)(...) 2 — (5x) 3 . 

)+3(.)(6 *) 2 -(...) 3 . 

.)(. H2p-3q). 


13. 

14. 

15. 


(6m —7w) 3 — (3 m + 5/j) 3 —9(6m — In) (3m +5 n) (m —4 n) 
(5p+3q) 3 — (4p-2q) 3 —3(5 p +3 q) (4 p —2q) {p + 5q). 
(* + 3) 3 -(*-l) 3 . 16. (2 x+3)*-(2x-5)». 


4. Corollaries to formulae VI and VII. 


** = + 3 ab(a + b) 9 a 3 -\-b 3 = (a-f^) 3 —3^(a+^) 

♦ ( fl “*) = u 3 — b 3 — 3ab\a — b), a 3 —b 3 = {a—b) 3 -\-3ab\a—b) 

Example 18: Ifa-j-6 = 6 and = 8, find the value of a 3 -f- b 3 . 
Sol. We know that a 3 -\-b 3 = (a+b) 3 — 3ab{a-\-b) 

Substituting the values of {a+b) and ab, we have 

a 3 A-b 3 — (6) 3 — 3x8x6 

= 216 — 144 = 72. 

Example 19: If a—b = 4 and ab — 12, find the value of a 3 — b 3 . 
Sol. We know that * 3 -Z> 3 = (a-b) 3 +3ab(a — b) 

Substituting the values of (a-b) and ab, we have 

fl3 — = (4) 3 -f3 x 12 x4 


04. -4-1^. 


ZUO 


Example 20 : Simplify : 

(*+2>)' 3 + (2 at — 3 4- 3 (3* +jv>(a- +2_>0 (2a — y ) 

Sol. The given expression 

Putting a for (x + 2y) and b for (2* -y), wehave 
the expression = a*+b a +3ab{a+b) a+b 

— ( a-\-b ) 3 

Substituting the values of a and b , we have 
the expression = {(x-4-2y)+(2x—y)\ 3 

= (3 x + y ) 3 . 


= 3 x+y] 
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EXERCISE 48. 


Find the value of a?-\-b 3 when 

1. a-\-b = 5 and ab = 6. 2. a -\-b =1 and ab = 12. 

3. a-\-b — 9 and ab = 18. 

Simplify : 

4. (3a+56) 3 + (4a — 36) 3 +3(3a+56)(4a — 3b)(7a+2b). 

5. (2x — 7y) 3 + (3A:-fl2j) 3 + 15(2Ar— 7y){Sx + \2y){x+y). 

6. (a+2) 3 + (a + l) 3 . 7. (2<z+3) 3 -(2a + l) 3 . 

Find the value of a 3 — b 3 when 


8. a—b = 3 and ab = 18. 9. a —b = 5 and ab = 14. 
10. a—b = 4 and ab — 32. 



Sol. 


Formula VIH : (a+b)(a 2 —ab-fb 2 ) = a 3 +b 3 . 

(a+b)(a 2 — ab+b 2 ) = a(a 2 —ab+b 2 )+b{a 2 -ab-\~b 2 ) 

— a 3 — a 2 b-\-ab 2 +ba 2 — ab 2 -\-b 3 
= a 3 -\~b 3 . 

21 : Find the product of 3 a +2 b and 9a 2 —6 ab +4 b 2 . 

(3a +24)(9a 2 — 6ab +44 2 ) ^ {(3a) +(26)} {(3a) 2 -(3a)(26) 

+ (2i) 2 } 

= (3a) 3 + (2£) 3 = 27a 3 +8i 3 . 

Example 22: Simplify 

(2x+3) (4x 2 —6x4-9)—(3x+2)(9x 2 —6x4-4). 

Sol. V (2x4-3)(4x 2 -6x+9) ={(2x) + (3)){(2x) 2 -(|x)(3)+(3) 3 } 

and (3x+2)(9x 2 -6x+4) = {( 3 x)+(2)}{(3x) 2 —(3x’)(2)+(2) 2 } 

= (3x) 3 + (2) 3 = 27 x 3 48, 

the given expression = (8x 3 427) —(27x 3 4 8 ) 

5 ^ _ 8x 3 +27—27x 3 —8 = 19-19x 3 . 


Find the product of: 

1. x+3 and x 3 3x+9. 2. x+5 and x 3 -5x+25 

3. x-\-7 and x 2 —7x+49. 4. * + l 1 and * 2 — 1 1* + 121. 

5. 25a 2 — \5a+9 and 5a+3. 

6. 9 m 2 —15m/z+25/z 2 and 3m-}-5/z. 

7. x 2 y 2 —4xyz-\-\6z 2 and xy-\-4z. 

8. 4x+9y and 16x 2 —36xy+8ly 2 . 
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9. a 2 -\-bc and a 4 — a 2 bc-\-b 2 c 2 . 

10. a 4 — 4a 2 b 2 -\-\6b 4 and a 2 -\-4b 2 . 

11. x 2 -4-1 and x 4 — x 2 -\-\. 

Simplify : 

12. (x+5) (a 2 —5a +25) —(*+ 3 ) ( a - 2 — 3 * y-9). 

13. {x+2y)(x 2 — 2xy+4y 2 ) +(2x+y) {Ax 2 — 2xy+y 2 ). 

14. (4a + 3y) (1 6a 2 — 12 xy -\-9y 2 ) — ( 3a + 4y) ( 9 a 2 — 12x>> +16j> 2 ). 

15. (x 2 +4) (at 4 —4a 2 +16) — (x 2 + 2) (x 4 -2x 2 + 4). 


Formula IX: (a—b) (a 2 +ab +b 2 ) = a 3 —b°. 

(a— b)(a 2 + ab+b 2 ) = a{a 2 +ab +b 2 ) — b{a 2 -\-ab +b 2 ) 

— a 2 -\-a 2 b -\-ab 2 — ba 2 — ab 2 — b 3 
= a 3 — b 3 . 


Example 23: Find the product of 3 xy — z and 

9x 2 y 2 — 3 xyz +£ 2 , 

Sol. (3 xy -z) (9x 2 y 2 + 3 xyz +z 2 ) 

= {(3*>0 —z) {(3x>>) 2 -f- {Zxy)z-\-z 2 } 

= (3xy)*—z 3 = 27 x*y*—z\ 


Example 24: Simplify (x—3)(x 2 -|-3xH-9) — (x—2)(x 2 +2x+4). 

Sol. (a —3) (x 2 -f-3x-}-9) 

= {(*)“(3)} {(*) 2 -K*)(3)+(3) 2 } 

= a 3 —3 3 = x 3 —27, 

(*— 2)(* 2 +2*+4) = {(*) —(2)} {(*) 2 + (*)(2) -f (2) 2 } 

= A 3 — 2 3 = A 3 — 8 . 

the given expression = (a 3 — 27)— (a : 3 —8) 

= a 3 2 7 — x 3 8 = —19. 


Write down the product of: 

1. (x —2) (a 2 -\~2x +4). 2. 

3. (a— 8)(x 2 +8x+64). 4. 

5. (3a -2) ( 9 a 2 + 6 x +4). 6. 

7 . (pq —2r) (p 2 q 2 +2pqr+4r 2 ). 

8. ( a 2 —be) (a 4 -\-a 2 bc+b 2 c 2 ). 

Simplify: 


(* — 6)(* 2 +6a-+36). 

(x— 12)(* 2 + 12*+144). 

(5* —3y) (25a 2 +1 5a>'+9> ; 2 ) . 



(3m 
(4 P- 

(m 2 - 


4w) (9m 2 +1 2mn -f- 16 n 2 ) — (2m —3 n) (4m 2 + 6m* +9w 2 ) 

\*P% +% 2 ) “ (3 p -4 q) (9p 2 +\2pq + \ 6 q 2 ). 

■6)(m 4 -F6m 2 +36)—(m 2 —3)(m 4 +3m 2 +9). * ' 
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Fill in the gaps : 

12. (*)* + (...)* 

13. (...) 8 -(5,) 3 

14. (4/>) 3 + (...) 3 

15. (...) 3 — (6 b) 3 


{ )+(3*)}{( a) * -(...)(...)+(-) 2 }. 

{( 2 *)-(...)} {(...) 2 +(--.)(---)+( 5 >) 2 }- 

{(••■)+(•■■)} {(•••) 2 -(4/»)(3 9 )+(...) 2 }. 
{ •••)-(•••)} {49<2*+(...)(...)+364*}. 


Formula X: Square of* multinomial. 

(a+b+c) 2 = {{ a +b)+c} 2 

= (a+b)*+2(a+b)c+c* 

= a 2 -\-2ab +b 2 -\-2ac -\-2bc -\-c 2 
= a 2 +b 2 +c 2 +2ab-\-2ac+2bc. 

Similarly, (a-\-b -\-c -\-d) 2 
= {(“+*>)+(€+d)} 2 
= {a+b) 2 +2{a+b)(c+d)+{c+d) 2 
= a 2 -\-b 2 -\-2ab -\-2ac -\-2ad-\-2bc -\-2bd-\-c 2 -\-d 2 -\-2cd 
= a 2 -\-b 2 +c 2 +d 2 +2ab +2ac +2ad+2bc +2bd+2cd. 

From such examples, we establish the following rule: 

The square of any multinomial is equal to the sum of the squares 
of its terms plus twice the sum of the products of the terms , taken two 
at a time. 


Example 25: Find the square of 2 a — 3 bfc. 

Sol. {2a-3b+c) 2 = (2a) 2 + {-3b) 2 +c 2 +2(2a){-3b)+2(2a){c) 

-|-2(— 3b) (c) 

= 4a 2 +9£ 2 +c 2 — \2ab -j-4ac — 6bc. 

Example 26: Find the square of a — 3b -\-c — 2d. 

Sol. ( a -3b-{-c-2d) 2 = a 2 + (-3b) 2 +c 2 -\-(-2d) 2 +2a(-3b) 

+2ac+2a{-2d)+2{-3b)c 
+2( — 3b) ( -2d) +2 c{ -2d) 
= a 2 -\-9b 2 +c 2 +4d 2 — 6ab+2ac—lad—6bc 

-\-l2bd — 4cd. 

Example 27: Find the value of a 2 +9£ 2 — &ab — 2a-\-6b +64 
when a— 33 and b =24. 

Sol. The expression = (a) 2 + (— 3b) 2 -\-2(a){ —3£)+2(a)( 1) 

+2(-3£)(-l)+(-l) 2 +63 
= (a— 3b — 1) 2 +63 

Substituting the values of a and b, we have 

the expression = (33—72 —l) 2 +63 

= (—40)2+63 

= 1600+63 = 1663. 
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EXERCISE 51. 


Write down the 

square 

of: 




1. a-\-b — c • 

2. 

a— b — c. 

3. 

2a- 

—b — c. 

4. 2 a-\-b—c 

5. 

2a—b 4-3c. 

6. 

5a- 

~2y 4 

7. 2a- —3y 1. 

8. 

a 2 —Ay -\-y 2 . 

9. 

px 2 

—qxy + ry 2 . 


10. 2a -\-b -\-3c -\-d. 11. a — 2b — 3c-\-4d. 

12. 2 p —3 q+r — 2s-\-t. 13. 3a— 4y-j-2 z — w. 

Simplify : 

14. (2a —b +c) 2 — (a+b-2c ) 2 . 

15. (2a +b + c ) 2 -(a —b —c) 2 — (a +b —c) 2 . 

16. ( a +2b+c) 2 — («— b+2c) 2 + (2a-\-b— c) 2 . 

17. (a +b +c +d) 2 + (a-b +c -d) 2 . 

18. (a — b — c — d) 2 -\-(a-\-b — c — d) 2 . 

19. (2a —b +c - d) 2 — (a+b—c +d) 2 — (a—b +c —d) 2 . 
Find the value of: 

20. x 2 +y 2 +z 2 -2xy +2x Z -2 \yz 

when x = 15, y = 20, z = 24. 

21. p 2 -\-4q 2 -\-9z 2 — 4pq -\-6pz — 1 2qz 

when p = 8, q = 12, £ = 15. 

22. x 2 -f-4_y 2 —4.vy4-10A—20y-|-36 when x = 16, y =9. 
[Hint: Split 36 into 25 4-11] 

23. 9a 2 -\-b 2 — 6ab -)-6a — 2b —28 when a = 15, b =37. 

24. 9* 2 4-_y 2 —6 a^— 6x-\-4y when x =y = —2. 

Formula XI: (a+b) 2 — (a— b) 2 = 4ab. 

We know that (a+b) 2 = a 2 -\-2ab-\-b 2 

■ (a—b) 2 =a 2 ~2ab-\-b 2 


. Subtracting, ( a -\-b) 2 — (a—b) 2 =4ab 

Adding, (a +b) 2 4- (a— b) 2 = 2a 2 +2b 2 . 

Formula XII: (a+b) 2 = (a— b) 2 + 4ab. 

Formula XIH: (a— b) 2 = (a+b) 2 —4ab. 

These two formulae can be obtained from formula XI by 
transposing the relevant term. 7 

These formulae have to be learnt by heart. 
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Formula XTV: £ { (a— b) 2 + (b— c) 2 + (c— a) 2 } 

= a 2 +b 2 +c 2 —ab—ac—be. 

H (a-b) 2 + (b-c) 2 + {c-a) 2 } 

= i{ (a 2 — 2ab +6 2 ) + (b 2 — 2bc +£ 2 ) -f- (c 2 — 2ca +<z 2 ) } 

= £ { 2a 2 +2b 2 +2c 2 — 2ab — 2bc — 2ca } 

= a 2 -\-b 2 -\-c 2 — ab — ac — be. 

Example 28: Evaluate ( a-\-b) 2 when a—b = 3 and ab = 10 

Sol. {a-\-b) 2 = (a—b) 2 +4ab 

= 3 2 +4 x 10 = 9 +40 = 49. 

Example 29: Find the value of ab when a +& = 9 and a — b— 3. 

Sol. Since 4 ab = ( a-\-b ) 2 — ( a — b ) 2 , 

ab = ±{( a +b) 2 -(a-b) 2 } 

= i (9 2 —3 2 ) = i(81— 9) = 18. 

Example 30: Find the value of a 2 -\-b 2 -\-c 2 — ab — ac—be 

when a = 32, b = 30 and c = 27. 

Sol. a *+b*+c*—ab—ae—bc = J { (a— b) 2 + {b-c) 2 + (c—a) 2 } 
= i { 2 2 +3 2 + ( —5) 2 } = 4(4+9+25) = 19. 

EXERCISE 52. 


Find the value of: 


1. 

(a+b) 2 

when 

a—b =5, ab — 36. 

2. 

(a+b) 2 

when 

a—b — 4, ab — 77. 

3. 

(a-b) 2 

when 

a-^b — 12, ab = 35. 

4. 

(a-b) 2 

when 

a-\-b = 15, ab = 36. 

5. 

ab 

when 

a -\~b — 11, a—b = 3. 

6. 

ab 

when 

a+b = 22, a—b = 8. 


7. a 2 -\-b 2 -\-c 2 — ab — ac—be when a = 15, b = 16, c — 17. 

8 . a 2 -\-b 2 -\-c 2 — ab — ac —ic when a = 1*8, b = 1*3, c = *9. 

9 . a 2 -\-b 2 -\-c 2 —ab—ac—bc when a = /> + 1 , b =/>+ 2 , 

c =/>+ 3. 

.0. Stop.iT, 0t+ .). + (. +2) .+^^+Jj x ^_ w) _ 

5. Formulae involving * + 



FORMULAE 


Example 31s If*-}— 

X 


Sol. **+ ^ 

X* 


hh 


-(-'+' 2 +ll - 2 

■H)'- 

= ( 6) 2 -2 


= 36—2 =34 


= 6, find the value of* 2 -!— 

x 2 

Given x -f- ■— =6. 

x 

Squaring both sides, we have 

(*+i ) 2 = (6}2 

or a 2 +2xa:x - + - =36 


or at 2 — j— 2 —{- ^ =36 

x* 

a: 2 +4 = 36—2 = 34. 


I 

Example 32 s If a: — i = 4, find the value of a 3 — 


Sol. at 3 — —— 




Given 


x — — =4 

x 


Cubing both sides, we have 


- H) 


3 +3(*) X i X 


(-0 


-O' - 


(4) 


= (4) 3 +3 X 1 X4 
= 64 + 12 


or 


or 


-= —3 x at x 


X-9- 


--,-3x1x4 =64 


= 76 


or 


-- = 64 + 12 = 76. 


EXERCISE 53 

Find the value of: 

**+ —2 and at 4 -}- when Ar+i 

* AT* X 
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2. a: 2 + — 0 and x 4 when a:—- =3 

x 2 x 4 x 

3. x 4 4- i when .v—- = p. 

x 4 x 

4. x 3 -\- when x-\ — =5. 

a : 3 .v 

1 1 

5. x 3 — —i when x-— 2. 

AT 3 -V 

6 . x 3 4- t when x -\— —- m. 

x 3 x 

7. x 3 — \ when a: — — = a. 


Formula XV: (a+b+c)(a 2 +b 2 +c 2 -ab-ac-bc) 

= a 3 H-b 3 + c3 —3 abc. 

This formula can be proved by actual multiplication. 

Example 33 s Simplify 

( 2x + 3v -z) (4x 2 +9y 2 -\-z 2 -6 xy +2x Z +3 \yz) • 

Sol. The expression = {2a: + 3y + ( — z)} { (2x) 2 4-(3^) 2 + 

(-*) 2 - (2*) (3W - (2*) (-p-PP < > 

= (2x) :3 + (3>) :3 +(— *) :3 - 3 (2*) ( 3j>) (— z) 

= 8* 3 +27y 3 —£ 3 + 18xy*. 

Example 34: Find the value of a 3 -{-b 3 -\-c 3 —3abc when 

a-\-b-\-c = 9 and ab -\-ac-\-bc = 26. 

Sol. Now a 2 +b 2 +c 2 = {a + b +c) 2 —',2(ab +ac+bc) 

= 9 2 —2x26 = 29. 

• a 3 . £3 . c 3 —Zabc = (a + 6+c) {(a 2 +b 2 -\-c 2 )—(ab+ac+bc)} 

= 9 (29—26) =9x3 =27. 


Simplify: 

1. (*+>—i)(* 2 +.>> 2 +1 -*y +* +>)•• 

2. (*—>—1) (a: 2 4-y + l +*?+* —>)• , 

3. (2x+>’+l)(4x 2 +y +1-2^-2* ->) • 

4. (x+2y — z) (x*+4y 2 +z* —2xy+xz+2yz)- 

5. (a: +2y-3z) (* 2 +4>’ 2 +9* 2 -2*)> +3xz+6yz). 

6. (2* —y~3z) (4x: 2 +_>' 2 +9^ 2 +2*)>+6« —3yz) ■ 
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Complete the following identities : 

7. (3* —y—z){ ) = 2 7* 3 —y 3 — £ 3 —9 xyz. 

8. ( ) (25x 2 +9y -\-Z 2 — 1 $ x y -\-5xz-\- 3yz) 

= 125x 3 +27y 3 —z 3 +45xyz 

Find the value of a 3 -\-b 3 -\-c 3 —3 abc when 

9* a-\-b-\-c = 13, ab -\-ac -\-bc = 71. 

10. a+b+c = 21, a 2 -\-b 2 +c 2 = 149. 

11. ab+bc-\-ca = 121, a 2 + b 2 +c 2 = 158. 

12. If x = a* - be, y = b 2 —ca, z = c 2 —ab , shew that 

ax-\~by-\rcz = (abc) (x-\-y-\-z) • 

Example 35 s Express (*+5 y-\-z) 2 — 4(x-\-3y)(2y-t~z) as a 

perfect square. 

Sol. Let x-\-3y = a and 2y-\-z = b, then x-\-5y-\-z = a-\-b. 

Then the given expression = (a-\-b ) 2 —4 ab = (a b) 2 

= { (*+3)0 — {2y-\-z) } 2 

= (x-\-y— z) 2 . 

Example 36 : If* = a +m, y = b +m and z = c -\-jn y prove that 
* 2 +y+£ 2 — xy — xz—yz = a 2 -\-b 2 -\-c 2 — ab — ac — be. 

Sol. * 2 +> 2 -\-z 2 —xy — xz —yz = \ {(x—y) 2 -{-(y—z) 2 -\-(z—x) 2 } 

= 4 { a - 6 - m) 2 + -m) 2 

-f-(r+m— a — m) 2 } 

= £ { ( a -*) 2 - H *- 0 2 + (‘-*) 2 > 

= a 2 -\-b 2 -\-c 2 — ab — ac — be. 

Example 37 s If * = a-\-b y y = b-\-c y z = c+a, prove that 

x 3 +y 3 +z 3 —3xyz = 2{a 3 -\-b 3 +c 3 — 3abc). 

Sol. * 3 +y+£ 3 —3 xyz = K*+>>+£) ( (*“:i>0 2 + 0’—•z) 2 

+ (.£—*) 2 }. 

Substituting the values of x y y y z , we get the expression 
• = 4{2(a+6+r) }{ (tf-r) 2 + (6-a) 2 + (c-*) 2 ) } 

= 2 [ H < z +&+<0 { (< z - 6) 2 + ( 6 - c ) 2 + ( c - a ) 2 } ] 

= 2(a 3 +6 3 +c 3 — 3abc). 


Express as a perfect square : 

1. (3*— ■y-\- z y j t^{ < 3x-\-y){2y— z). 

2. (2x -\-j> — z ) 2 +4(2* -\-3y) (2>+<). 

3. (x+3>>-{-3£) 2 —4(x-j-^-i-2£) (2)>+£). 
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4. O— z) 2 — 4(a — y+z) (y—2z). 

5. If a = p+q, b = q+r and c = r+p , prove that 
a 2 +b 2 +c 2 — ab — ac—be = p 2 -\-q 2 +r 2 — pq—pr — qr. 

6. If x = a+b — c,y = b+c—a and^ = c+a — b, prove that 
x 2 +y 2 +Z 2 —xy —xz —yz = 4 (a 2 +b 2 +c 2 —ab—ac—bc). 

7. Find the value of x 2 -{-y 2 -{-z 2 — xy — xz — yz when 
*.= a(a-C7),y = ( a +2)(a+5), z = (a+3) (a+4). 

8. Find the value of 8xy(x 2 +y 2 ) when x-j-y = 15 and 
x —y = 11. 

9. If a = y+z — at, b = z+x—y and c = x+y—z , prove 
that a 3 + b 3 +e 3 —3 abc = 4(x 3 -\-y 3 -\~z 3 — 3xyz) 

10. If a = y+z — 3a, b = z +x — 3y and c = x+y — 3z, prove 
that a 3 -rb 3 -\-c 3 —3 abc = — \6(x 3 +y 3 +z 3 — 3xyz) . 

11. If 2s = a+b+c , prove that ( s —tf) 3 -j-(.f—Z») 3 4 -(j— c) 3 

— 3 (s—a)(s — b)(s — c) = i(a 3 +b 3 +c 3 —3abc). 


A systematised list of multiplication formulae : 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 
9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 


(a + b ) 2 = a 2 +2ab+b 2 . 

(a—b ) 2 = a 2 —2ab+b 2 . 
a 2 +b 2 = ( a+b) 2 —2 ab. 
a 2 +b 2 = (a-b) 2 +2ab. 

( a+b ) 2 = (a — b) 2 +4ab. 

(a—b) 2 = (a+b) 2 —4ab. 

(a+b) 2 — (a — b) 2 = 4 ab. 

(a+b)(a — b) = a 2 — b 2 . 

(a+b)(a 2 — ab+b 2 ) = a 3 +b 3 . 

(a — b)(a 2 +ab+b 2 ) = a 3 — b 3 . 

(x+a)(x + b) = x 2 + (a+b)x+ab. 

(x + a ) (x+b) (x +c) = a 3 4 -(a+b +c)x 2 + (ab +ae +bc)x + abc, 
(x+a) 3 = x 3 +3x 2 a + 3xa 2 +a 3 , or = x 3 +a 3 +3xa(x+a). 

(x — a ) 3 = x 3 —3x 2 a+3xa 2 —a 3 , or = x 3 —a 3 —3xa(x—a). 
x 3 +a 3 = (x+a) 3 — 3xa(x+a). 

a 3 — a 3 = (a — a) 3 + 3xa(x — a). 

(a+b +c) 2 = a 2 +b 2 +c 2 +2ab+2ac+2bc. 

( a +b+c+d) 2 = a 2 +b 2 +c 2 +d 2 +2ab+2ac+2ad 

+2bc+2bd+2cd. 

i f + = a 2 +b 2 +c 2 -ab—ac-bc . 

(a+b +c) (a 2 +b 2 +c 2 — ab — ac — be) = a 3 +b 3 +c 3 3abc, 

or b{a+b+c) { (a-by-+(b-c)* + (c-a) 2 } = f +* 3 

+c 3 — 5abc. 



CHAPTER V 


FACTORS 

1. Type Is Factors of expressions of the form ab-j-ac. 

Example 1 : Resolve into factors 3a 2 — 6a. 

Sol. 3a 2 — 6a = (3a) (a) — (2) (3a) 

= 3a(a—2). 

[ Verify by actual multiplication ]. 
Example 2: Resolve into factors 2 a z b 2 c — 4ab 3 c 2 -\-6a 2 bc 3 . 
Sol. Here we notice that 2 abc is a factor of every term, 
.*. 2 a 3 b 2 c — 4ab 3 c 2 -\~6>a 2 bc 3 

= 2abc(a 2 b— 2b 2 c+ 3ac 2 ). 

Example 3 : Resolve into factors 

a 2 (x—y) -\-3ab(x—y) +5 b 2 (x—y). 

Sol. Here a compound expression (a-— y) is a factor of every 
term. 

a 2 (x—y) +3 ab(x—y) -f-5 b 2 (x—y) 

— (a — y) (a 2 -\-3ab -}-5Z> 2 ). 


olve into factors : 

(Verify by multiplication). 

ma-\-mb. 

2 . a 2 +2a. 

m 2 n-\-mn 2 . 

4. 3a 2 —6. 

abc — bed. 

6 . pq-\-qa — ra. 

ax 3 -\-bx 2 -\~cx. 

8 . a 2 a 3 — 2tf 3 A 2 -f-fl 2 A 2 . 

4a 5 b — 6a*b -f-8a 3 £ 3 . 

10. ax z y 2 -\-a 2 xy 3 -\-a z x 2 y. 


Factorise 


11 . c(a-\-b) 4-d{a-\-b). 

12. 7m(x — 1)+2(a — 1). 

13. 2 a(x 2 +x -\-1 ) -f-3£ (a 2 +a +1 ). 

14. 3p(ax~\-b) -\-q(ax-\~b) -p2r(tfA-|-£). 

15. m 2 (pq-\-r) -\-mn(pq-\-r) -\~n 2 (pq+r). 

IS* -¥b(y—x) 4 ~(c+d)(x—y). 

17. (a 2 -+-7a) 2 — 25 (a 2 -f 7 a). 

m )5(p 2 -qr) 3 -\0(p 2 -qr) 2 . 

on* i 2p "h 3 /^ ( x + (/> — 2( l) ( x —y) 4- ( 3 P +q) (x —y) 

ZM. (x+yy—3xy(x+y). 
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2. Type II: Factors of expressions of the form 

ac+bc+ad -}-bd. 

Example 4: Resolve into factors 3ab -\-6bc-\-4ad-\-8cd. 

Sol. 3ab -\-8bc-\-4ad-{-8cd = (3ab -\-8bc) -\-{4ad-\-8cd) 

= 3b(a-\-2c) -\-4d(a-\-2c) 

= (a+2c){3b+4d). 

Example 5: Factorise 3x 2 -f-4 yz —4 xy — 3xz. 

Sol. Re-arranging the terms, the expression 

= 3 * 2 — 3xz—4xy+4yz 
= 3x(x—z)—4y(x—z) 

= (x—z) (3x—4j>). 

Example 6: Factorise a 3 x — a 2 b(x —y) —ab 2 {y —z) —b 3 z> 

Sol. Re-moving the brackets and re-arranging, we have 
the expression = a 3 x — a 2 bx-\-a 2 by — ab 2 y-\-ab 2 z — b 3 z 

= a 2 x(a — b) -\-aby(a — b) -\-b 2 z(a — b) 

= ( a — b) (a 2 x+a by + b 2 z) • 


Resolve into factors : 

1. 5x-\-5y-\-ax-\-ay. 

3. mx — 3y —my + 3x. 

5. x 2 —3 ax-\-bx —3 ab. 

7. 3p 3 —5p 2 -\-6p — 10. 

9. pq-{-p• 

11 . 2a 3 —5a 2 -\-2a—o. 

13. x 2 — xy—3x-\-3y. 

15. 2a 4 — a 3 +4ci— 2. 

17. 1 lx 3 + 7x+35+55 a- 3 . 

19. 6xy+6—9y—4x. 

21 . ax 2 -j-(a — l)x — l. 

23. (a—2b) 2 -\-3a—6b. 

25. ab{x 2 -\-y 2 ) — xy(a*+b 2 ) 


2 . ax — ay — bx-\-by. 

4. xy-\-3x-\-2y-\-6. 

6. a 3 -~-3a 2 +9a-j-27. 

8 . 6p 2 — 9pq-\-4pr —6qr. 
10 . a 3 -\-a 2 —a — 1. 

12 . 5a 3 —2a 2 +5a—2. 

14. 6a 2 -\-3ab — 2ac — be. 

16. y 3 —y 2 — ay+y-ra — 1. 
18. ax 3 -\-b-\-bx 2 -\-ax. 

20 . x 2 —2ax+2ab—bx. 

22 . abx 2 + {ay—b)x—y. 


24. ab(c 2 + \)+c(a 2 +b 2 ). 

* 

26. a 3 x+a 2 {x-y) -a(y-\-z) —Z- 

27. a(x 2 — 1) +x*(bx—c) -\-x(cx 3 —b). 

28. x 3 (kx + l) — x{kx+l)+Jn{x 2 — 1). 
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3* Type HI: Factors of expressions of the form 

a 2 + 2ab+b 2 or a 2 — 2ab-fb 2 . 


a 2 -\-2ab-\-b 2 
= a 2 -\-ab -\-ab -\-b 2 
= a(a-^rb) -\-b(a-\-b) 

= (ab) (ab) 

= (a+b) 2 


a 2 —2ab+b 2 
= c 2 — ob—ab -\-b 2 
= a (a — b) — b(a — b) 

= (a—b)(a~b) 

= (c -b ) 2 


Example 7: Factorise * 2 + 14a: +49 . 

S°l. x 2 -t-\4x +49 = * 2 +2.a\7 + 7 2 

= (* + 7) 2 . 

Example 8: Factorise 36a 2 — 12c+ 1. 

So1 - 36c 2 — 12c + l = (6c) 2 —2. (6 c).l+l 2 

= (6c-l) 2 . 

Example 9: Factorise 9+42*>>+49a- 2 )/ 2 . 

Sol. 9+42^+49^2 = 3 2 +2.3.(7a^)+(7aj;) 2 . 

= (3+7 xy) 2 . 


Resolve into factors : 

1 . 4c 2 +28c+49. 2. 25* 2 — 30 * 4-9 

3. 25c 2 +40c6 +16Z> 2 . 4. 49m 2 -56^ 

5. 36.*+ 60.4+254*. 6 . 3^-84.7+94? 

7, 49c“ -\~A2ab +9£ 2 . 8 . 25x 2 _ 60 >*v 4 -?fii 2 

11 * 10 - 81c 2 -12^+^ 2 

13* 12- 9w 2 -66m. + 121.2 

& Jl: 

*'+2 + ii- ie. S-2+i‘ 

** * ~2* 

o. 2 x 2 -\-Cobxy +■ Qb 2 y 2 . 20 . 16 c 2 /> 2 1 4 

+ +3« 2 +2(2+34) « +i) + (7+V +C * 

(3p—q) ~2(3p—q)(r+s)-j-(r+s) 2 . 

Type IV : Factors of expressions of the form a 2 
a — b 2 = a 2 +ab—ab—b 2 

= a(a-\-b) — b(a-\-b) 

— ( a-\-b){a — b ). 


EXERCISE 58. 


17. 

19. 

21 . 

22 . 


25/> 2 —30/> +9. 

49m 2 —5 6mn +16c 2 . 
36c 2 —84c6 +496 2 . 

25* 2 —60*>>+36_>> 2 . 

81c 2 — 126c£+49£ 2 . 
9m 2 — 66mc + 121c 2 . 
16/> 2 —48/>?+36? 2 . 
25m 2 —70 mn +49c 2 . 

* 2 ^ V 2 

-2 4- — 

y 2 + x 2 * 


—b 2 . 


8 


114 


ALGEBRA FOR HIGHER SECONDARY SCHOOLS 


Example 10: Factorise (i) 16a 2 — 25 b 2 (ii) 1—49 a 2 . 

Sol. (i) 16a 2 — 25b 2 (ii) 1 — 49 a 2 

= (4a) 2 — (56) 2 = (l) 2 — (7a) 2 

= (4a+56)(4a — 5b). = (1 + 7a) (1 — 7a). 


Note : The reduction of the given expression to the standard form is 
essential. 


Example 11: Resolve into factors 16a 5 — a. 

Sol. 16a 5 — x = a(16a 4 — 1) 

= *{ (4a 2 ) 2 -(1) 2 } 

= a(4a 2 4-1)(4a 2 -1) 

= a(4a 2 + 1) { (2a) 2 (l) 2 } 

= a(4a 2 + 1)(2a-|-1)(2a-1). 

Example 12 : Resolve into factors 4(a— b) 2 — 9(c— d) 2 . 

Sol. 4(a-b) 2 -9(c-d) 2 = 2 2 (a-b) 2 -3 2 (c-d) 2 

= (2a-2b) 2 -(3c-3d) 2 

= (2a—2b+3c—3d)(2a—2b—3c+3d). 


EXERCISE 59. 

Resolve into factors : 

1. 16x 2 —9. 

4. 64a 2 —1. 

7. 121—c 2 . 

10. 81a 4 — !. 

12. 1—16a 4 . 

14. 36a 7 — 25A 3 a 4 . 

16. (a+5b) 2 -49c 2 . 

18. (a-\-b) 2 —(a b) 2 . 

20. 1 6 (a —y) 2 —9 (a -\-y ) 2 . 

22. ( a-\-b — c ) 2 — (a — b-{-c) 2 . 23. 

24. 4(3m — 2a) 2 — 9(2m —3a) 2 . 

25. (8a+5) 2 —(2a—7) 2 . 26. 

27. 16(a +3b —4c) 2 — 9(2a -b +3 c) 


2. 

81a 2 — 25b 2 . 

3. 

1 —36a 2 . 

5. 

9a 2 —100. 

6. 

49 —25a 2 . 

8. 

1 —49a 2 c 2 . 

9. 

a 4 -25. 


11. 16a 5 

-81a. 



13. 

15. 

17. 

19. 

21 . 


a 2 —81a 6 . 

192a 9 —243A 5 y. 
x 2 — (2y — 3z) 2 - 
(3a—2>») 2 —(2 a -\-y) 2 ’ 
49(a+^) 2 —36(a b) 2 . 

(a- fa) 4 —(a— a) 4 . 

81 (m -\-2n) 2 —25(2m n) 
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5. Type V(a) : Factors of expressions of the form a 3 +b 3 . 
a 3 -\-b 3 = (a + £) 3 —3 ab{a-{-b) (By formula) 

= {ab) {ab) 2 — 3ab{a-\-b) 

= (a+b) { (a+b)*— 3ab } 

= ( a +b)(a*+2ab+b*— 3ab) 

= (a+£)(a 2 — ab-\-b 2 ). 



Example 13: Resolve into factors 8a 3 +27£ 3 . 

Sol. 8a 3 +276 3 = (2a) 3 + (36) 3 

= (2a+3&) { (2a) 2 —(2a) (3b) -\-{3b) 2 } 

= (2a + 3£) (4a 2 — Q>ab + 96 2 ). 

c : Thc rcduction of the given expression to the standard form 


Example 14: Factorise 27 (a+j;) 3 + 8(2a—_ y) 3 . 

Sol. 27 (a-+j0 3 = 3 3 (a —h_y) 3 = (3x+3r)» 

8 (2 *~/) 3 = 2 3 (2 x—y)* = (4a-— 2y) 3 . 

Expression = (3 a + 3_>«) 3 + (4a — 2 y) 3 

= [(3a+3j0+(4a— 2y)] X 

[(3a + 3y) 2 — (3a- + 3>•) (4a- — 2 y) + (4a— 2y) 2 1 
— ( 7x +y) [9a 2 -f-1 8 a>- -f 9jy 2 — (1 2a 2 + 6a;>- — 6>- 2 ) 

+ 16a 2 — 1 6av +4y 2 )l. 
= ( 7x (1 3a 2 —4 Ay +1 9y 2 ). J j 


EXERCISE 60. 


Resolve into factors : 

1. m 3 + l. 2. 

64a 3 + 1000. 5. 

27m 6 +125« 6 . 8. 

(2a— 36) 3 +27c 3 . 


4. 

7. 

9. 

11 . 

13. 


/> 3 + 64. 

125a 6 +64y 3 . 

343a 4 6+64a6 4 


3. />V+216. 
6. 64m 3 « 3 +1. 


10. (a —2£>) 3 + 1. 

AT 3 — 3a^+3aj> 2 —J»a —1. 12. 64(a—3v) 3 +343(2a + v'i 3 

8(*-J-) s + 125(j.-2*) s 14. 3(2/.-3 ? )3 + 81( 9 _ /I )s 
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6. Type V (b) : Factors of expressions of the form a 3 — b 3 . 

a 3 —b 3 = (a — b) 3 -\-3ab(a — b) (By formula) 

= (a— b)(a — b) 2 -\-3ab(a — b) 

= ( a—b) { (a—b) 2 +3ab } 

= (a— b)(a 2 — 2ab+b 2 + 3ab) 

= ( a — b) \a 2 -\-ab-\-b 2 ). 



Example 15: Resolve into factors 27* 3 — 1. 

Sol. 27* 3 -l = (3*) 3 -(l) 3 

= (3* — 1) { (3*) 2 + (3*)(l) + (1) 2 } 

= (3* — 1) (9* 2 +3* +1). 

Note : The reduction of the given expression to the standard form 
is essential. 


Example 16 : 

Sol. a 7 —27 ab 6 


Example 17 : 

Sol. * 6 —64 = 


Factorise a 7 —27 ab 6 . 

= a(a 6 —27Z> 6 ) 

= a\_{a 2 ) 3 -{3b 2 ) 3 ] 

= a\a 2 -3b 2 ) [(a 2 ) 2 + (* 2 ) (36 2 ) + (3b 2 ) 2 ] 
= a(a 2 —3b 2 )(a*-{-3a 2 b 2 +9b 4 ). 

Resolve into factors * 6 —64. 

(* 3 ) 2 — ( 8) 2 

(* 3 + 8 )(* 3 - 8 ) 

(*4-2) (* 2 -2* +4) (x -2) (* 2 +2* +4). 


EXERCISE 61. 


Resolve into factors 


1 . 

4. 

7. 

10 . 

12 . 

13. 

16. 


\—a 3 . 

729* 3 —216. 

a 6 —8b 6 . 


a 6 — b 6 . 

729a 6 — b 6 . 


2. 

8-* 3 . 

3. 

5. 

8* 3 — 1000^ 3 . 

6. 

8. 

a 9 — b 9 . 

9. 

11. 

(2a-{-b) 3 -(a 

+2*) 3 . 

7(3 

4b) 3 . 

15. 

14. 

a 12 — b 12 . 

17. 

a 7 — ab 6 . 

18. 


125<z 3 —8. 
729x 3 y 3 —512^ 3 
a ^—8b 6 c 6 . 


64 a 12 — 1 . 
3 x i3_i92* 7 y 
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7* Type VI: Factors of trinomials like x 2 +px-j q. 

Analysis : The first term of the given expression is a 2 . 
Therefore, it can have two binomial factors ; the first term of 
each factor will be a. 

Let us suppose that the 2nd terms are m & so that 
(x-j-m) (a+«) are the required factors. 

Then (A + m)(*+«) must be equal to x 2 -\-px-\-q 
or x 2 + (m-r -n)x-\-inn must be equal to x 2 -\-px -\-q 

or rn-\-n = -\-p and inn = -\-q 
Thus, the second terms are such that 

their product = -\-q ... (j) 

and their algebraic sum = -\-p. ... (ii) 

So, to be able to factorise the expression, we have to think 
out two numbers satisfying conditions (i) and (ii) above. 

The working is illustrated in the following examples. 

Example 18: Resolve into factors * 2 +1 lx-j-24. 

Sol. (a) The expression can have 2 binomial factors of 

the form (* +.)(* +.). 

( )) Accoiding to the analysis mentioned above, 

(i) the product of the two 2nd terms =4-24 and 
(n) their algebraic sum = + 11. 

Factors of 24 with " ~ 

rt sign before each x 24 2x12 3x8 4x6 

Their algebraic sum n _ 00 , “ 

with ± before each ^3 14, 10 11, 5 10, 2 

Th V,' VO / aCt ° rS “ f 24 ' vhich a dd up to +11 are +3 and +8 

. . The factors of ** + 11*4-24 are (* + 3) and (7+8) 

very heSSi; if’the Worl^^cTe.ee^iuTheoTdt 3 2 'X 4^.' * 

Example 19: Factorise a 2 —1 1 a + 24 . 

Sol. The factors must be of the form (* + )r x , x 

(U) aSebmfc sTm is er -,T h ° Se W Pr ° duCt is +' 24 "'and 


0 (* +.)• 

is +24 and 
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By referring to the table in the previous example, the 
two numbers can evidently be seen to be —3 and —8. 
a —3 and x—8 are the factors. 

Example 20: Resolve into factors a 2 + 17x —60. 

Sol. The factors are of the form (a +.)(* +.)• 

We have to find two numbers whose product is 60 and 
whose sum is +17. 


Factors are 
+ or — 

1 X 60 

2x30 

3x20 

4x15 

5x12 

6x10 

Algebraic 
sum + or — 

61,59 

32, 28 

23,17 

19, 11 

17, 7 

16, 4 


Here it is interesting to note that 17 occurs in two boxes. 

17 is the sum of ( + 12) and (+5) or (+20) and (-3). 
But the product of ( + 12) and (+5) is +60 and not -60. 
So they are rejected. (+20) and (-3) satisfy our require- 

ments. 

/. The factors are a+20 and a — 3. 

Example 21: Resolve into factors a 2 — 17a: -60. 

Sol. Here the factors of —60 whose algebraic sum is —17 
are —20 and +3. 

Hence the factors are a— 20 and a +3. 

Note : - 12 and - 5 will add up to -17 & the product will be + 60. 
So, x— 12 and x —5 are the factors of x — 17x+bU. 

The detailed working of all these four examples are shown 
below : 


*2 + 11a+24 
= *2 + 3*_j_8x-i-24 
= *(a + 3) +8(a +3) 
= (*+3)(*+8) 


x 2 — Hat+24 
= x 2 —3 a—8*+24 
= x(x —3) —8(x 3) 

= (A-3) (a-8 ) 


Note : x* +1 lx—24 and x 2 - 1 lx-24 cannot be factorised. 
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x 2 +1 lx —60 
= x 2 +20x —3x—60 
= x(x+20)-3(x+20) 
= (*+20) (x—3) 


x 2 —17*—60 
= x 2 —20x +3x —60 
= x(x—20)+3(x—20) 
= (x— 20) (x+ 3). 


Resolve into factors : 


1. 

x 2 + 13x+42. 

2. 

a 2 — 18a +65. 

3. 

x 2 + 18x + 65. 

4. 

p 2 — 1 5p +54. 

5. 

x 2 + 18x + 72. 

6. 

x 2 +20x+91. 

7. 

x 2 —22x + 117. 

8. 

x 2 +2 lx + 104. 

9. 

a 2 +5a—104. 

10. 

x 2 +2 lx+ 108. 

11. 

a*+3a — \08. 

12. 

x 2 + 27x + 180. 

13. 

p 2 +p — 156. 

14. 

a 2 — 3a — 180. 

15. 

a 2 —2^ — 143. 

16. 

a 2 —a—240. 

17. 

x 2 + 8x —105. 

18. 

a 2 —26a — 120. 

19. 

1 — 19*+60x 2 . 

20. 

1 —49a — 102a 2 . 

21. 

x 2 + 21x+98. 

22. 

a 2 — i 7a -+72. 

23. 

p 2 — 5p — 176. 

24. 

m 2 +6m —91. 

25. 

p 2 — \0p +24. 

26. 

x 2 + 7x — 30. 

27. 

m 2 +9m —36. 

28. 

x 2 — llx— 80. 

29. 

a 2 — 10a — 56. 

30. 

m 2 +5m — 84. 

31. 

x 2 —20* + 96. 

32. 

* 2 — 6* — 72. 

33. 

x 2 —25x+84. 

34. 

* 2 + 17 x—84. 

35. 

o 2 — 9# —90. 

36. 

x 2 —22x—48. 

37. 

x 2 —x—42. 

38. 

a 2 +a — 72. 

39. 

1 — 19a—120a 2 

40. 

1 +23x—78x 2 

8. 

Type VI(a) : 

Trinomials 

(continued). 


Example 22: Resolve into factors x 2 — 2xy —15>* 2 . 

Sol. The factors will evidently be (*+/>y)> and (*+£>), where 
p and q are such that their sum = —2 and their product = —15. 
These numbers are —5 and +3. 
x 2 — 2xy —\5y 2 = (x— 5_>>)(x+3_)>). 

Example 23: Resolve into factors x 4 +x 2 —20. 

Sol. Putting a for x 2 , the given expression becomes 

a * + a —20, and its factors are a+ 5 and a _4 

Hence * 4 +x 2 — 20 = (x 2 +5)(x 2 — 4) 

= (* 2 +5)(*+2)(x-2). 
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Example 24: Resolve into factors {a 2 -\-2a) 2 —4{a 2 +2a) —21. 

Sol. Putting * for a 2 -{-2a, the given expression becomes 
x 2 —4x— 21, and then* 2 —4*—21 = (*—7)(*+3). 

Hence the given expression = {a 2 -\-2a — 7) (a 2 +2a+3). 

Note : Neither of these can be factorised further. 


Resolve into factors : 


1. 

p 2 — \2pq+20q 2 . 

2. 

m 2 — 12/72/2+32/2 2 . 

3. 

a 2 +#& — 30b 2 . 

4. 

a 2 —4*6 —456 2 . 

5. 

p 2 — \3pq—48q 2 . 

6. 

<2 2 +20<z6 +96/72. 

7. 

m 2 +3/7272 — 28/2 2 . 

8. 

x 2 — llxy—80y 2 . 

9. 

a 4 — cz 2 —12. 

10. 

x 4 +3x 2 —28. 

11. 

* 4 — 18 * 2 — 17 5. 

12. 

a 4 — 25a 2 —f - 136. 

13. 

x 4 — 2x 2 y 2 —63j7 4 . 

14. 

a 6 -\-2a 3 —3. 

15. 

/7 g +26/7 3 —27. 

16. 

x 6 —2 7x 3 +180. 

17. 

(cz 2 —2a) 2 — (« 2 — 2a) 

—30. 


18. 

(x 2 -\-x) 2 — 2{x 2 -\-x) — 

35. 



19. ( m 2 —3/72)2—8(m 2 —3m) +12. 

20. (p 2 — 5/7) 2 +5(/7 2 -5/7) -36. 

21. (/z 2 —4cz) 2 —|— 16 (r 2 2 — 4/z) -1 - 48. 

22. {x 2 — 6x) 2 — 3{x 2 — 6x) —180. 

23. (m 2 + 7m) 2 -(m 2 -\- 7m) —156. 

24. ( p 2 +4/7) 2 +21 ( p 2 +4/7) +98. 

25. (* 2 —8x) 2 — (a 2 — 8a) -240. 

y. Type VI ( b ) : Trinomial ( continued ). 

Example 25 : Resolve into factors 

{2a+b) 2 + {2a+b){a—b) — \2{a-b) 2 . 

Sol. Putting x for 2 a-\-b and_y for a — b , the given expression 
becomes x 2 -\-xy— I2y 2 , and when factorised 

= (*+4y)(x—3y). 

Hence resubstituting for x and y, the given expression 

= { {2a +b) +4 {a —b) } { 2a -\-b) —3 {a —b) } 

= (2a-\-b+4a-4b)(2a+b— 3a+3£) 

= (6#— 3b) (—a +4£) 

= — 3{2a-b){a-4b). 



FACTORS 


121 


EXERCISE 64. 

Resolve into factors : 

1 • (* ■-hr y 2 + 7 o* +>•) (x -_y) +12 (x -y) 2 . 

2. (x +2_>>) 2 —2(x +2_y) (x — y ) -15(x 2 . 

3. (2a-3b) 2 - 11 (2a —3b) (a +2b) +24 (a +2 b) 2 . 

4. (3m—//) 2 +3(3m— n) (m +//) —28(m+«) 2 . 

5. (3a+4b) 2 — 3(3a+4b)(a — 2b) — \0(a— 2b) 2 . 

6. (4m —3/2) 2 —2(4m —3//) (m + 2») — 35(m +2//) 2 . 

7. (2tf-56) 2 -5(2<2-56)(,z-3£) —6(a—3b) 2 . 

8. (a 2 _ a 6) 2 —2(fl 2 —^) («& —b 2 ) —S(ab—b 2 ) 2 . 

9. (2a 2 + 3Z> 2 ) 2 + 5(2a 2 + 3b 2 ) (a 2 —2b 2 ) — 14 (a 2 —2b 2 ) 2 . 

10. (a 2 -4ab) 2 —9(a 2 —4ab) (ab —4b 2 ) +18 (ab —4b 2 ) 2 . 

Simplify by factors : 

11 10 x 2 +2x +1 

x 2 + 5x * a-2 + 5a+4* 

13 x 2 —4 a— 5 ^ x 2 x 2 

x 2 —2x —15 * x 2 —x —12* 

14. What is the quotient if x 2 + 7x + 12 is divided by 
x+4 ? 7 

If x+2 is a factor of x 2 +mx + 14, what is the value 

of m ? 

i6. If x-3 is a factor of x*—p x — 15, what is the value 
ol p ? 

of 1 /? If A4_4 is a factor of * 2 +9x+c, what is the value 
ajJ+bZ+IT VII: Fact ° rs of ex P rc ssions of the form 
Analysis, ax 2 +bx+c = a (x 2 +A* + _L ^. 

Let (x —}- p) (x +- q) be the factors of x 2 -\--^~x-\ _ —. 

a a 


or 

or 


p Xg must be 

a xp X q „ 
apxag „ 


equal to - and p -\-q must be equal to — 

„ ,, c and a (p-\~q) „ „ „b 

„ ,, ac and ap~\~aq „ „ „ b 
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In other words, we have to find two quantities ( ap ) and ( aq ) 
whose product = ac and algebraic sum = b. 

The following examples will make this clear. 

Example 26: Resolve into factors 5* 2 4-33*—14. 

Sol. We have to find two numbers whose 

(i) product = 5x(—14) and 

(ii) algebraic sum = 4-33. 


Factors of 5x( —14) 
with 4" or — before 
each 

1 X 70 

2x35 

5x14 

7x10 

Their algebraic sum 
with 4- or — before 
each 

71, 69 

37, 33 

19, 9 

■ 


4-33 is obtained by combining 4-35 and —2. Having 
discovered these two numbers, proceed as under. 
5x 2 4-33x-14 = 5* 2 4-35*—2*—14 

= 5*(*4-7) —2(* 4-7) 

= (* + 7) (5*—2). 


EXERCISE 65. 


Resolve into factors : 

1. 2* 2 4-l 1*4-14. 

3. 5* 2 4-8*4~3. 

5. 6* 2 —4*—2. 

7. 8 * 2 4-2*—3. 

9. 14a 2 4-29*4-15. 

11. 3 — 5p -\-2p 2 . 

13. 9* 2 — 1 5ab 4~46 2 . 

15. 4p*+5fiq—9g 2 . 
17. 12a 2 4-28*6 — 5b 2 . 


2. 3* 2 4-14*—5. 

4. 6* 2 4-5*—6. 

6. 8* 2 — 14*4-3. 

8 . 12m 2 4-7m —10. 

10. 20p 2 4-44/> —13. 

12. 2 4-7m — 15m 2 . 

14. 2m 2 — mn —21 n 2 . 
16. 15* 2 — 77xy + 10j> 2 . 
18. \0x 2 -4\xy+2\y*. 


Simplify by factors : 

^ 6* 2 4-*—35 4* 2 —5*—6 

19- 12* 2 —19*—21 X 2* 2 — * —15* 

6* 2 —7*—20 , 21* 2 4-41*4-10 

3* 2 —14*—24 • 7* 2 —40* —12 * 


20 
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Resolve into factors : 

21. 2{x-\-y) 2 — 2z}. [ Hint : Put a for (x-hr)-l 

22 . 2 (a 2 + 6 2 ) 2 + 5^(fl 2 + i 2 ) + 2 a 2 £ 2 . 

23. at 2 (x + 1 ) 2 — 14(x + 1)x + 24. 

24. 8 (a + l) 2 + 2 (a + l)(t-l-2)-15(^-t-2) 2 . 

25. 6 x 4 — 7a: 2 —20. 26. 6 x 4 — 7x 2 — 3. 

27. 5x 6 — 7x 3 — 6 . 28. 18x 4 +25x 2 y — 3y*. 

29. 8 x 6 — 65x 3 +8. 30. 4x 8 — 17x 4 _>> 4 4>- 8 . 

31. 5x 2 —13xj+6j 2 . 32. 5x 2 — 13*y — 6y 2 . 

33. 7x 2 -25x4-12. 34. 7x 2 —25x-12. 

35. * 3 y — 9x 2 _y 2 4-20x>\ 36. 8 a 3 — 2a 2 b — \5ab 2 . 

37. (a + 7)(a —10)4-16. 

38. (x 2 —4x)(x 2 -4x —1)-20. [Hint: Put a for (x 2 —4x).] 

39. (x 2 +x — 6 ) (x 2 +x —20) — 15. 

40. (x 2 + 8 x + 7)(x 2 -f8x-H5) —9. 

41. ^+2x—5. £ Hint : Put a for-^-.J 

11. Type VD I: Factors of expressions of the form 

a 3 -}-fo 3 -f-c 3 —3abc. 

< 2 3 _|_^ 3 _|_ c 3—3 abc 
= (< 2 -f&) 3 — 3ab(a-\-b) +c 3 —3 abc 

— (a4-6) 3 4-c 3 — 3ab{a-\-b -\-c) 

= ( a-]-b-\-c ) { (<z+ 6) 2 — {a-\-b)c-\-c 2 } — 3ab{a-\-b +c) 

— {a-\-b-\rc) { {a 2 -±-2ab -\-b 2 — ac — be-\-c 2 ) —3 ab} 

= {a-\-b -\-c) (a 2 -\-b 2 -\-c 2 — ab — ac — be) 

This can also be put in the form 
a*+b*+c* Sabc = \(a+b+c) { ( a -b) 2 + (b - c ) 2 + (c-a) 2 ) 

Note : This is only a reversal of the formula XV. 

Example 27: Resolve into factors 8a 3 —276 3 + l + \Qab. 

Sol. Reducing the given expression to the standard form, we 
have 

(2a ) 3 + (-36) 3 + (1 ) 3 -3(2a) ( -3b) (1) 

= (2a—364-1) { (2a) 2 4-(-36) 2 4-(l) 2 -(2a)(-36) 

— (2a) (1) —(—36) (1) > 
= (2a -3b +1) (4a 2 +9b 2 4-1 +6ab -2a 4-36). 
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Example 28: 


Sol. 


pie 28: Factorise (x+y) 3 -\-(y+z) 3 + (z + a) 3 

—3 (a -\-y) (y -\-z) (z 4~a). 
Putting a for (a +_>-), b for (y+z) and c for (z 4-a) , we set 
a* + l*+ c *—3abc 


= h(«+b+c) { ( a-b) 2 + (b-c) 2 -\-(c-a ) 2 }. 
Substituting the values of a, b and c, we get the expression 
= i ( (*+y) +(y+z)+(z+x) } { ( a -— z) 2 -\-{y— *) 2 


= (X +y +Z) (2a 2 +2 V 2 4-2-c 2 — 2*y -2 a* -2_>>*) 
= 2 (at +y -\-z) (-v 2 4-_>> 2 -f* 2 —a? —a* —j>*) 


+ («-j0 2 } 


EXERCISE 66. 

Factorise : 

1. a 3 — 8b 3 - s r 27c 3 -\-\8abc. 2. a 3 — _v 3 —z 3 — 3a>*. 

3. a 3 —^3 — J — 3ob. 4. a 3 — 3^+y + l. 

5. « 3 + ^ 3 +18^—216. 6. a 3 — 8_>< 3 — 24a? — 64. 

7. 64a 3 — 27^ 3 + l -\-36ab. 8. 27a 3 — 125>> 3 — 180*y — 64. 

9. 8 a 3 —27 b 3 —c 3 — 18 abc. 

10. * 3 —4 —36. [Hint. —36 = (—3) 3 —3x3.] 

X 

11. a 6 -f 32a 3 —64. [Hint. 32a 3 = (2a) 3 +3a 2 X 2a x 4.] 

12. (x +_>■) 3 + (y +z) 3 — (z 4-a) 3 4- 3 (a +y) (y +z) (z 4-a) . 

13. ( a -b) 3 -(b-c) 3 + (c-a) 3 + 3(a-b)(b-c)(c—a ). 

14. (a + 1) 3 4-(.v+2) 3 + (a4-3) 3 -3(a: + 1)(a4-2)(a+3). 

15. (a -\-y 4-2*) 3 4- (y -j-z 4- 2a) 3 4- (^ -\-x +2y) 3 

—3 (a +y +2 Z) (y +z 4- 2a) (z 4-a 4- 2». 

12. Type IX. Factors of expressions of the form 

(x 4-a) (x 4-b) (x 4-c) (x 4-d) 

Example 29: Factorise (a 4-1) (a 4-3) (a —4) (a —6)4-13. 

Sol. The expression ={ (a4-1)(a—4) }{ (a4-3)(a—6) }4-13. 

= (a 2 —3a —4) (a 2 —3a —18) 4-13. 

Putting a for a 2 —3a, we get 

The expression = (a—4) (a —18)4-13 

= a 2 -22a 4-72 4-13 
= a 2 -22a 4-85 
= (a —5) (a —17). 

Substituting a 2 —3a for a, the expression 

= (a 2 —3a— 5) (a 2 —3a —17). 
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Example 30: Factorise (a +4)(a — 6){a-\-2){a — 3) — 6a 2 . 

Sol. The expression = { (a +4) (a —3) }{ ( a — 6) (a +2) }— 6a 2 

— (a 2 +a —12) (« 2 — 4a — 12) —6a 2 
= (a 2 — 12+a)(a 2 — 12—4a)— 6a 2 . 

Putting X for a 2 —12, the expression 

= (a-4 ~ a )( x — 4a)—6a 2 

— a 2 —3<za-— 4a 2 — 6a 2 
= x 2 —3ax — \0a 2 

= (x-ba){x-\-2a). 

Substituting a 2 —12 for x> the expression 

= (a 2 —5a —12)(a 2 +2a —12). 


Note : In factorising expressions of this type, we take the four factors 
in the expression in two pairs so that their products may contain at least 
two same terms, as illustrated in the above two examples. 


EXERCISE 67. 


Factorise : 

1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 


(a+ 1) (a+2) (a+3) (a+4) —3. 

(*-1)(*-2)(a+3)(a+4) +4. 
(a+2)(a+3)(a-5)(a-6)+12. 

(* + !)(*+4) (a+7)(a + 10) —40. 

(* -3) (a -2) (a -6) (at— 4) —1 2 x *. 

(* —8) (a +4) (a +2) (a —4) +9a 8 . 

*(2a+1)(a— 2)(2a-3) -63. 
a(3a +2) (A -2) (3a -4) —21. 

(2 a+3) (2a+ 7) (2a — 1) (2a —5) —175. 

3a(3a-I)(3a + 1)(3a+2)-3. 

(a+3)(a*-1)(a+5)-9. 

(* 2 — 4) (a +1) (a +5) — 45. 

4(a +1) (2a+3) (a+2) (2a+5) —360. 

9(3a + 1)(a + 1)(3a— 4)(a—2)+13. 

Pro ve that the product of any four consecutive numbers 
increased by one is a perfect square. 

16. Prove that the product of any four consecutive even 
numbers increased by 16 is a perfect s'quare. 

17. Prove that the product of any four consecutive odd 
numbers increased by 16 is a perfect square. 
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13. Type X. Factors of expressions which can be reduced 

to the form a 2 — b 2 . 


Example 31s Resolve into factors 4a 2 — b 2 — 9c 2 -\-6bc. 

Sol. Since 6bc seems to be twice the product of two terms 
containing b and c, therefore terms containing b and c must 
be grouped together. 

Thus the expression = 4a 2 — (o 2 +9c 2 —6 be) 

= {2a) 2 -(b-3c) 2 
= (2a -\-b —3c) (2a — b +3c). 


Example 32 


Resolve into factors 

a 2 _ b 2 _ c 2 +d 2 _2 {ad—be). 


Sol. The expression = a 2 — b 2 — c 2 -\-d 2 — 2adAr2.be. 

= (a 2 —2ad+d 2 )—(b 2 —2bcA-c 2 ) 

= f a —d) 2 —(b—c) 2 

= { (a—d)+(b—c) }{ (a-d)-(b-c) } 

= (a+6— c — d)(a—b A~ c ^)* 


Resolve into factors : 

! X 2 , V 2__ Z 2 . 2x y. 2 . 1 6x 2 — Ay 2 + 1 2yz 9 ^: 2 . 

Ax 2 —9y 2 —25z 2 n-^Oyz. 4 . 16x 2 +40x£—36 j 2 +25£ . 

36^2_60x^—49^ 2 -f25x 2 . 6. 2 (ab-\-cd)—a 2 —b+c 2 4rd. 

a 2 _i_4^,2 —9c 2 — 16 d 2 —2(2 ab — 12 cd). 

16^2 _9 b 2 —49c 2 +25 d 2 +2(216c +20a<f). 

1 —4a 2 +9Z> 2 —25r 2 +20ac — 6b. 

4^2 _g^2 —25c 2 +30 be —24 a +36. 

25c 2 _49£ 2 —a 2 +1 4ab —20c +4. 

49^2 __ i i Qb 2 —64c 2 +16c —56 ab. 

Resolve into factors x 4 — llx 2 + l. 

Ar 4_ 1 ] x 2 + i = * 4 - 2 x 2 + l-9x 2 

= (x 2 -l) 2 -(3x) 2 . 

= (x 2 — l+3x)(x 2 — 1— 3x) 

= (x 2 +3x — 1) (x 2 —3x 1). 

Resolve into factors 4x 4 +81. 

4*4+81 = (2jc 2 ) 2 + (9) 2 +2 (2x 2 ) (9) 2 (2a; 2 ) (9) 

= (2x 2 +9 ) 2 — ( 6 x ) 2 
= (2x 2 + 6 x +9) (2x 2 — 6 x +9). 


3. 

5. 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

Example 33 

Sol. 


Fva mple 34 

Sol. 
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Example 35: Resolve into factors (a 2 — 2ab) —( c 2 — 2bc). 

Sol. (a 2 —2ab)—(c 2 —2bc) = a 2 — 2ab — c 2 +2bc 

= a 2 —2ab+b 2 —c 2 +2bc—b 2 
= (a 2 — 2ab-\-b 2 ) — (c 2 — 2bc + b 2 ) 

= {a—b) 2 — {c—b) 2 

= { (a — b) -\-(c — b) }{ ( a — b) — (c — b) } 
= (a — b-\-c — b)(a — b — c-\-b ) 

= (a — 2b-\-c)(a— c). 


Resolve into factors : 

1. a 4 +2a 2 +9. 

3. 4a 4 +8a 2 6 2 +96 4 . 

5. 4a 4 — 37a 2 +9. 

7. 25a 4 — I9a 2 b 2 +9b*. 

9. a 4 — 16a 2 6 2 +366 4 . 

11 . a 4 +a 2 6 2 +£ 4 . 

13. a 4 4-4. 

15. 9a 4 +366 4 . 

17. a 4 +a 2 + l. 

19. a 8 +a 4 6 4 +£ 3 . 

21 . ( 9fi 2 -6pq)-(r 2 -2qr ). 

23. (25a 2 -20 ab) ~3c(3c -4 b ). 


2. a 4 4-7a 2 4- 16. 

4. 9a 4 — a 2 £ 2 + 16£ 4 . 

6. 9a 4 —33a 2 6 2 + 16£ 4 . 

8. a 4 —35a 2 £ 2 +25£ 4 . 

10. 49a 4 —60a 2 Z> 2 4- 1 6b*. 

12. 625 4-4a 4 . 

14. a 4 4-64. 

16. 64/> 4 4-81<7 4 . 

18. a 8 +a 4 4~ 1. 

20 . 25a 4 4-35a 2 A 2 4-36^ 4 . 

22. (a 2 —6ab) — (25c 2 — 30bc). 
24. 7a(7a—4£) —3r(3r— 4b). 


SELECTED QUESTIONS A. 

Factorise : 


1 . 

2 . 

3. 

4. 
6 . 
8 . 

10 . 

12 . 

14. 

16. 


P 2 +? 2 —p — q. 

a 2 4 -b 2 4-2 (ab -\-ac -\-be ). 

4a 2 4-12 ab 4-9 b 2 —8a — 1 2b. 


(a-b£) 4 -(a-6) 4 5. 

8a- 3 +27. 7 

125a 6 +646®. 

64a 12 — a 12 . i| 

*2 + 17*—630. 13 [ 

2 * 2 + 9 *— 5 . 15. 

6*2+25*+21. 17. 


.v 8 -y». 

x*y -\-Qxy*. 

a- 6 —729. 

16* 7 — 16* 4 —81* 3 +81. 
*2+2*— 399. 

12*2+*—35. 

6*2 —13*+5. 
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18. 2x 2 —x— 6 . 19. 2x 2 +x— 6 . 

20 . 2x 2 +x(26 — a)— ab. 

21. 6x 2 +ax— 12a 2 . 22. 15x 2 — 41xa + 14a 2 . 

23. 2x 2 — 5xy — 1 2y 2 . 24. 16x 2 -16x>-+3>> 2 . 

25. (x + l)(x+2)(x+3)(x+4)—8. 

26. x {x — 1 ) (at -2) (x — 3) + 1 . 

27. (x +3) (x+4) (x —8) (x—9) —64. 

28. (x —2) (x —9) (x -6) (x—3) — 15x 2 . 

29. a 2 — b 2 +c 2 -\-2ac. 30. /> 4 + 4. 

31. x 4 -f64. 32. x 4 +4/. 

33. 4x4 + 1. 34. at 4 —x 2 y + 16y. 

35. 81a 4 +64Z> 4 . 36. y+y + 1. 

37. a 4 +4a 2 + 16. 38. x 4 —7x 2 _y 2 +>> 4 . 

39. a 4 +2a 2 6 2 +96 4 . 40. x 8 +x 4 + l. 

41. x 8 + 14x4+81. 

42. ( a 2 —b 2 ){c 2 —d 2 ) +4a6a/. 

43. a 2 — 6 2 — c 2 +rf 2 — 2 {ad—be). 


CHAPTER VI 


REMAINDER THEOREM, APPLICATIONS 


1. It is known that in any division, 

Divisor X Quotient -f- Remainder = Dividend. 

Consider the case in which 2* 2 43*45 is divided by a-—2. 


Actual division 
a— 2\2A 2 -f-3* + 5/2*-b7 
)2x 2 — 4* V 

7*4 5 
7* —14 

419 

Remainder = 419 


Denoting quotient by Q and 

remainder by R , we have 

(*-2) x Q,4/* = 2**43*45 
Putting * = 2, we get 

(2-2) x 04-/* = 2(2) 2 43 x245 
Ox 04-/* = 84645 
R = 19 


Take another case in which 3* 2 —2*—6 is divided by *42. 


Actual division Denoting quotient by O and 

*42\ 3* 2 — 2*—6 /3*—8 remainder by R y we have 

) 3* 2 46* V (* 4-2) x 04 R = 3* 2 -2*- 6 

—8*— 6 , B y putting * = —2, we get 

—8* —16 (—242) x 04-/* = 3 (—2) 2 — 2 

410 ^ ( —2)—6 

^ . ,- - Ox 04-/* = 3x444— 6 

Remainder = 410 

Note that the same remainder is obtained by both methods 
m each case. 7 cl,loas 

In general, let px*+q*+rx+s be divided by and let Q 
be the quotient and R the remainder. 

Then (* -a) x 04- R = fix 3 4 qx* +rx +s. 

Putting * = {a-a) x Q ,+ R = fia*+ qa *+ra+s 

0 x 04-/* = pa z ~\~qa 2 -\-ra -\-s 
R = p a 2 -^-qa 2 -\-ra~\-s. 

alwa^o! -,°r “ot, since °x fib 

lower degree than the divisor which i’tself’is of thefi“drpee. US ' b * ° f * 


* 42\ 3* 2 —2*—6 

/ 3* 2 46* 

— 8 *— 6 
—8* —16 

410 

Remainder = 410 
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From these results we can deduce the following theorem. 

Theorem : When an expression in x is divided by x — a , the 
remainder can be obtained by putting aforx in the given expression. 

This is known as the Remainder Theorem. 

Note: (i) If the divisor is x+a, the remainder can be obtained by 
putting —a for x in the expression. 

(ii) If the divisor is 2x —3, then put the divisor = O and we get 
x = The remainder is obtained by putting x = 5. 

2. If 2x 3 —5.x* + 5x — 2 is divided by * — 1, the remainder 
= 2(1) 3 —5(1) 2 +5(1)—2 =0. This means that * — lisa factor 
of 2* 3 —5x 2 +5a'—2. Similarly in a division when the remain¬ 
der is zero, the divisor is a factor of the dividend. So we say. 

If an expression in x is reduced to zero on substituting + a for x 
in it, then x~f a is a factor of the expression. 

This is known as the Factor Theorem. 

Rule (1) : x — 1 is a factor of an expression in x if the sum of 
the coefficients of all powers of x including the independent term is zero. 

Rule (2) : * + 1 is a factor of an expression in x if the sum of 

the coefficients of odd powers of x is equal to the sum of the coefficients 
of even powers of x. (The independent term is counted as an 
even power of x). 

Example 1: Prove that x — 1, x +1, x —2 are factors of 
2x 4 — 5a 3 +5* —2. 

Sol. (i) When A' —1 is the divisor, 

R = 2( + l) 4 -5( + l) 3 +5( + l)-2 
= 2—5+5—2=0. 

Since in this case the remainder is 0, 

x — \ is a factor of the given expression. 

(ii) When x + 1 is the divisor, 

R = 2( — l) 4 —5( —1) 3 +5( 1) 2 
= 2 +5 —5 —2 = 0. 

Since in this case the remainder is 0, 

x +1 is a factor of the given expression. 

(iii) When x—2 is the divisor, 

R = 2(+2) 4 -5(+2) 3 +5(+2)-2 
= 32—40 + 10—2 = 0. 
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Since in this case the remainder is 0, 

x —2 is a factor of the given expression. 

Example 2: Resolve into factors* 3 —6* 2 + 12*— 7. 

Sol. The sum of the co-efficients = 1 —6 —f- 12—7 = 0 ; 

by rule (1), *— 1 is a factor of the expression. 

x z — 6*2 -|- i 2* — 7 = * 3 -* 2 — 5*2 + 5*—h 7* —7 

= **(* -!) _ 5 *(* - 1 ) + 7 (* - 1 ) 

= (* — 1) (* 2 — 5*4-7). 

Example 3: Resolve into factors *3 -f8* 2 +19* + 12. 

Sol. Here, the sum of the co-efficients of the 1st and third 
terms = 1+19 = 20, and the sum of the co-efficients of the 
2nd and the fourth terms =8 +12 =20 ; 

. . by rule (2), * + l is a factor of the expression. 

* 3 + 8* 2 + l9* + 12 = * 3 +* 2 + 7 * 2 + 7* 4 -12* + 1 2 

= **(* + l)+7*(* + l)+12(* + l) 

= (* + l)(* 2 + 7* + 12) 

As * 2 +7* + 12 can be factorised into (x + 3)(*+4) 

/. * 3 +8*2 +19*+12 = (* + l)(* + 3)(*+4). 

Example 4: Resolve into factors * 5 +* 3 —3* 2 —2*+3. 

Sol. When the missing term in the form of 0.* 4 is added the 
expression =* 5 + 0 .* 4 +*3 3 * 2 —2* + 3 and the sum of the 

co-efficients of the 1st, 3rd and 5th terms = 1+1 —2 = 0 

whereas the sum of the co-efficients of the 2 nd, 4 th and 
6 th terms = 0—3+3 = 0. 


A S th«e sums are equal, * + l is a factor of the expression. 

= ?& + 2*- S *- St+ s, +3 

= S'Sifcri'+ 2 y+| ; '|»+1) -5,(, +■) +3 ( ,+,, 

is aS t ^ ie sum ( be co-efficients of * 4 —* 3 +2x 2 _ 5 *_p 3 


* —1 is a factor of * 4 — *3 + 2* 2 — 5 * + 3 . 

-* 4 —AT 3 +2*2—5*+3 =* 3 (* —1)+2*(* —1)_3(* — n 

. . = (*-l)(*3+2*-3). ' 

gain, as the sum of the co-efficients of * 3 + 2 *_ 3 is 0 

* — 1 is a factor of x 3 + 2 *— 3 . * 

* 3 +2x 3 = * 2 (x 1 ) + x(x i) +3 (* — 1,) 

= (*-l)(* 2 +*+3). 
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Since a 2 +a+3 cannot be factorised 

+> + *3_3*2_2a+ 3 = (* + l)(*_i)(*_i)(*2 + * +3 ). 

EXERCISE 70. 

By the Remainder Theorem, find the remainder when 

1. a 3 — 5a 2 +6a —3 is divided by x — 1. 

2. 2x 3 — 3a 2 +4a — 1 is divided by a +2. 

3. 4x 3 — 2a 2 +5a —3 is divided by x — a. 

4. 5a 3 — a 2 +3a —4 is divided by x-\-m. 

5. 2a 4 + 7a 3 <z — x 2 a 2 ~\-\\xa 3 — 6 a A is divided by a+2 a. 

Prove that: 

6. x — 1 is a factor of a 4 — 3a 3 +a 2 +3a —2. 

7. a+2 and x —3 are the factors of a 3 — 3a 2 — 4a + 12. 

8. x —2 and x +4 are the factors of 2a 3 + 7a 2 — 10a —24. 

9. (a+ 6 ) and ( b-\-c ) are the factors of (< 2 + 6 +c ) 3 — a 8 

—b z —c*. 

(Hint : Substitute in the expression —b for a in the first case 
and —c for b in the second case). 

10 . a is a factor of (<z+ 6 +c) 3 —( b-\-c — a ) 3 — (c+fi— b) z 

— (b-\-a —s) 3 . [ Hint. a = (a — 0 )a =0.] 

Resolve into factors using the factor theorem rules : 

11. a 3 +a 2 +a— 3. 12. a 3 —6a 2 + 11 a—6. 

13. a 3 +9a 2 +23a + 15. 14. 3a 3 +a 2 +a—5. 

15. 4a 3 +3a 2 +a+2. 16. 2a 4 +3a 3 4-2a 2 — 3a-4. 

17. a 4 +2a 3 — 5a 2 +2. 18. a 4 —a 3 + 7a+5. 

19. a 4 +a 3 —7a 2 —a+6. 20. 2a 4 — a 3 — 8a 2 + 11a —4. 

Example 5: For what value of m will a— 2 be a factor of 
a 3 — 5A 2 4-mA+m ? 

Sol. a— 2 will be a factor of the given expression 
if ( 2 ) 3 —5(2) 2 +m(2)+m = 0 
or if —12+3m =0 

or if m — 4. 

EXERCISE 71. 

1. For what value of p is a 2 - 0+2) a +6 exactly divisible 

*2. Find the condition that <za 3 +6a 2 +cx+</ may be exactly 
divisible by a — 1 . 
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3. Find the value of a, b for which x 2 +x—6 may be a 
factor of x 3 — ax 2 — bx —6.' 

4 . What number must be added to 5x 4 — 7x 3 +G so that 
the result may be divisible by x + 3 ? 

5. If x 2 — Aax — 19a 2 — b is exactly divisible by x — 7a, 
prove that b = 2a 2 . 

6 . The expressions />a 3 + 2a 2 — 3 and * 4 — />x+4 leave the 
same remainder when they are divided by x —2. Find 
the value of p. 

3. Trial Factors, 

By actual multiplication, we have 
(2*+3)(5*+2)(3*-l) = 30x 3 —J— 47a: 2 — x —6 

Putting x = 1 in the above identity, we get 

(2+3)(5+2)(3-l) = 30+47 — 1 —6 
or 5 X 7 X 2 = 70. 

Each of the numbers 5, 7, 2 is a factor of 70. But ail these 
are the algebraic sums of the co-efficients of the factors and 
the expression. Hence the following rule: 

The algebraic sum of the co-efficients of each factor of an expression 
ts a factor of the algebraic sum of the co-efficients of the expression. 

Note: The converse of this statement, however, is not true. The 
algebras sum of the co-efficients of 5x+2 and 2x+5 is the same. But 
ox+2 is a factor of the above expression while 2x-f-5 is not. 

When the number of trial factors is large, this rule enables 
fhctorisatUm ° f them ^ t0 simplify the P roc ess of 


Example 6: Factorise **— 5a 2 — 5at— 6. 

Sol. As the expression is of the 3rd degree, it can have either 
tliree linear factors or one linear and one quadratic • i.e. it 
must have at least one linear factor. > * 

+ thc f l rst term of the expression is *3, the first term of 
the linear factor is x. 


As the last term of the expression is -6, the last term of 
the linear factor may be one of 

^ +2, —2, +3, —3, +6, —6. 

tJr the linear trial factors could be 

(A- + 1), (*-l), (*+2), (*-2), (* + 3),(*_3), (*+6) or (*-6). 
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Since, in this case, neither rule (1) holds good nor rule (2), 
(■* + 1) or (x — 1) cannot be a factor of the expression, 

Again, the sum of the co-efficients of the expression is 

1 -5-5-6 = -15, 

whereas the sum of the co-efficients of a 42 is 3 and it is a 
factor of 15, therefore a 42 may be a factor of the expression : 
the sum of the co-efficients of a— 2 is —1 and it is a factor 
of 15, therefore a— 2 may be a factor of the expression ; the 
sum of the co-efficients of x-j-3 , a* —3, a+ 6 is 4, —2, 7 res¬ 
pectively and none of them is a factor of 15, therefore none 
of A-f 3, a —3, a- f-6 can be a factor of the expression ; the 
sum of the co-efficients of a —6 is —5 and it is a factor of 15, 
therefore a —6 may be a factor of the expression. 

Hence a +2, a —2, a—6 are the only binomials left for trial. 

Substituting —2 or -f-2 for a in the given expression, we 
find that it does not vanish, but on substituting -f-6 for a, we 
see that it vanishes. 

a — 6 is one of the factors. 

The given expression can be put as 

a 2 (a— 6) +x(x—6)4(*—6) = (a—6) (a 2 +a -f- 1 ). 

As a 2 -\-x -f- 1 cannot be further factorised, 

(a —6) (a 2 4 * 41 ) are the required factors. 

Example 7: Factorise 3a 4 44a 3 —57a 2 — 18x—40. 

Sol. Since, in this case, rules (1), (2) do not hold good, 

(a — 1) or (a + I) is not a factor of this expression. 

As the last term of the expression is —40, the last term of 
the linear factor (if any) would be 2, 4, 5, 8, 10 or 20. 

Hence the possible trial factors are 
a4-2, A—2, a+4, a—4, a45, a—5, a+8, a—8, a410, a —10, 
a 420 , a—20. 

The sum of the co-efficients of the expression 

= 344—57 — 18—40 = —108. 

Thesums of the co-efficients of the trial factors are respectively 

3, -1, 45, -3, 46, -4, 49, -7, 4H, -9, 421 and -19. 

As 5, 9, —7, 11, 21 and —19 are not the factors of 108, we 
reject a 44, a48, a —8, a410, a 420 and a 20. 
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On substituting — 2 or +2 for a in the given expression, 
we find that it does not vanish, therefore we reject a 4-2 and 
x—2 as well. 

On substituting -f-4 for x in the given expression, we find 
that it vanishes. 

x —4 is one of its factors. 

Hence 3a 4 +4a 3 —57a 2 — 18a*—40 

= 3x 3 (x —4) + 16 a 2 (a —4) -f 7* (* —4) 4- 1 0(a —4) 

= (a— 4)(3a 3 4-16a 2 + 7* +10). 

If we substitute —5 for a in 3a 3 -j-1 6 a 2 + 7a + 10, it vanishes. 
3a 3 4-16a 2 + 7a + 10 = 3a 2 (a+5) +a(*+5) +2(a+5) 

= (a 4-5) (3a 2 4-* 4-2) 

Since 3a 2 +a+2 cannot be further factorised 

(a-4)(a+5)(3a 2 +a+2) are the required factors. 


Factorise : 

1. * s +3 a 2 — l 0 a —24. 2. A 3 —5a 2 -2a 4-24. 

3. 6a 3 4-a 2 — 1 9a -f 6 . 4. a 3 —19a—30. 

5. a 3 — 39a 4-70. 6. a 3 —a 2 4-12. 

7. a 3 — 5a4-12. 8. a 4 — 2a 3 — 20a 2 -f 39 a 4-36. 

Factorise the following expressions, applving Remainder 
Theorem : 


9. 2a 3 -\-9a 2 — 8a — 15. 10. 4a 3 — 1 5a 2 -\-3a + 18. 

11. a 3 -\-a 2 b -\-ab 2 — 3b 3 . 12. a 3 —4a 2 b -\-5ab 2 — 2b 3 . 

13. a 3 -\-3a 2 b — \8ab 2 —40b 3 . 14. 2a 3 —9 a 2 —27 a A-54. 

— 7<7 + 12 - 16. 2a 3 — 3a 2 b + lab 2 — 3b 3 . 

17. 6a 3 — \7a 2 b+6ab 2 -\-8b 3 . 18. \2a 3 -\-5a 2 b — 1 lab 2 — 6b 3 . 

4. Divisibility of x n + a n by a 4- a. 

„ 4 When a" is divided by x—a, the remainder is 

a —a = 0, 


a” — a n is always divisible by a — a. 

(ii) When * n - a " is divided by x+a, the remainder is 

o7od<r a and 15 equal l ° 0 ° r ~ 2a "’ accordin S as n is even 


• • * a ^ divisible by a-| -a only when n is even. 


136 


ALGEBRA FOR HIGHER SECOND ART SCHOOLS 


(in) When x”-fa” is divided by x-fa, the remainder is 
( a ) “N* a ^d is equal to 0 or 2 a n , according as n is odd or even. 
. . a: -fa is divisible by x-j-a only when n is odd. 

(iv) When x -fa” is divided by x~a , the remainder is 
a l +a n =2a n . 

*”-fa” is never divisible by x — a. 

Example 8: Show that 10” — 1 is always divisible by 9. 

Sol. Since x 11 — a n is always divisible by x—a, 

by putting x = 10 and a = 1, we find that 
10” — 1” is always divisible by 10 — 1, 
or 10” — 1 is always divisible by 9. 


Example 9 : Simplify - * ■ 

ZAT -f- 3y 

Sol. Since x”-fa” is divisible by x-fa when n is odd, 

"-sr - - w-w(w 


= (2x) 2 (2x)(3y) +(3y) 2 

= 4x 2 —6xy+9y 2 . 


Sol 


pie 10: Simplify * 5 + 32 -^ 

x-f 2y 

Since x”-fa” is divisible by x-fa when n is odd, 
x 5 -f 32> 5 _ (x) 5 -f (2y) 5 

x+2 \y ~~ x-f2j v 

= x 4 —x 3 (2 y) -fx 2 (2_>>) 2 — x(2y) 3 -f (2y ) 4 
= x 4 —2x^y-f4x^ 2 —8^-f l^ 4 . 


Show that 

1. 9” — 1 is always divisible by 8. 

2. 10”-fl is never divisible by 9. 

3. 10”—1 is divisible by 11 when n is even. 

4. 10”-fl is divisible by 11 when n is odd. 

5. 4 3n —3 3n is always divisible by 37. 

6. 8 2m — 1 is always divisible by 63. 

7 . 17 8 —5 8 is divisible by 6 and 11. 
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Write down by inspection the quotient of: 

8 . (8a 3 — x ^)~{2a— x). 9. (a 3 + 64£ 3 ) _ 

10. (64a 6 — * 6 )H-(2a+*). 11 . (27m 3 — 1)- 

J*’ (^ 4 -256y)-^-(A-— 4_y). 13. (l-16m 4 )-f 

14. (32a 5 +6 6 )-f-(2a+£). 

SELECTED QUESTIONS B 


-(a+46). 
(3m —1). 

(1 + 2m ). 


facVor X find eXPreSS ‘° n '* 3 + 3 * 2 + 4 *+/' contains *+6 as a 

2 ’ Thc expressions p**+ 2**-3 and * 4_^ +4 Ieave the 
vadue When they are divided by *—2. Find the 

Resolve into factors : 

* 3 -f-7 * 2 + 14*-}-8. 4 . * 3.72 _oi y 97 

7 - °3 + ?: +2 ^ 8 - 6 - 

Z* * 19^+30. 8 . a -3 — 7 A 1 5 

x 3 52a: +96. 10. x 3 —3x~2. 


SECTIONAL REVISION II 

test papers 

PAPER I 

in expSdfnT' = ** “ W ° rds and a PP^ * 

(ii) Simplify (3 a -i)2 + ( a+3A ) 2 . 

2. Find the value of ** + 1. when *+—=6 . 

which are'formed by the samf tW J numbers 
bv 9 • me S ^ m , e Uvo dl S lts is exactly divisible 

by 99 . (I1) the dlffCTe nce of their squares is exactly divisible 

4. Factorise the following • 

(iL : j fcXz&- 2),; /») J ~ 4 fw — * 2 ~ 4 °* > 

t ; a-rx ** 48 , (tv) (* —1)(*-5 )(at-9) + 

5. Find the value of: C* ~ 3 ) (* —4) (x —5). 

<t s +A 3 -c3-f 3aAc when a = -457, b = -236, c = -693. 
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Simplify by factors : 


•72 x *72—-48 x *48 

1*2 


PAPER 2 

1. (i) Find the missing term in the perfect squares : 

(a) 81x 2 -126*y + ( ); (b) 36* 2 + ( )+121>*. 

(ii) Find by (a + ^) 2 = a 2 ±_2ab -\-b 2 , the value of 
(a) (504) 2 , (b) (495)2. 

2. Find the value of * 2 -}-~ when*-— = 8. 

* 2 * 

3. (i) A class is required.to work out questions 2, 5, 8,. 
11, 14, 17, 20, etc. in a certain exercise. Find a formula 
which gives these numbers. 

(ii) Write down the quotient of * 5 — y 5 by x—y. 

4 . (i) Show that (4*2— 5* + 7)2-(5*2 + 14*+2) 2 is divi¬ 
sible by * 2 -f*-}-l and find the quotient. 

(ii) Prove the identity 

(* -1) (2* +3) + (2* +1) (* -5) = (3* +2) (* -3) + (* -2) (* +1) - 

5. Factorise (i) * 3 +* 2 —42*. 

(ii) (a-\-b) 2 —2(a 2 —b 2 )—l5(a—b) 2 . 

6. Find the value of 

a 3 -\-b 3 -\-c 3 —3 abc when a — 357, b — 367, c = 377. 


PAPER 3 


1. State (a-\-b)(a— b) =a 2 —b 2 in words; apply itinfinding 
the product of ( p — 2q +3r)(/>—2 q —3r) and the value oF 
(328)2 —(323)2. 

2. Find the value of x *-\—-j when *— - =4. 

3. Prove the identity («-|-3) 2 = 3(«+2) 2 —3(w + l) 2 + w2 
and use it to express the value of d 2 in terms of a 2 , b 2 , c where 
a, b, c. d are four consecutive numbers, of which a is the least. 

4. Show that ( 4*2 — 8* — l) 2 — (2* 2 — 5* + 7) 2 is divisible by 
2*2—3*—8, and express the quotient as the product o 

two factors. 



Simplify the following : 
(2<i —9)2 — (g 6) 2 


(i) 


(a- 5) 


2 
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Pi) 


3 (a —8 ) 3 (a — 9) 2 — (a —8 ) 2 (a — 9) 3 

-120 


6 . 


1 . 


2 . 

3. 

and 

4. 


2a 2 — 310- 
Find the value of 

x 3 +8_>- 3 —27 4-18x>> when = 3, 

PAPER 4 

(i) State in words the formula 

(x4-a)(x4-£)(x4-c) = x 3 -\-(a-\-b -\-c)x 2 -\-(ab -\-ac -\-bc)x 
-\-abc , and complete the following : 

(/>+2) (...-3) (/> + ...) = p 3 + ( )/> 2 + (-..)/> -24. 

(ii) Write down the product of (x-f 3), (x —4), (x+5). 

Find the value ofx 3 4-i when je-f-i = 4. 


X 

If a+b-\-c = 0, show that 

(i) { aJ rb){b -\-c)(c -\-a) = — abc , 

(ii) ci 3 +A 3 +t» = 

a ~ i» ^ == 2, c = 3, find the value of 
{a-\-b-\-c) 3 


(i) 


(ii) a bc + b ca + c ab 


5. 


6 . 


a 2 +6 3 -f-c 3 

(iii) (bc) a + (ca) b + (ab) c . 

Factorise (i) 16x 8 -l, (ii) 2 7a*b* -8a 2 6* 

(iii) 4(2*4-36) 2 — 9(o— 6) 2 , 

(iv) (2x 2 —5x4-3) (2x 2 —5x4-4)— 2 . 

Simplify by factors : 

62 x62— 38 x 38 
62 x 62 4-2 x 62 x 38 4-38 x 38. 


PAPER 5 

1. State in words (a ± b) 3 = a 3 ± 3a 2 b -\-3ab 2 ± b 3 
and fill in the blanks in the following ±3ab ( a ± b )> 

9 l 5m 7u" )3 " (••••)— 3 (-.)(--)+3(5 »i)(....)—(2b)«. 

Find the value of: 

M} % a + b , = 11 and ab = 30, 

a -b = 3 and ab = 40, 

(in) 8m 36m 2 -f-54m—50 when m — 3 
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6 . 

and 


(i) Show that x 2 -\-y 2 is less than (x-\-y) 2 

(ii) Find v in terms of u and k from-= t- 

v 7 u V K 

Factorise (i) (x—3)(x +1) 3 +(* — l) 4 —2(x— l) 3 . 

(ii) 30x 2 , 

(iii) x 2 —xz J r yz—y 2 - ^ 

E 

(i) Make n the subject of the formula I = —-*• 

-+R 

n 

(ii) Find the co-eflicient of x 3 in the expansion of 

(6a 3 —5a 2 —4a +2) (3a 3 +2x 2 +5x — 1 ). 

(i) Find the value of a 2 -\-b 2 -\-c 2 when a+b+c = 
ab -j-<2c+£c=85. 

(2’35) 3 —(1-65) 3 

(ii) Simplify by factors ( 2 -35) 2 — (P65) 2 ‘ 



PAPER 6 

1. State in words (a +b) (a 2 +ab +b 2 ) = a 3 +b 3 ; apply it in 

writing down the product of 

(3 +4a) (9 — 12a +16<z 2 ) and simplify 
(/» 8 + 5) (/> 4 SP 2 +25) - (p 2 -2) (p 4 +2 p 2 +4). 

1 1 

2. Find the value of a 3 -r when a — — — P- 

X ** 


3. Factorise (i) {2x-\-y) 2 -\-6y(2x-\-y)-\-9y 2 , 

(ii) x 2 (x+a)—.x(x+a)(a+b)+ab{x + a). . 

4. (i) Find k when (a— a) (a — 3 a)(x+a)(x+3a) +* is a 

perfect square. . 

(ii) Substitute (m-1) for a in the exp ressl on 2, 

_|_4^—5 and arrange the result in descending povv 

5. (i) Find the value of 

gx 3 y-y 3 — 1-f-6x y when a = ‘357, y 286. 

(ii) Simplify by factors 

73 y-73 x -73 -4-*59 X '59 X -59 


/ v/ A V ' ^ ^ ^ '- 

x 2 — 1 3 a —{—40 a 2 4a . a 2 — 5a 


6. Simplify x 2 _ 5x+ 4 T x *2 _2x 


48 


q-5 a—6‘ 
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PAPER 7 

1. State in words ( a-\-b-\-c ) 2 = a 2 + £ 2 +c 2 + 2a6 + 2ac-\-2bc\ 
apply it in expanding (3a- — 2y+4z) 2 , and simplify (2/>—?+r) 2 
-(j, + 2q-r) 2 -{2r-{-q-fi) 2 . 

2. Find the value of a 2 -\-b 2 -\-c 2 when a-\-b -\ c = \2 and 
ab-\-ac-\- bc=41. 

3. (i) Find the number which is half-way between a—b 
and b — a. 

(ii) Given any three consecutive numbers, prove that 
the difference of the squares of the greatest and the least is 
equal to four times the other number. 

4. Factorise (i) 81<2 4 + 646 4 , (ii) 4a 2 —9 y 2 — 6a — 9 y, 

(iii) 35 (a—_ y) 2 —41 (x—y) +12. 

(iv) (2a + 1) (2a+3) (2a +5) (2a + 7) + 16. 

5. If a = b-\-c—2a,y = c-\-a~2b , £ = a+b— 2c, find the 
value o£y 2 +£ 2 — a 2 -\-2yz- 

6. Find the value of a which will make the expression 
a 5 —8a 3 + 11a 2 + 7a —1789 exactly divisible by a 2 + 7a — 1. 


PAPER 8 


!• State in words ( a -\-b-\-c)(a 2 -\-b 2 -\-c 2 — ab — ac— be) 
= < 2 3 + 6 3 +c 3 — 3abc; apply it in finding the product of 
(2m — n —3) (4m 2 +rz 2 +2mw + 6 m —3/z + 9). 

2. Use the identity a 2 — b 2 = ( a -\-b)(a— b) to find the 
difference between the squares of 587047 and 312953. 

3. Resolve into factors : 




(i) 512 (a-£)3-8(a-4)3, 

(ii) 1+2a+a(a+2)+(a + 1) (a+2), 

(iii) 4a 2 + \2ab+9b 2 -8a-\2b, 

( 1V ) (a 2 — l)(a+ 2 )+(< 2 2 + 2 < 2 )(a + l). 

Show by means of a formula that 

{ax+by+ezy + icx—by+az)* is divisible by (a+c)(*+£) 

Simplify - g4 +* 2 * 2 +* 4 «*+2^-36 2 . 1 

y a 2 -4ab-2\b 2> ^ a* ~b* ~^V^Tb' 

Find the value of 27 x51 +27 X49+73 x 51 +73 X 49. 


6 . 
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PAPER 9 




Simplify by factors 


•254X-254 — -16x*16 
•094 


(ii) Write by inspection the continued product of 
(x—a), (x 2 +fl 2 )> (* 4 4-a 4 ), (*+a). 

2. If 2s = a-\-b-\-c , prove that 

(s — a) 3 -f (s —b) 3 + (s —c) 3 —3 (s —a ) (s —b) (j- —c) 

= \{a 3 +b 3 +c 3 — 3abc). 

3. Divide the product of 2 m 2 -\~\\m —21 and 3m 2 —20m—7 
by m 2 —49. 

4. Find the value of x 2 — y 2 +4a +14>»—45 when x 4^ — 23 
and x—y = 7. 

[Hint: Split —45 into -\-4 and —49 and express the whole 
expression as the difference of two squares.'] 

5. Factorise (i) a 4 +4. (ii) a 3 -\-a 2 —a — 1 

(iii) <z 8 +<z 4 -H. 

6. Express: a 3 +b 3 in terms of a and if x = a -\-b,y = a— b. 


OBJECTIVE TYPE ITEMS—II 


1. Rewrite the following, filling up the blanks 

(i) (— 3) 2 — ( 2) 3 = . 

(ii) (3-4) 2 -b(8*6) 2 + (6-8)(8-6) = . 

(iii) If (a— 2) is a factor of a 2 — ax+8, then a = 

(iv) If a 4““ = 2, then at 2 +^ = . 


(v) 5x 2 -iy 2 = 5(.)(.) 

, (l-5 3) 2 -(’47 ) 2 = 

( V1 ) 1*06 

(vii) ( 2 - 475) 3 + (l-525) 3 + 12(2-475)(l-525) .. 

(viii) (2a—b)(2a-hb)(4a 2 +b 2 )(16a 4 +b 4 ) = . 

2. Put an x in the space provided against the correct answer 
in each of the following : ^ 

(i) If m -- = 3, then m 3 —^3 is equal to 

.A. 9 m . .B. 18 .C. 27 . D. 36 
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(ii) The expression 8x 2 —6 xy — 9j > 2 is factorised as 

.A. (2x -\- 3 jy ) (4x -\-3y) .B. (2x— 3jy)(4*+3jy) 

.G. (2x 4-3)0(4x — Zy) .D. (2x— 3jy)(4x — 3j>) 

(iii) If ( x —3) is a factor of the expression x 3 —5x 2 — 2x +8 k, 
then k is equal to 

.A. 11 .B. 5 .G. 3 .D. —3 

(iv) If x 3 +3x 2 —6x—8 is divided by x-j-2, the remainder 
is 

.A. —8 .B. -f 8 .G. Zero .D. —10 

(v) If a — 3, b = 5, c = 7, then the value of a 2 -\-b 2 -j-c 2 
— 2ab-\-2bc — 2ca is equal to 

.A. 1 .B. 25 .G. 81 .D. 225 



















CHAPTER VII 

H. C. F. AND L. C. M. 



1. H.C.F. by Factors. 

The meaning of the expression H.C.F. and very simple 
cases of finding the H.C.F. were dealt with earlier in chapter I. 
In the case of expressions containing two or more terms also, 
the process of finding the H.C.F. is the same as in arithmetic. 
To find the H.C.F. of such expressions , factorise them completely 
and pick out the factor or factors common to all the expressions. 

1 : Find the highest common factor of 

a 3 -\-2a 2 b-^ r ab 2 i 6a 3 +4a 2 b — 2ab 2 , 3(a 2 +ab) 2 . 

Sol. a 3 -\-2a 2 b-\-ab 2 = a(a 2 -\-2ab-\-b 2 ) = a(a+£) 2 

6a 3 +4a 2 b-2ab 2 = 2a(3a 2 +2ab -b 2 ) = 2a(a+b)(3a—b) 
3{a 2 -\-ab) 2 = 3 { a(a + b) } 2 = 3a 2 {a-\-b) 2 

The H.C.F. of these expressions is obviously a(a- 5 r b). 
Example 2 : Find the H.C.F. 

So1 ' 5 ** - 3* -8 = 

= (5*-8)(* + l). 

Obviously 5x—8 cannot be a factor of the 2nd expression, 
as k enX in 8, and 8 is not a factor of 7. If there is a common 

factor at all, it can only be x + 1. ... 

Test if x+l is a factor of the 2nd expression by putting 

* = _ 1 according to the Remainder Theorem. 

The remainder = (— l) 4 —2(-—l) 3 4( 1)_ 

= 1+2+4—7 — u 

/. x +1 is a factor of the expression. 

Hence, the H.C.F. is x + 1. 


Find by factors the H. C. 
1. a 2 — b 2 , a(a—*). 

3. a *—4a 2 b 2 , ab 2 +2b 3 . 

3 —27, (a- 3) 3 . 


F. of: 


5. 


a ' 


2 

4 

6 


a *b, 3ab 2 — 9b 3 . 

fl 3+8, a 2 +5tf +6. 

a 2 —a, (a- 1 ) 2 * aZ " 1 ' 
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7. a 2 — 3 a — 18, a 2 +5a +6. 

8 . a 2 +5a+6, a 2 +9a + 14, a *-7a-\8. 

9. a 2 -c 2 +£ 2 -2a£, a*-b*-c 2 -2bc. 

10. * 2 + 7Ar + 12, * 2 +9*+20, * 3 + 64. 

Find by factors the H.C.F. of: 

11. 2a 2 — 7a+6, a 3 — 5a 2 +a + 10. 

12. 3a 2 +a —14, a*+2a 2 -3 a— \0. 

13. a 2 —4a—21, a 3 +3a 2 —3a —9. 

14. a 4 —1, 3a 5 +2a 4 +4a 3 +2a 2 +a. 

15. a 2 +a —6, a 2 -|-3a — 10 , a 3 +a 2 —5a—2. 

16. a 2 +a —12, a 2 —2a—3, a 3 —4a 2 —2a + 15. 

2. L. C. M. by Factors. 


Factorise the given expressions completely, 
highest power of every factor which occurs 
expressions and multiply them. 


Then take the 
in any of these 


Example 3: Find by factors the L. C. M of- 

(a 2 +2a) 2 , 2a-> + 3a 3 — 2a 2 and 2a 3 -3a 2 —14a. 

Sol. (a 2 +2a) 2 = { a(a+2) } 2 = a 2 (a+2) 2 

2a + 3a 3 — 2a 2 = a 2 (2a 2 4-3a—2) = a 2 (a+2)(2a 

• 2 +?+ 14 « =«(2* 2 -3«-14) =“(i+2)(2«- 

.. the L. G. M. = a 2 (a+2) 2 (2a — l)(2a—7). 


- 1 ) 

7). 


Find 

1. 

3. 

5. 

6 . 

7. 

8 . 
9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

10 


EXERCISE 75. 

by factors the L. C. M. of : 

( -f~r a '>- 2 - « 2 -4, a 3 +8. 

*;-+ ^-w+w.VIS-iK’ * ,+5 " +6 

^+t^A.+3SSf+ 6 ' ,+20 "->» 1A 

a 2 -l, a s + l,a»-l. ' 

a 2 -l, a 2 + l, a t + l ja 8_ K 

a 2 -l, a 2 -|-l, a 3_ lja6 + i 

a 2 - 4 * 2 , (a+26) 2 , (a-26) 2 . 

6 A 2 (a—6) 2 ; 9a 3 (a—6) 3 , \2ab{a—by 

C B *hu$' ^~ b ^’ 2 4(a — b)~(a -j-6) 3 , 36(a 2 -*2)2 

156V-A) 3 , 12a 3 6(<z—6)(a 2 —6 2 ) ' 

a +( — c)a— 6c,* 2 + (c—a)*—^, * 2 + ( a — 
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17. 1 -r 4a 2 — 1 6a 4 , 1 -\-2a — 8a 3 — 16a 4 . 

18. .x 3 — 3 a 2 -f 3.x — 1, x 3 — x 2 — A + 1, x 4 — 2* 3 +2 a — 1, 

*4— 2* 3 +2* 2 — 2x + \. 

3. H. C. F. by Division. 

When two expressions cannot be easily factorised, their 
H. C. F. can be found by the method of division. This method 
is based on the following principles. 

(i) The H. C. F. of two expressions A and B is the same 

v A B 

as the H. C. F. ofmx^ and nxB and of-^— and-provided 

m n 

that in does not have any common factor with n or B and 
n does not have any common factor with m or A. 

(ii) The H. C. F. of two expressions A and B is also the 
H. C. F. of mA+uB and ma—nB i.e. the sum and difference 
of their multiples, provided that the multiplying factors m 
and n have no common factor. 

Example 4 : Find the H. C. F. of a 3 -{-a 2 -2 and a 3 -\-2a 2 -3. 

Sol. Proceed as you do in finding out the G. C. M. of large 
numbers in arithmetic. 


fl 3 +a 2_ 2 

a 3 —a 

a 3 -\-2a 2 —3 
a 3 + a 2 —2 

1 

a z -\-a — 2 
a 3 -1 

a 2 -1 
a 2 — (i 

a 

a — 1 

a-\ ' 
a — \ , 

1 


the H. G. F.=a — 1. , . 0 

Steps in the process: Divide « 2 +2 a 2 -3 by a>+a*-2, 
the remainder =a 2 — l- This remainder contains the required 

H Divide « 3 -M 2 -2 by «*-l, the remainder in this case is 
a __l This remainder contains the required H. L,. . 

Divide a*-\ by a-\. Since in this case there is no 

remainder, a — 1 is the H. G. F. 

Note : The last divisor is the H- C. F. 
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^ a “fi e a 3 5 l 3( J ind thc H.C.F. of a5 - fl3 _4„ 2 _ 3a -2 and 
Sol. Ihe second expression =* 2 (2* 3 _ a 2 ~a _3) 

15 ^ faCt °T r ° f L he sccond expression hut not of the 
is 2 < 7 3 — /? 2 — 'n—‘' neg ected * Tlie scc °nd expression thus left 

2a^-l e 3 rSt e *P ression > « it is, cannot l,c divided l Jy 

^sec^ p ^sr ,Uply U '*>• 2 ' " is - * 

Thus we have 


—2 
— 19 


2*3— r 2 —a — 3 
2*3^- 1 8*2 —i-1 So 1G 


-19* 2 — 19/7-19 


f/ 


4-1 


the H. C. F. = a*+ a + l. 


o° 

2 


— a 3 — 

- 4 * 2 - 

• 3 a 

-2 

2*3 


- 2a 3 ~ 

8*2 

Ha 

—4 

2* 5 - 

-* 4 

— O 3 — 

3*2 



*4 

2 

— tf 3 — 

5*2 - - 

(ja 

~ 


2* 4 

— 2tf 3 - 

1 Otf 2 — 

12* 

-8 


2* J 

— a 3 — 

a 2 — 

3 * 



— a 3 — 

9*2 — 

9a - 

-8 



— a 3 — 

*2 — 

a 




— 

8*2- 

8*- 

-s' 



— 

8*2 - 

8*- 

-8 


a 


a 


— a 


— 8 


powerf of ascertain 

EXERCISE 76. 


in ihe 

letter. 


Find by the method of 

*• + 6* 2 + 13 * + 1 2 

2. *3 + 7*2 + ! 7fl4 _ I5 ' 

3. a 3 —10* 2 +26*—8, 

4 . 6* 3 -5*2++,__!’ 

5. 2* 3 ^7*2__Q a _ 35 
3*3 + 4 a 2 — 6 * —8 
24* 4 — 72*3 + 54 *2 

2*3+5* 2 +*—2 s 


division the H. C. F. of: 


*3 + 7*^ + i 6 * + ]6> 
* 3 t-0* 2 + 19* -|- ] 2. 


a 


-9*2+23*-12. 


6 . 

7. 

S. 


3*3 +2*2 +5* _ 2 

2 * 3 +9*2 + j 6 * +2]. 

~ h Vo° 2 ~ 16*+16. 

16* 5 — 48*4 + 36 * 3 
2* 3 — 5*2 — 4 *+ 3 # 
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9. a 3 4-4 a 2 b — Sab 2 4-246 s , 

10. a 3 —4a 2 4-2a4~3, 

11. a 4 4-a 2 —6, 

12. a 4 — 9a 2 — 30a— 25, 

13. 2a 4 -6a 3 4-3a 2 -3a4-l, 

14. 2n i -\-9a 3 + \4a +3, 

15. 12a 4 —30a 3 4-136a—2 10 


a 5 __ a *b 4-8a 2 i3 _ 8 a 6 4 . 

2 a 4 —9a 3 4-12a 2 —7. 

a 4_ 3a 2 +2 . 

a 5 4 -a 4 —7a 2 -f-3a. 

a 7 _ 3rt 6 +<2 5 _ 4 a 2 -f-12^ —4. 

3a 4 4 -15a 3 -f 5a 2 4-10a 4-2. 

15a 4 —25a 3 4 - 145a — 75. 


4 . H. C. F. of more than two expressions. 

To find the H. C. F. of more than two expressions by division 
method, first we find the H. C. F. of two of the expressions 
and* 1 then find the H. C. F. of this H. C. F and the third 
expression ; and so on. The last H. C. F. is the one required. 


Find by the method of division the H. C. F. of: 

1 x 3 —4x 2 +4x, x 3 +x 3 — 7x+2, 2x 3 x 2 7x+2. 

2 ' x 3_ x 3_7x+3,x 3 -5x 2 +9x-9,x 3 -4x 2 +4x-3. 

3 9x 3 _7x 2 + 7x —2, 4x« —13x 3 + Hx-2,x 4 -3x 3 +6x-4. 

4' *3 +6x 2„ +9xJ ,3 +4 /\ .V 1 +9x*y +28 xY + 36x -> 3 + 16 > 

and' x 1 +8x 3 y +21 x 2 y 2 +22 xy +8y ■ 

5 3 x s +28x 2 v+52xy 2 —48j 3 , 3x*+4x*j—28*>>* + 16j> 

and 3x 3 +10x+ — 44xy 2 +24_y 3 . 

5. H. C. F. by the method of alternately cancelling 
the highest and the lowest terms. , .,4 

Example 6 : Find the H. C. r. ol * x -r 


Sol. 


Cancelling the highest term 

Cancelling the lowest term 

7 *■ A = X 5 — —A 3 4-3 

Let A 2 i 4 

and B = * 5 —'‘ 

A = x 5 — x 3 4-8 

9 B = 2x 5 — 2 x 2 4-8 

c ^3 | Q v 2 

• A—B = — * 3 +* 2 +4. 

Multiply by -1 and call it C 

c ^ 

j 2B = —— x J 4-^* 

Divide by -* 2 and call it D 

D = x 3 4- x 2 _______ 
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The H. C. F. of A and B is the same as that of C and D. 


C = A 3 —A 2 —4 

C = A 3 —A 2 —4 

D = a 3 4 - a —2 

2D = 2a 3 4-2a—4 

C — D = —A 2 —A—2 

C—2D = —a 3 —a 2 —2a. 

Multiply by — 1 and call it E 

Divide by — a and call it F. 

E = A 2 + a 4- 2 

F = a 2 4 - a 4-2 

1 


Now the H. C. F. of E and F is the same as that of C and D 
or that of A and B ; but E and F are indcntical. 

Therefore, the required H. C. F. is a 2 4-*-f-2. 


Note; : The^ method is of universal application and especially useful 
when the co-efficients of the given expressions are cross-wise equal or 
related as multiples and sub-multiples. 


Example 7 : Reduce to the lowest terms 

Sol. First find the H. G. F. of the 
denominator. It is * 2 -f2x-f-3. 


a 3 4-a 2 4-a—3 

x 3 4-3a: 2 -f-5 a 4-3' 

numerator and 


Then divide both by the H. G. F. 

The expression = — ~^ x 3) — (a 2 4-2a~-|-3) 

(a 13 + 3 a 2 + 5a + 3 ) -r- (a 2 + 2a: -f- 3 ) 
x — 1 




EXERCISE 78. 

Find by the method of alternate destruction of the highest 
and the lowest terms, the H. G. F. of: 5 

!• 2a 1 -f x 3 —6x 2 — 2x -f-3 and 2 a 4 —3a 3 4-2a —3. 
x 4 — 3*4-20 and 5 a 4 — 3a 3 4-64. 

x 4 —5a 2 —3a- f-2 and x 4 —3a 3 -4-a 2 4- 3a 2 

2.V 6 — 11 A 2 — 9 and 4 a 5 -f 11 x 4 4-81. 

2a 5 — 5a 2 -f-3 and 3 a 5 — 5a 3 +2. 
a 5 + 1 1a 3 —54 and a 5 4-1 \ X -\-\2. 

6a 3 —11 a 2 -f5 a— 3 and 9 a 3 —9a 2 4 -5a —2 


2 . 

3. 

4. 

5. 

6 . 
7. 


Reduce to the lowest terms : 
8 2a 2 — 13a + 18 


2a 3 —1 1a 2 4-3a 4-27 


9. 


A 3 —3a 4-2 
a 3 4-3a 2 — 4* 
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** — 13*-M2 

a 3 4-*-2 * 1 

A 4 — 4* 3 4-4a 2 —4a -1- 3 
a 4 -2a 3 -2a 2 — 2a— 3' 

3a 4 — 14a 3 — 9a -f2 
2 a 4 — 9a 3 — 14a +3* 
a 4 —2a 3 —25a 2 4- 26a -f-120 
a 4 —4a 3 — 19a 2 - r 46 a +120* 


4a 3 — 8a 2 -f 5a— 3 
12a 3 4-4a 2 4-a4-5‘ 
a 4 — 13a 2 4-36 

A 1 —A 3 — lx Z -\-X~x 6* 


6. L.C.M. by H.C.F. 


Let A and B stand for two expressions whose H.C.F. is H. 
Divide A and B by H and let a and b be their respective 
quotients. 

Then A — a. H and B = b. H. 

Since a and b have no common factor, the L.C.M. of A 
and B is obviously a x H xb. 

Let L stand for the L.C.M. of A and B. Then we have 

L = a. H. b 


or 


LxH = (a.H)x ( b.H) = A xB. 


In words, the product of the L.C.M. and H.C.F. of two 
expressions is equal to the product of the expressions. 

Since LxH = AxB, we have 



Ax B 

H 




Hence, in order to find the L.C.M. of two expressions, 

(i) multiply the two expressions and divide their product by 
their H.C.F. 

or (ii) divide one of the expressions by their H.C.F. and multiply 

the quotient by the other expression. 


[ Note : The dot is sometimes used instead of x , to denote multiplica¬ 
tion. Thus a. H. b. — a X //x b ]. 

Example 8: Find the L.C.M. of *3_ 9 . r 2^ + 2Sx -24 and 
a 3 —6x 2 4-11*—6. 
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Sol. First we find the H.C.F. of these expressions. 


x 3 — 6 x 2 -h 11*—6 

x 3 — 5x 2 4 - 6 * 

x 3 —9x 2 4-26x —24 
x 3 — 6 x 2 -|- 1 lx— 6 

— X 2 4 - 5x— 6 

— x 2 -}- ox —6 

— 3x 2 4-15*- 18 

x 2 —5x 4-6 


.. the H.C.F. — x 2 ox -{-6 and when the second expres¬ 
sion is divided by the H.C.F., the quotient = * — 1 . 

the L.C.M.=(x — 1 )(x 3 — 9 * 2 + 26*—24). 

Example 9: The H.C.F. of two expressions is * — 7 and 
t ieir L.C.M. is * 3 1 Ox 2 4-1 1 * —70. One of the expressions 

is x*-—5* —14. Find the other. 


Sol. 


V AxB = LxH , 


.*. the 2 nd expression = 


B = 


Lx H 


(* 3 — 10* 2 -f-l 1* +70H* — 7) 
* 2 —5* —14 
= (* 3 — 1 Ox 2 70) (* — 7 ) 

( x 7) (x+ 2 ) 

_ x 3 — 10 a 2 4-1 1 * 4-7 0 

*4-2 

= a 2 —12*4-35. 


EXERCISE 79. 


Find the H.C.F. and L.C.M. of the following expressions : 


1 . 
2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

L.C.M. 


5x 2 4-9x—9, x 3 4-x 2 —3x4-9. 

*3 2* 2 -13* - 10, * 3 -* 2 — 1 Ox —8. 

t '*? ~ l ? x * ~ 1 Sx +' 45 ’ 6a 3 + 8a 2 —2 7*—36. 

^y 4 +* — 9x 2 4-8x — 2, 2x 4 —7x 3 -p 1 lx 2 —8*4-2. 

* — 9* 2 —2* 4-18, x 5 -f6x 2 —49*4-42. 

8 f ~ 8 f + 9 ‘ v16 * 4 ~ 12* 3 4-20x 2 -9* 4-6. 

i 5 3 2a Vi~ 5 T ~~- 4 o 4 “ 3, 2x4 ~* 3 + 6 * 2 4-2x 4-3. 

* 5 * +5fx 4-2« 3 , 6* 4 -25*a 3 4-26<2 2 a 2 -a 4 . 

1 • {i . F - of two expressions is 5* 2 —2x —1 thpir 

and one ex P>essian 


1S i n ^ 3 ~^r ]u ~~ 4x ~~ 1 ; find the other - 
is (x° + lj(3 e x -i?/l x °, 4™ expressions is ** + 1, their L.C.M. 

find ihe other K ) ’ °" C ex P ressIon 3x‘- x 3 +3x -l ; 
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11. The H.C.F. of two expressions is 1 +* 3 —x 4 , their 
L.C.M. is (1-|-x) (1 —x 3 ) (1-fx 3 —x 4 ), and one expression is 
1 -4-x+x 3 —x 5 ; find the other. 

12. The H.C.F. of two expressions is x 2 —2x-f4, their 
L.C.M. is x 6 —2x 5 + 7x 4 —6x 3 —6x 2 +36x —72, and one expres¬ 
sion is x 4 —2x 3 -fx 2 -f6x —12 ; find the other. 

7. L.C.M. of more than two expressions. 

To find the L.C.M. of more than two expressions, first 
we find the L.C.M. of two expressions, then the L.C.M. of 
that L.C.M. and the third expression, and so on. The last 
L.C.M. is the one required. 


Find the L.C.M. of the following: 

1. x 3 +x+2, x 3 +3x4-4 and x 3 +x 2 +4. 

2. *5_l-x 3 +x 2 +1, x 4 — x 3 +* — 1 and x 5 +2x 4 —x—2. 

3. * 5 +x 4 _4x 3 +2x 2 +6x-9, x 4 -a 2 +6x-9 and 

x 4 +2x 3 — 5x 2 — 6x-{-9 


SELECTED QUESTIONS—C. 

Find the H.C.F. of: 

1. 2y 3 4-3v 2 x—x 3 and 4y*+yx 2 —x 3 . 

2. 3 —4x —16x 2 —9.x 3 and 4—7.x —19x —8x: . 

3. 8.x 4 + 4 * 3-1 8+ + 11 * -2 and 32^ + 1.2* 2 - 36 * + 1 . 

4. 32* 4 + 16* 3 — 72**+44*—8 and 32 i ^^“^wH-ll- 

5 6(a 3 +a 2 —a —1) and 15(a 5 +9o 4 — 2a —6a +a 3). 

I'. 6+ + 7^+S,M 2* and 4 +- 1 8* 4 -8+-10**. 

7. x’+f and * s +/- ... , 

8. X s 7* l +5* 35, ) ^ + 1J) + 15 ._ Jfc .. 

Find the H.C.F. and L.C.M. of 
q o x 2 _6x 2 —54 and 4x 2 —8x —12. 0 , 

10. tc 9 ^- 2 -^ 2 ' 2 ^ 

11 v3 _i_ 6 v -2 _i_ 1 lx+6 and x 3 4-2x a —* 

12! 4x 3 -}-8x 2 — 3x— 9 and 12 x 3 + 28 x 2 + 13x — 3. 

13. l+x 4 +x 2 and 1+x 4 —x—x 3 . 


H. C. F. AND L. C. M. 

14. x 4 +2x 2 +9 and a 3 — a +6. 

15. x 4 — 2x 3 +x —1 and x 4 —3x* + l. 

16. 4a 4 4-11 a 2 +9 and 2a 4 -\-3a z -\-6a 2 +4a +3. 
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CHAPTER VIII 

FRACTIONS 



Addition and Subtraction. 


The processes of addition and subtraction of fractions in 

a . are same ^ _^ n arithmetic. But before proceeding 

to addition and subtraction, the first essential thing is to reduce 
the given fractions to equivalent fractions with a common denominator, 
winch is always the L.C.M. of the several denominators. 


Whiie finding the L.C.M., the following points must be noted. 
(0 *•* x ~y~ — {y — *)> their L.C.M. is either f(x—y) 

or — (x —y ). 

(ii) x 2 —a 2 is divisible by (x — a) as well as by (a—x). 

The L.C.M. of* 2 — a 2 and a — x may be taken as 
f{x 2 -a 2 ) or — (x 2 -a 2 ) i.e. (a 2 -x 2 ). 

(iii) If there are two or more letters in each of the several 
denominators, they should be arranged in one particular order 
throughout. 


Denominators like x — a, afx, x 2 fa 2 — ax, a 2 fx 2 fax should 
be rearranged so as to read either x — a, xfa, x 2 — xafa 2 , 
x 2 fxafa 2 or —(a—x), afx, a 2 —axfx 2 , a 2 faxfx 2 . 


Example 1 : Reduce to the lowest common denominator 
a x a 2 ax 

x — o’ a — x* x 2 — a 2 ’ a 2 — a 2 * 

Sol. Here we have to arrange the denominators in the same 
order. 


Thus 

and 


x 

a —x 
ax 



— 1 X* —A' 


— (a — x) x — a’ 

— I X ax —ax 



The L.C.M. of the denominators when arranged as above 
is a 2 — a 2 and the quotients obtained by dividing it by the 
denominators are xfa , x fa, 1 , and 1 respectively. 
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Hence we have 

a _ a(x-V-a) _ x 


x —a 
a 2 


*■ 


a —x x — 


x~ — a- 


■z stands as it is, 


x —a 
ax 

a 2 —at 2 


-x(x-^a) 

x 2 —a 2 
—ax 


• 2 —a 2 ' 


x y 

Example 2 : Find the value of- \ 


Sol. Since 


y 


X —y y _X 

JVX( —1) —y 


y 


(y—- *)x( — i) x—y 


X V 

we have-{- ' 


* + 


x—y y—x x—y x—y 

= x +{—y) = x —y 

x—y 


x—y 

X 


= 1 . 


y 


Example 3 : Find the value of 

x—y x ~\~y 

Sol. The L. G. M. of the denominators —x 2 —y 2 . 

x _ y_ = x(x+y) y(x—y ) 

-y 2 x 2 —y 2 
_ x (x+y\—y(x—y) 


x—y x+y x 2 —y 2 x*—y 


x 2 —y 2 

_ x 2 +y* 

x 2 -y 2 ' 

EXERCISE 81. 

Reduce to the lowest common denominator : 

2 3 4 a-\-b a—b 2 ab 


1. 


3. 


4. 


5. 


2 . 


a —6’ b —a’ a-\-b a —6’ a-\-b ’ b 2 — a 2 

4a— b 4 a+b 46(1 —8a 2 ) 

1—4*6’ 1 -}-4*6’ 1 6a 2 b 2 — 1 * 

3 4 5 


x 2 — 5a -f- 6’ a: 2 — 4at + 3’ 3*—2—- 2 ‘ 


1 


1 


X' 

1 


C a-b) 2 —c 2 ’ (6—r) 2 -* 2 ’ (c-a) 2 -b 2 ' 

a b c 


6(*—6—c)’ *(*— 6-K)’ <z 2 -|-6 2 —c 2 —2*6' 


6 . 
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Find the value of: 

7. 


9. 


11 . 


13. 


15. 


16. 


18. 


2 , 

3 

A—2 + 

a+3* 

a -4a 

a— a 

a— a 


A —1 

a-2 

A —{— 1 *** 

a 4-2* 

1 

1 

a 2 —|-a6 

‘ +a6* 

1 

(2a — 3j’) 2 


8 . 


10 . 1 + 


a— 3 1 a 4-4' 
4 xy 




12. (l+*)4 


.2 


14. 


1 —a' 

y 


2 _y2 


y 2 -x 2 ' 


8\ 3 4-27y 3 ’ 


1 


\ 4- 


1 


(a—b)(a—c) 1 ( a—c)(b—c) 
1 2 
a 2 -b 2 


17. 


a 


a —b 


a—b 2ab 

a-\-b b 2 —a 2 ‘ 


-L 


3 


(■ a+b ) 2 ' ( a-b) 2 ‘ 

Example 4: Simplify 1 


1 


Sol. 


A 2 — f)A -f- 6 a 2 — 6a -j- 8 

Factorising the denominators, we have 

1 1 


a 2 -7a+ 12* 


The given expression = 


the expression = (j J_ 2)(x _ 3) ~ ( ,_ 2)(< -4 ) (x-3)(x-4) 

The L. C. M. of the denominators is (x — 2) (x — 3) (x —4). 

(x —4) —(x—3) —2(x—2) 

(x —2) (x— 3) (x —4) 
x—4-x+3-2x+4 
- (x —2) (x—3) (x —4) 

—2x+3 

(x —2) (x—3) (x —4) ' 

.. 2a 2 -\-a — 1 . 3fl 2 +5o+2 , 4-fl 2 
Example 5: Simplify ——-j-! 3 a +2 h <z+2 ’ 

Sol. Factorising the numerators of these fractions, we have 

the expression , x x /0 . x 

(2a —l)(a + l) (3rt+ 2)(fl + l) , (2—a)(2 J r a) 

~~ a + \ + 3a 4-2 a + 2 

= (2a~l)+(a + l)+(2-fl) 

= 2a +2 = 2(a -}-1 )• 
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EXERCISE 82. 


Find the value of: 

i. 1 


2 . 


x 2 — 5* +6 ^x 2 — 9* +20* 


1 


3. 


4. 


5. 


6 . 


7. 


x 2 +3x—10 

1 


+ 


1 

2x 2 —x—6' 

1 4 


—3*+2 x 2 — 5x+6 x 2 — 8x 


1 


x 2 + 7x +12 +x 2 +9x +20 

_ 1 _a._ 1 _ 

x 2 +3x+2 1 x 2 +4x + 3 


1 


15 

2 


x 2 +8x +15 

2 


2x—3 


3x—4 


+2x—3 


X“ 


+ 


x 2 + 5x+6* 
x+5 


x—2 x 2 +5x+6* 

1 


_i_+_1_ ^ 

x 2 +5ax+4a 2 x 2 +11 <zx +28a 2 ^x 2 + 20ax +91 a 2 * 


Simplify : 

8 . 


x 2 —! ^x 2 — 7 x + !2 , x 2 + 5x+6 


— 1 


x—4 


x+3 


9. 


10 . 


11 . 


12 . 


13 


—2x—3 5x 2 +5x—30 x 2 +x—2 


I 


* 2 _ 4 * + 3 ^ x 2 +2x—3 + x 2 — 2x + l* 
a 4 +<z 2 6 2 +fc 4 a 2 -\-ab b 3 


a 3 +6 3 


a—b 


+ 


a 


2 _1 


(« + l) 


a 2 — b 2 ’ 

a 2 —5<z+6 1 

a 2 — 4a+4" } "^+T* 


±3x2-4 x 3 -}-! 2a- 3 +6x 2 +x +3 


+ 


x+2 ‘ x + 1 ' x+3 

3a 3 -4x 2 —2x+6 3x 3 -4x 2 +4x—3 


x 2 —1 


x 2 + l 
1 1 


+ 


1 


1 


Example 6: Simplify - —--- 

* y a 2 — a 2 — 2 a 2 +1 a 2 +2* 

Sol. Combining fractions having almost similar denominators. 
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we have the expression 




Example 7 : Simplify 


_ 2 ( a 4 — 4 ) + 4 (< z 4 — 1 ) 
( fi4 —!) (<* 4 — 4 ) 
6 (< z 4 - 2 ) 
(<2 4 -l)(a 4 -4)* 

*-4-3^-3^9-a 2 ‘ 


Sol. Since the first two fractions have almost similar deno¬ 
minators, we combine them together and change the signs 
of the third. 


The expression = +^ 3 ) - Jz 


a— 3+^+3 


a 2 — 9 a 2 — 9 

2 a 6 


or —9 a 2 —9 

_ 2(a —3) _2_ 

g 2 —9 a- f-3" 


Simplify : 


1 

1 

, 1 

1 

a — 1 

<7+1 

1 a-2 

* + 2- 

1 

2 

1 

1 

2 

a —b 

2<z+£ 

' a-\-b 

2a-b' 

1 

3 

, 1 

, 3 

a — 3b 

a -f £ 

r/-f-3Z> 



11 1 1 


3 
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5. 


7. 


9. 


10 . 


5 a 


1 + d 1 — a a 2 — V 
aA-b 2 ab 2 a 2 b 2 


a—b a 2 — b 2 a 1 — b 4 ' 


6. 


8. 


3 — * 3 + a 1 — 1 Gat 

n=3x "TT 3a: 9x 2 - 1 * 


1 


+ 


3 b 


+ 


4 b —a 


i A-b ‘ ah-a 2 1 a 2 —b 2 ' 


1 


1 


+ 


1 A-a\ A-a 2 1 1 A-g* 

1 1 a -2 _^_± 2 _ 

d — 1 — <7+1 ~^d 2 —d + 1 d 2 +<z-f 1* 

1 d 


d 2 d 4 


Example 8 : Simplify — y — _, a « _ , • 

Sol. In exercises of this type, it is useful to combine the 
first fraction with the second, the result so obtained with the 
third, and so on. 


The expression 


/ 1 a \ a 2 d 4 

lon = \^\~7i 2 ^\) ~ 


1 


(<2 + 1 ) — a 
a 2 — 1 
1 a 


a 


a 


o * — 1 d 8 — 1 


a 


(l 2 — 1 d 4 —1 <2® — 1 

_ / _J_ d 2 \_ 

\d 2 — 1 d 4 -1/ 22 8 — 


(a 2 + 1)— a 2 


a 


d 4 — 1 


d 8 -l 


1 


d 


d 4 —1 d 8 —1 
d 4 + l — d 4 


1 


d 8 —1 


Example 9 : Simplify 


1 


d 8 -T 

3 


4 


1 


a + 1 at+2 A' + 3 .v +4 

Sol. Combining the first and the fourth terms and the second 
and the third, we have the expression 


Cf+l *+4) 3 C +2 r+3) 
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_ x-f-4 * 1 x+3-*-2 

(* + !)(*+4) ° X (x+2)(x+3) 

3 3 

-(* + l)(*+4) (x+2)(x+3) 

= 3 /_1_ 1 -' 

l(* + l)(x+4) (x +2)(x +3)J 

o f (*+2)(* + 3)-(* + l)(*+4) i 
l (x + l)(x+2)(x+3)(x+4) J 

3 (x 2 + 5x 4- 6 —x 2 — 5x —4) 

“(x + l)(x+2)(x + 3)(x+4) 

6 

-(x+l)(x+2)(x+3)(x+4)* 


EXERCISE 84. 


Simplify : 
1 


1 -4-—— _ _—-[- 

+ <z ^x 2 —a 2 x 2 +fl 2 ^x 4 +<z' 


a — 1 a 2 — 1 a 4 — 1 tf s — 1* 

1 2x 4x 3 8x 7 . 


+3 


2 v 4 i_ -4 v 8 —/7 8 ' 


- 1 X 2 +* 2 ■ *4+^ X"-<Z" 

£//z> 2 *. Add and subtract J 

a—b a-\-b ._ ^6 3 _ 

4 * +£2 a 4 +a 2 6 2 

1 2ab 4a 3 b 3 

5 - fl 2 __ ab + a 4 — a 2 b 2 +b 4 ~ r a*-a 4 b 4 +b 8 

8a 7 6 7 

"V 8 + a 8 £ 8 +£ 16 ' 

1 x + l 2x 2 +x -f-12 

6 ‘ x“+3 + x 2 -3x+9 x 3 +27 

1 1 _ 

( n _l) w + w (« + l) + (« + l)(«4-2) («+2)(«+3) 


7 . 
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10 . 


11 . 


12 . 


i_3_ _3_L 

x-\-2 x -j-3 x 4-4 x-|-5’ 

j_3_ , 2 _L 

x +4 * + 2 _r x x —2 

_i_ 1 _ 

at -{- 1 a* -j- 3 a- 5 'x + 7 

-i_ _L+J _L 

x^-a x-\-b x—a x—b 
1 1 , 1 
a 2 -2b 2 a 2 -\-2b 2 ' a 2 —3b 2 


a 2 +3b 2 


2. Complex and Continued Fractions. 

The process for the simplification of complex fractions in 
Algebra is similar to the one in Arithmetic. In Algebra, 
however, the process is generally shortened by the application 
of factors. 

In the case of continued fractions, we begin from the bottom 
and go upward, step by step. 

A few examples given below will further illustrate the 
method. 

a-\-b a—b 

Example 10 : Simplify -— 7 — a ' 

a ~\~b a —b 

a —b a + 6 

Sol a-ffr a—b _ (a-\-b) 2 — (a —b) 2 _ 4 ab 

a—b a-\-b a 2 —b 2 ~ a 2 —b 2 

a+b | a—b = ( g + b) 2 + (<i— b) 2 2(a 2 +b 2 ) 

a—b' a-\-b a 2 —b 2 a 2 —b 2 " 

Hence the given fraction = - ^ a ^ -\-b 2 ) 

a 2 — b 2 ' a 2 —b 2 

_ 4 ab a 2 —b 2 

~ a 2 -b 2X 2(a 2 + b 2 ) 

_ 2 ab 

~ a 2 -\-b 2 ' 


11 
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Example 11 : Simplify 


a 


a — 


a 


a 


1 -\-a 


Sol. The expression = 


a 


a 


1 


a — 


a —a*- —<7 


a — 


a 


1 — a 


1 


a 


a 


a 


_l 

* / \ 


1 -\-a 


a — 


a 


1 — a 


a 


a 


a > a 


a 


z — 1 — a a z —(i — 1 


a 


a 3 —a — 1 


EXERCISE 85. 


Simplify : 

1 


1 +* 


1 ~r X 

2x 

1 -x 

1 -Lx 

1 -x 

k.\ 

• 

1 -l-x 

1 1 —x 

x —y 

x 2 4-> 

x—y 

x 2 —y 


x+y ' x—y 



4. 


1 

X 

x — \ 

r x-rl 

X 

i 

x-i 

x +\ 

X 

x 4- 1 

x — i 

X 

X 

X — 1 

A+l 

X 

x+2 

X-fl 

1 

“*4-3 

! 

x-f 2 

x-M 



6 
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7. 




10 


✓a* 4 -<zx 2 

-A 2 


A " 3 — y 3 x 3 4 -y 3 

\x—a) 


8 . 

x—y 

x+y 

x-\-a 

- X 


x+y 

x—y 

x — a 



x—y 

x+y 

1 -T- X ^ 

\+J~ z 

\y- z ~ x 



x+y 

-— X 

'y+z 

-- X 




1 *-> 

1 ■>’-* 

1 «-* 



x +y 

y+z 

Z+x 



1 


11. 

X 


1 

A*- 


X 

-1 * 

x+ 1 

~ 


X — - 

1 _ 

1 

X — 



• 

x+l 


12 . 2 — 


14. 


1 


2 - 


l-.v 


2a 3 


x 2 +y 2 ~ 


13. 


2 , ..2 ±xv(x—y) 

(*-y ) 2 


. 15. 


(* +J>) ~ 


x+y 


1 


1 — 


1 + 


1 


1 + 


2b-a 
a —b 


1 + 


2-.V + 


4* 


3 — 2x 


It is sometimes useful to decompose a given fraction int 
bX P v a : rtS> ° nC ' ntC ? ral and ot£c fractional" ^llunra^ 


X-\- 3 
x—2 

2x~3 


can be written as 1 


_ 2 ^ actual division. 


can ke written as 2- 


13 


a-+ 5* 


Example 12; P ra y. ti,., ^-5r-7 4 

x —3 =^*4-1 — 


x —3* 
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Sol. 


*-3\2* 2 -5x-7/2x + l 

)2x 2 —6x ^ 

7^1 

x —3 


By actual division we obtain 
2x -f-1 as the quotient and —4 
as the remainder. 


If the numerator be of a degree lower than that of the 
denominator, even then the decomposition is possible, as 
illustrated below : 


Example 13: 


Prove that 


3x 

2x 2 +1 



3 x _6x 3 + 12x 5 — 


24x 7 

2x*+r 


Sol. 


3x __ 3x 
2x 2 + l 1 +2* 2 

24x 7 

= 3x —6x 3 +12x 5 — l 

24x 7 

=• 3x —6x 3 +12x 5 - 2^npi‘ 


[By actual division .] 


In such cases, the division can be carried on to any number 
of terms and the process can be stopped at any stage by annexing 
to the quotient the fraction whose numerator is the las 
remainder and whose denominator is the divisor. 

Thus if we had carried the quotient to four terms, in 
above example, we would have got 

48 x 9 

_= 3x-6x 3 + 12x 5 -24x 7 -}-;^2-7i- 

2x 2 4-1 + 


EXERCISE 8i 

Express the following fractions in 
and partly fractional : 




x- + 7 2 *±Z. 3. 

x+3* 2 ‘ —3 

6. 7- 

3x — 2’ * +* 


a form partly integral 


2x+5 

x-r 



3x—4 

x+2* 


4x 3 +4x 2 +8x +1 
2x*+2x+:T“ 



FRACTIONS 


Prove that 

8 . 1 


9. 


10 . 


11 . 


12 . 


13. 


14. 


15. 


16. 


=z 1 + *-4-x 2 -h* 3 + 




1 —AT = - ' ' ' ^ ' - ' \- X 

1 111 1 
A — 1 X 

\T2x — 1 ~ 2;f+4x2_ r+2^* 


AT 3 ~ X 3 (X -1 ) ’ 

8 X 3 


1 


1 


1 -A- 


1 


2a 4-1 2a 4a 2 ' 8a 3 8a 3 (2a-}- 1 )* 

1 + x 2 , . 0 . . o i . 8 a 4 — 6a 6 

= 1+2a+4a 2 +6a 3 H~^— p. 


(1-a) 2 


A 4-6 A +2 
a+4 A—4 


2 + 


4a 


a 2 —16* 


4a 2 + 7 . 6a 2 — 8a + 11 „ , . 42a —17 

2TT1+ - 3x — 1 -= 4 *-H- 

, 3a+6 


6a 2 —5a +1* 

1 1 


4- 


(a + 1)(a+2)(a+ 3) — (A+l)(A-h2) _1 "(A + l)(A+3) 

+ 1 


3a 2 —14 


_ A + l 


4- 


(a+2)(a+3) 
•v+2 


(v _ 1) ( A . —2) (A -3) (a —2) (a -3) ^(a — 1) (a-3) 

. x 4-3 


17. Apply the identity 


(a-1 )( a-2)- 


1 


1 —A 


1 4-a4-a 2 4— j— ~ .in finding the approximate 


1 


value of to 3 decimal places 


SELECTED QUESTIONS—D. 


Simplify : 



a 4-3 

a 2 —3a 4-2 


, a-4-2 
' A 2 — 4a4-3 



A4-1 

—5a 4 - 6 * 
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2 . 

3. 

4. 

5. 

6 . 

7. 


x + 


O-WM’-s) C-i> 


—x 




a +* , —a - 2a: 3 

a 2 -j-«x 4-* 2 ol 2 — ax-\-x 2 ^< 2 4 4 -< 2 2 a- 2 -4-a 4 ’ 
1 1 2x 4a 3 

1 —X ~ 1 +A _ 1 +A 2 ~~ 1 +A- 4 ' 

_1_1 2a 4a 3 8a 7 

1 —x 1 4- x 1 —f-* 2 1 -f-.v 4 1 4-A 8 ' 

1 2a ( 4x 3 8 a 7 

a ~^a 2 -[-a 2 ~^a 4 +a 4 a 8 — a 8 ' 

-+— I ] 

a b +c.. . 


izn: x r + 

g 6 4-t 


6 2 _f-t2 — 

2bc 


« 2 4-^ 2 tf 2 — A 2 
a 2 -b 2 ~ a 2 + b 2 
a 4 ~b a —b 

a—b a 4 b 


8 



CHAPTER IX 


SIMULTANEOUS EQUATIONS OF THE FIRST 

DEGREE AND PROBLEMS 


1. Consider the equation x~y = 7. 

This contains two unknowns, x andy. Any values of .v and y 
chosen at random, say v = 8, y = 5, will not satisfy it. But 
if we assign any value to a% a corresponding value can be found 
for y which will satisfy the equation. A few such pairs of 
values are given in the table below : 




-2 -3 


Clearly there is no limit to the number of pairs of values 
\% hicli will satisfy this equation. This is an indeterminate 
equation. 

Suppose there is another equation, x—y = 3. 

Here again, the number of pairs of values satisfying the 
equation is unlimited. However, a few pairs of such values 
are given below : 




5 

6 

2 

o 

O 



- 3 -2 -1 


win oe noticed that there is one pair of values, namely 

.v = 5 and y = 2 for which both equations are true at the same 
tune. 

The two equations arc then called simultaneous 
equations. 

Equations which are true at the same time for particular values of 
the variables involved in them arc said to be simultaneous equations. 

2. Solution of Simultaneous Equations. 

The first step in the solution of these equations is to obtain 

a simple equation from them by eliminating one of the two 
variables. u 
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This can be done in three ways as illustrated below : 

Example Is Solve the equations 3 x-\-y =17 ... (i) 

8x + l\j> = 37 ... (ii) 

First Method: 

Express one variable in terms of the other in both equations, equate 
the results and solve. 

From (i) we have y = 17 —3-v 

.... 37— 8x 

9J («) S3 y j-J 

Equating these values of y , we have 

17-3* = 37=85 
i / ox n 

or 187— 33* = 37— 8x 

or —25* = —150 

or * = 6. 

Substituting the value of * in (i), we have 

3x6 -\-y = 17 

or y = — 1. 

Thus * = 6 and y = — 1 . 

[ Verify by substituting these values in equation («)]. 

Second Method : 

Express one variable in terms of the other in one equation only, subs¬ 
titute this value in the other equation and solve. 

From (i), we have y = 17—3*. 

Substituting this in (ii), we have 

8*-hi 1(17-3*) = 37 
or 8* + 187 —33* = 37 

or 8*—33* = 37 — 187 

or —25* = —150 x=6 

Then y = 17—3x6 i.e. y=-l. 

Thus * = 6, y = — 1. , , 

This is not much different from the first method. 

EXERCISE 87. 

Solve the following equations by the first method : 


* — 2y 

5*4 -5y 




2. 4* — 


-y = c l X 

3*—2 y = 7. { 
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3. 

a4-5v 

= 131 



4. 

3a —Ay =0 ) 



2 a 

— 3v 

= 0. f 




2a + 3 y = 17. j 


5. 

2a 

a- by 

= 7 

\ 


6. 

3a 4-4 y = 19 ) 



Sy 

Tib 

c = 19. 

( 



6a — by = 25. ( 


7. 

5x 

4-3 y 

= 471 



8. 

3 a — 2y = 10 1 



3a- 

— 5y 

= 1. f 




2a+4 y = 12. f 

"VI 

9. 

A A-ay 

= n 



10. 

4(*—jO = i0»- 


ax 

-by 

= c. \ 




•i(4A —5_y) = a- 

-7.J 

Solv 

e the following 

equations by 

the second method : 

11. 

3a 

— 2y 

= 9 ) 



12. 

7a- y =51 



X 

4-3 \y 

= 10. / 

i 



2a- f 3 y = 8. f 


13. 

4x 

-4-7> 

= 62 \ 



14. 

2x + 5y + 7 = C 

» 1 


3v 

-2a 

= 8. } 




3 a T 7_y + 1 0 = 

0.) 

15. 

7a 

-4r 

= 5 l 



16 . 

II 

Y 

o 

1 


5a 

4-6>* 

= 2./ 




2 (a—5) =3(74-10). > 

17. 

3a 

2a 

-r9y 

-4y 

—42 = 
+2 = 

0) 

O.f 

» 

18. 

7 4- a 2 a —y 

5 4 

= 3r —5 ) 

V. 








5y — 7 4a — 3 
2 1 6 

• 

lO 

1 

CO 

II 

19. 

i(3x —: 

2y) = l 

(2a 

— v) - 

r3 1 




40 

5a — 

4y) = * 

(4 a- 

-3y) 

4-3.) 



20. 

ax 

A-by 

—- C 

l 






a 2 > 

t A~b 2 y = c 2 . 

f 






“Third Method : 

Suppose A buys 1 table and 5 Chairs for Rs. 100 and B buys 

1 table and 3 chairs for Rs. 70. 

We can at once say that A paid more money because he 
bought more chairs. In other words, the cost of 2 extra 
chairs = Rs. 30. Then each chair costs Rs. 15 and so a 
table costs Rs. 25. 

Suppose A buys 3 tables and 5 chairs for Rs. 150 and B buys 

2 tables and 3 chairs for Rs. 95. 

Here the numbers of tables arc different and the numbers 
of chairs are also different. We cannot at once find out the 
price of each article. 

If A buys two sets of (3 tables and 5 chairs), he will have to 
to pay Rs. 300. 
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If B buys three sets of (2 tables and 3 chairs), he will have 
to pay Rs. 3 x 95 = Rs. 285. 

Now A has 6 tables and 10 chairs for Rs. 300. 

B has 6 tables and 9 chairs for Rs. 285. 

It is at once clear that one extra chair means Rs. 15 extra. 
Hence, the cost of a chair and of a table are found. 

In symbols, this problem reduces to the solution of the 
equations : 

3t-\-5c = 150 and 2/-f-3c = 95. 

Here we equalise the co-efficients of one and the same variable in 
both the equations ; then subtract or add and derive a simple equation 
containing the other variable only. 

This is the third method. 


Example 2 : Solve the equations 

3a+4> = 20 
5 a — 3y =14 

Sol. Multiplying (i) by 3 and (ii) by 4, we have 

9* 1 2y = 60 

20a — 12 y = 56 

Adding (iii) and (iv), we have 

29a = 116 
x = 4. 


(i) 



Substituting 

O 


or 

or 


this value of 
3x4 -j-4>’ = 
4y = 

y = 

A' = 

y = 


x in 
20 
8 

9 
—• • 

4) 

2 i 


(i), we have 


is the required solution. 


Solve the following equations by the third method : 


1. 

X 

1 

y 

= 14 1 

2. 


X 

— 

y 

= 6. / 


3. 

2x 

i 

3y 

= 28 ) 

4. 


3x 

— 

4y 

= — 9. f 


5. 

6x 

+ 

O' 

= 32 \ 

6. 


9x 

i 

i 

y 

= 29. j 



X 

— 

y 

— 

12 

X 

-b 

y 


26. 

4a 

— 

2 \y 

— 

12 

5a 

~r 

3 y 

— 

26. 

7a 

— 

8y 

- -- 

— 22 

11a 

— 

10 y 

— 

4. 


} 

\ 

l 
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7 . 

32x4- 15y 

= 62 

l 

8. 13x — 

II4 

= 32 


18x- 

-13_>’ 

= — 8. 

r 

15x4- 

74 

= 96. 

9 . 

2x 

3-4* 

4- *4 4 

— -O24 

= 12 
= -01 

f 

10 . 1 , 

6 ' 

1 

16 ^ 

= 6 ) 





1 

\2 y 

1 

9 Y 

= 2 

4 

11 . 

lx 

-34 = 

5x44’ 

= 22. 





12. 14x + 3 4 = 6x4-154 = 48. 

13. 6 x +5y = 7x + 344-l = 2(x + 6 y — 1). 


14. 

•v —4 4 — I 

3 4 


) 15- “ + * 

2 x—4 

4 

= 3>’ 


4x—04 

7 A 

7. 

[ 

54-43 

2 

4x —3 
+ 6 

- -- 

16. 

x y x 

4^5” = 5 U 

y 

4 

-1 = 22. 




17. 

3 x— 244-2 = 

5x 

-34+1* 

= 6x —4 — 

•• 


18. 

7(x-5) =4- 

-2, 

44—3 

2 

x+10 

6 * 



19. 

7(24—3x) —2 

— 

2 ( 9 *- 4 ), 

4x—24 = 

: 2(x4-3) • 

- 12 . 

20. 

ax -\-by = c , ( 

a — 

- b ) x-\-(a — 

c)y = d . 




Simultaneous equations involving the reciprocals of the- 
variables are solved as illustrated below : 

Example 3 : Solve the equations 


Sol. Multiplying (i) bv 


Subtracting (iv) from 




2 and (ii) by 3, we have 



(iii), we have 



x 





(iii) 

(iv) - 


X 
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Substituting this value of x in (i), we have 


y = 3 - 


-4-5=2 

2 ^ v 
3 

or - = 1 

1 • • 

y 

y - 21 

y _ is the required solution. 
1 12 1 

Aliter : If we put p for — and q for — , — = 2 X — =2 p 

x y x x r 

3 1 

and —= 3 X — = 3<7. 

y y 


The equations become 2p-\-?>q = 

2 ... 

... (iii) 

bp-\-2q = 

19 

6 ~ **' 

(iv) 

Multiplying (iii) by 5 and (iv) by 2, 

\0p-\-\5q = 10 

• • • 

(v) 

10 P+ 4q = y 

• # # 

(vi) 


19 


Subtracting (vi) from (v), we get 11 q = 10 — 


ii 11 

or 11<7 = — 


<7 = i 


By substituting in (iii), 2/»+3 xj =2 

or 2 p = 2 — 1 

1 


If p = - = h 

x 

ir q = b ' = i 


P = h 

or x = 2 


or y = 3 

x =2, y = 3. 


Solve the equations : 
1 . 2x 4-5=5 

y 

9 

5x — - = 3. 

y 
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2 5 

\ 

A 6 

4 rt 

—|— — 

1 

4. - + 

- =3 

a y 


A 

y 

3 2 

19 

• 

9 

1 os 

A + j.- 

20 * 


-~ = 2J. 

y 

1 1 

2 

6 2 

5 1 

3a ly 

~ 3 

6 - Tx 

JGM 

II 

|4> 

1 1 

1 

I 3 

7 _ 1 

2a “ 3y 

— 6* 

) 4a 

64 ’ 3’ 

m n 




II 

1 ^ 
1 

1* 

: a , px 

II 

• 




When the co-efficients of a and y are interchanged in two 
simultaneous equations, it is useful to employ the method of 
addition and subtraction, as illustrated below : 


Example 4 : Solve the equations 

4* + 7_y =49 
7x+4y = 61 

Sol. Adding (i) and (ii), we have 

Ha + 11 y =110 

or x-\-y =10 

Subtracting (i) from (ii), we have 

3 x — 3y = 12 
or x y =4 

Adding (iii) and (iv), 2a = 14 * 

Subtracting (iv) from (iii), 2y = 6 *•* y 

Thus a = 7, y = 3 is the solution. 


• • • 



(i) 

(») 




EXERCISE 90. 


Solve the equations : 

1. 1 0a 4-11_? = 20 } 

11a + 10_>* = 22. / 

3. \\x+3y = —21 ) 

3x4-11^ = 35. ) 

5. 3x+20 = 4y —10 ) 

4(x 1) = 3 (_y 3 ). ) 

7. ax-\-by = m | 

bx-\-ay = n. f 


2. 9a -\-5y = 60 l 
5x+9y = 52. f 
4. 17>»4-6a = 28 ) 

l 7 a 4 - 67+5 = 0. > 

6 - i x + iy = V l 
**+£_>. = 2 . f 
8. 49*—57> = 172 > 
57* —49)> = 252. f 
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3. Problems involving simultaneous equations. 

(Problems on Numbers) 

Example 5: Find two numbers such that four times the 
first added to three times the second is 93 and the excess of 
three limes the first over twice the second is 6 . 

Sol. Let * be the first number, and y the second. 

Four times the first -f- three times the second = 4*-}- 3y, 

the first equation is 4*4-3y=93 ... (i) 

The excess of three times the first over twice the second 

= 3x—2y, 

the second equation is 3 a— 2y=6 ... ... (h) 

Multiplying (i) by 2 and (ii) by 3, we have 

8 * 4 - 6 y = 186 ... ... (hi) 

9x—6y = 18 ... ... (iv) 

Adding (iii) and (iv), we have 

17* = 204, * = 12. 

Substituting this value of * in (i), we have 

48 4 - 3y = 93, y = 15. 

Hence the two numbers arc 12 and 15. 


EXERCISE 91. 

1. Find two numbers whose sum is 39 and difference 

is 7. _ 

2. Find two numbers such that three times their sum is 
84 and twice their difference is 4. 

3. Find two numbers such that four times the first added 
to. the second is equal to 96 and the excess of three times the 
first over the second is equal to 51. 

4. Find two numbers such that three times the first added 
to four times the second is equal to 114 and four times t e 
first added to three times the second is equal to 11 /. 

5. Two decimal fractions have their sum equal to ’56 and 
three times their difference equal to *24. l ind them. 

6 . A straight line 27cm in length is divided into two parts 
such that six times the first part exceeds four times the othc 
.by 12cm. Find each part. 
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{Problems on Fractions) 
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Example 6 : A fraction becomes equal to when 1 is sub¬ 
tracted from its numerator and it becomes equal to £ when 
8 is added to its denominator. Find the fraction. 

Sol. Let x be the numerator and y the denominator of the 
fraction. 


Then 


x — \ 1 

— =3 or 

, -V 1 

and —— = — or 
y +8 4 


3x—y=3 
4 a — y — 8 


Subtracting (i) from (ii), we have 

x = 5. 

Substituting this value of a* in (i), we have 

15 —y = 3 

or y = 12. 

Hence the required fraction is -fir. 


(i) 

(ii) 


EXERCISE 92. 


j. 1 *. pertain fraction becomes f when its numerator is 
■diminished by 1, and becomes \ when its denominator is 
increased by 5. Find the fraction. 

2. What fraction is that which becomes 1 if 1 be added 

to its numerator and becomes i if 1 be added to its deno¬ 
minator ? 


l fia ? j n 1S that whlch becomes if if its numerator 

he douljled and denominator increased by 9 and becomes 

i if its numerator be increased by 7 and denominator doubled ? 

4. If the denominator of a fraction be added to the 
numerator and the numerator be subtracted from the deno- 

be . comcs 2§. The denominator of the frardon 
exceeds twice its numerator by 1. Find the fraction 

by 5 ; I^t n rlT° r ° f a r raCti ° n CXCeeds the numerator 
ana it d be taken away from each the «im> 
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(Problems on Trade , Money ) 

Example 7 : A person sold 9 chairs and 6 tables for Rs. 90. 
A^ain he sold 8 chairs and 5 tables at the same rate, for 
Rs. 77. Find the price of one chair and one table. 

Sol. Let Rs. x be the price of one chair and Rs. y the price 
of one table. Since the price of 9 chairs and 6 tables 
= Rs. (9x+6y), _ 

the first equation is 9x-\-6y =90 ... ... (i) 

Since the price of 8 chairs and 5 tables =Rs. (8*+5y), 

the second equation is 8a + 5^ = 77 ... (ii) 

Multiplying (i) by 5 and (ii) by 6, we have 

45x-j-30y = 450 ... ... (iii) 

48a + 30v = 462 ... ... (iv) 

Subtracting (iii) from (iv), we have 

3a = 12, a = 4. 

Substituting this value of a in (i), we have 

36 4-6^=90, /. y =9. 

Hence the price of one chair is Rs. 4 and the price of one 
table is Rs. 9. 


EXERCISE 93. 

1. 25 horses and 12 cows together cost Rs. 11,750 ; also 18 
horses and 15 cows cost Rs. 10,050. Find the cost price of a 

horse and a cow. OG 

2. 16kg of wheat and 6kg of rice together cost Rs. 2J, 

and 24kg of wheat and 15kg of rice cost Rs. 52'50. Find the 

rates of wheat and rice per kg. . j 

3 The price of 12 tables and 20 chairs is Rs. 164 and 
the'price of 15 tables and 24 chairs is Rs. 201. Find the 

price of a table and a chair. o c oin • 

4. A person bought a horse and a carriage for Ks UlV , 

if The price of the Lrse were 10% more and ha^of he 
carriage 10% less, he would have to pay Rs. 799. F 

colt price of the horse and also that of the carnage^ 

5. A person sells two articles together for Rs. 46 making 
10% profit on one and 20% profit on the other Ifhehad 
sold each article at 15% profit thc r^ult would have been 
the same. At what price does he sell each article . 
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6. A person has two horses and a saddle worth Rs. 95 ; 
if the saddle be put on the first horse, his value becomes 
double that of the second ; but if the saddle be put on the 
second horse, his value would be less than that of the first 
by Rs. 125. What is the value of each ? 

7. A and B have Rs. 320 between them. A gains from 
B -1 of B s money. Then B gains from A Rs. 16. Each 
has noAv\ the same amount. Find the original sum of each. 

8. A man had a sum of Rs. 20*30 in rupees and paisc. 

If the number of rupees and paise were interchanged, he 

would gain Rs. 9*90. Find how many rupees and paise 
he had. 


[Problems on Distance , Speed and Dime) 

Example 8: Two persons A and B , 30 kilometres apart, 
stait at the same time and walking in opposite directions 
meet in 2. 2 hours. But if they walk in the same direction, 
starting at the same time, A overtakes /f in 10 hours. Find 
their speeds per hour. 

Sol. Let A 's speed be a km per hour and B's speed be y km 
per hour. 1 J 

When ilicy walk in opposite directions, the distance between 
them reduces at the rate of (a+>) km per hour, 
omce they together cover 30km in 2i hours 

2 i(*+>) =30 

or xA-y = 12 ... /-x 

When they walk in the same direction, the gap between 
them is reduced at the rate of km per hour 

10 horns? OVCrta i0(*4 te I ™ king Up a gap of 30km in 
or x—y = 3 

Solving (i) and (ii), we have "* *** w 

x = and y = 44 
.. d^s speed is 7*5 km per hour and 
B's speed is 4*5 km per hour. 

may £°2uml3 °" Str “ mS ’ * a P«~» -ws aiong a stream, it 

his speed down-stream = speed in still water + soeed of the. „ 
and speed up-stream = speed in still wa.e^- ^^of^ ™ n t. 


12 
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EXERCISE 94. 

!• Two persons, 15km apart, start at the same time. 
If they walk in opposite directions, they meet in 2 hours ; 
but if they walk in the same direction, they meet in 30 hours. 
Find their rates of walking. 

2. A person rows down-stream 35km in 7 hours and 
up-stream the same distance in 17£ hours. Find the rate at 
which he rows and the speed of the stream. 

3. A person rows down-stream 26km and up-stream 
the same distance in 19i hours. Also the difference of time 
taken by him to row 39km up and down is 9 hours and 
45 minutes. Find the rate at which he rows and the speed 
of the stream. 

4. A boat goes up-stream 30km and down-stream 44km 
in 10 hours. It also goes up-stream 40km. and down-stream 
55km in 13 hours. Find the speeds of the boat and the stream. 

5. A person goes a certain distance on bicycle. If he 
had gone 3km an hour faster, he would have taken £ hour 
less ; but if he had gone 2km an hour slower, he would have 
taken § hour longer. Find the distance. 

6. A person walks on the first day a certain distance at 
the rate of 4km an hour and on the second day a certain 
distance at the rate of 3km an hour, and thus completes a 
journey of 30km. If he had walked the first distance at 
3km an hour and the second distance at 4km an hour, he 
would have taken h hour more. Find the time he took to 
walk the whole distance. 

7. A messenger is allowed 16 hours for going from P to 
Q, and back again, including 4 hours’ rest at Q,- But if he 
were to go 2km an hour faster each way, he would be able 
to take 5 hours’ rest at (7. Find the speed and the distance 
from P to Q. 


{.Miscellaneous Problems) 

Example 9 : Two persons have together 200kg of luggage 
and are charged for the excess above the ordinary concession 
Rs. 10 and Rs. 6 respectively. If all the luggage had belonged 
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to one man, he would have been charged Rs. 18. How 
much luggage had each passenger and what was the limit 
of concession per passenger ? 

Sol. Let the first passenger’s luggage weigh a.- kg and let 
the weight each is allowed to carry free be y kg and let the 
charge for the excess luggage be Rs. z per kg. The first 
passenger will be charged for (a:— ^)kg. 

(x—y)z = 10 ... ... (i) 

The second passenger will be charged for (200— x—y) kg. 

(200— x—y)z = 6 ... ... (ii) 

If the entire luggage is carried by one person, he would be 
charged for (200—_>>) kg. 

(200 —y)z = 18 ... ... (iii) 


Dividing 

or 

or 

or 

Dividing 


(ii) by (i), 


200 —a* —y 


6 

10 


x—y 

2000 — 1 0a: — 1 Oy = 6 a:—6^ 

— 16a— 4y = —2000 
4.v-{- y = 500 

200 —y 18 

x—y ~ 10 


(iii) by (i) 



or 2000 — 1 Oy = \8x — \Sy 

or \Q X — 8y = 2000 

or 9.v— 4y = 1000 ... ... (v) 

Multiplying (iv) by 4 and adding to (v), we have 

25a; = 3000 .v = 120 

Then y = 500—4x120 or y == 20 

Hence the luggage of one man = 120kg, of the other 
= 80kg, and the concession allowed per passenger = 20kg. 


1. Two persons have together 270kg of luggage and are 
charged for the excess above the ordinary concession Rs. 3*40 
and Rs. 3 respectively. If all the luggage had belonged to 
one man, he would have been charged Rs. 6*80. How much 
luggage did each passenger have and what is the limit of 
concession per passenger ? 
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2. The monthly expenses of a family, when wheat is 
selling at T6kg. for a rupee, are Rs. 175 ; when it is selling @ 
1 ‘5kg for a rupee, expenses are Rs. 180, other expenses 
remaining unchanged. What will be the expenses when 
wheat is selling @ 12kg for a rupee ? 

3. The perimeter of a rectangle is 72 metres. If its length 
be decreased by 6 metres and breadth increased by 4 metres, 
the area is unaltered. Find the area. 

4. A merchant has two kinds of tea, one worth Rs. 8 per kg 
and the other worth Rs. 14 per kg ; from these he prepares 
a mixture of 120kg worth Rs. 9*50 per kg. How much of 
each kind must he mix ? 

5. Three ladies buy 3 kinds of cloth, A , B and C. The 
first buys 5 metres of A and 3 metres of B, spending the same 
amount on each ; the second buys 10 metres ofd and 5*5 metres 
of C, spending Rs. 100 ; while the third buys 3 metres of each 
kind of cloth for Rs. 66. Find the price per metre of each 
kind of cloth. 

6. A sum of money is divided equally among a certain 
number of men ; had there been eight more, each would have 
received Re. 1 less, and had there been four fewer, each 
would have received Re. 1 more than he did. Find the 

number of men and the sum of monev. 

* 


4. Simultaneous Equations involving product 
sum or difference of two variables. 

Example 10: Solve x -\-y = 10, at = 24. 


Sol. We know the identity 


Substituting, 


and 

Adding, 

Subtracting, 


(*-_>') 2 
(*- y ) 2 
(* - y) 

h>’ 

2a 


A 


= (*+_>>) 2 —4 A_>- 

= 102—4x24=4 

= V4 = 2 

= 10 (given) 

= 12 or a = 6 


and 


— 2y = —8 


or y 


= 4. 


and 


Note : It may be recalled that in the factorisation of trinomials, we 
had to find out two numbers whose sum and product were known. I hev 
were found by trial. The above method is the regular method of solving 
the same. 
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Example 11 : A rectangular garden is 45 metres long and 
40 metres broad. A road of uniform width is constructed 
inside all round it. The area of the remaining garden is 
1476 sq. metres. Find the width of the road. 

Sol. Let the length of the inner rectangle be a metres and 

its breadth y metres. 

Obviously, a — y = 45—40 = 5 ... (i) 

and a y = 1476 ... (ii) 


45771 



(x+y ) 2 e = (*-_>) 2 +4.vy 
(a ~\~y) 2 = 5 2 -f-4xl476 
= 5929 = 77 2 
A-r y = 77 

Adding (i) & (ii), 2a = 82 or a = 41 

Subtracting, 2 y = 72 or y — 36 

The width of the road = 1 (45—41) =2 metres. 

EXERCISE 96. 


Solve the equations : 


1. 

A—V = 

11 

1 

2. 

*+y = 17 { 


*y = 

28. 

r 


xy = 60. 5 

3. 

x y = 

7 

i 

4. 

m 

II 

p. 

i 

< 


VV = 

120. 

r 


xy = 84. ) 

5. 

v —y = 

15 

i 

6. 

x-y = 4 ) 


xv = 

56. 



xy = 77. 5 
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x +y = a ) 

j 


•v ‘ y 12 
a y 12 * 




11. I lie area of a rectangle is 1 728 sq. metres and its semi- 
perimeter is 84 metres. Find its length and breadth. 

12. The area of a triangle is 80 sq. metres, the sum of its 
base and altitude is 28 metres. Find its base and altitude. 


13. The area of a rectangle is 3840 sq. cm. and its length 
is greatei than its breadth by 32 cm. Find its length and 
breadth. 


14. The top of a rectangular table is 40 cm long and 
28 cm wide. Leaving out a uniform margin all round, it 
is covered with oil cloth whose area is 640 sq. cm. Find the 
width of the margin. 

15. The difference between the length and breadth of a 
rectangle is 14 metres and its area is 275 sq. metres. 

(i) Find its semi-perimeter ; (ii) find its length and 
breadth. 


SELECTED QUESTIONS—E. 

1. Two positive numbers differ by three and their reci¬ 
procals differ by T 3 jj. Find them. 

2. A number consists of three digits whose sum is 17 ; 
the middle digit exceeds the sum of the other two by *T ; 
if the digits be reversed, the number is diminished by 396. 
Find the number. 

3. Find the fraction which is such that when 15 is added 
to the numerator, it becomes 3 and when 1 1 is added to the 
denominator, it becomes 

4. Sohan says to Mohan, “Give me Rs. 900 and I shall be 
twice as rich as you”. Mohan replies, “If you give me 
Rs. 100 T shall be thrice as rich as you”. How much money 
has each got ? 
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5. Five years hence a father will be 3 times as old as his 
son ; 5 years ago he was seven times as old as the son. 

0l< 6 ^ A'student'cycles from Delhi to Okhla and back at the 
same rate, but the clock at Okhla is 15 minutes slower than 
that at Delhi ; so he appears to go out at 15 km per hoin 
and to return at 10 km per hour. Find his rate and the 

7. Two cyclists ride from A to B , a distance of 55 km, 
and the first arrives 30 minutes before the second. 1 hey then 
ride from B to A, the first giving the second a start ot 4 km 
and yet arriving 6 minutes before him. Find the rate o 
each cyclist in km per hour. 

8. A man walks a certain distance at a certain rate. H.acl 
he walked 0*75 km an hour faster, he would have taken 
1 hour less ; but if he had walked 15 km an hour slower 
he would have taken 3 hours longer. Find the distance and 

his rate. . 

9. A and B run a race of 1 kilometre. First A gives B a 

start of 100 metres and beats him by 30 seconds. P's ext 
A crivcs B a start of 1 minute 30 seconds and is beaten by 
125 metres. Find the time in which A and B can run the 
race separately. 

10. A boat goes up-stream 25 km and down-stream 33 km, 
altogether in 8 hours ; it also goes up-stream 40 km and 
down-stream 77 km in 15 hours. Find the rate of the stream 

and of the boat. 

11. There are two examination rooms A and B. If 10 
candidates are sent from A to B , the number in each is the 
same, while if 20 are sent from B to A, the number in A is 
double the number in B. Final the number of candidates in 
each room. 


SECTIONAL REVISION III 
TEST PAPERS 

PAPER 1 

1. Show that the H.C.F. of two expressions A and B 
divides exactlv their sum as well as difference. 



184 




algebra for higher secondary schools 


Simplify (i) 


a 


a 2 ~b 2 b 2 —a 2 ' 


g2 3ab-\-2b 2 6 a 2 — 5ab —6 b 2 

a—2b ' 2a— 3b 

Solve the equations 5* + - = 9()i 

y “2 

4 , , 1 

3 -v-- = n_. 


6<z 2 -\-ab — 2b 2 

3<z+2b 


4. Find two numbers such that three times the first added 

to five times the second is equal to 53, and also such that 

three times the second subtracted from four times the first 
is equal to 3. 

5. Find the value of a 3 + —when *4 — L =4 


PAPER 2 

1. Find the H.C.F. of 

6X 3 4* 2 + 3*—2, 6a 3 -31a 2 +30*— 8 and 12a 3 — 2*2— 7* 


2. (i) Express 

partly fractional, 
(ii) Simplify 


a 3 —1 
x -\-a 


in a form partly integral 


2. 

and 


A 


1 


A—1 


1 


2 a 3 —4a 2 2* 3 +4a 2 a 2 —4‘ 


o pi .I • 12 5 9 2 

A. bolve the equations —-=3 - ' -= 33. 

a y x ' y ° 

4. Eight years back A was twice as old as B. After 
15 years their united ages will be 82. Find their present 
ages. 

5. A man’s monthly income is progressive and varies as 
below : Rs. 50, Rs. 56, Rs. 62, Rs. 68, Rs. 74, Rs. 80 &c. 
Find a formula which determines his monthlv income in 
General. 

PAPER 3 


1. Find the H.C.F. of 2a 5 —5a 2 + 3 and 3a 5 — 5a 3 + 2 by 
the method of alternate destruction of the highest and the 
lowest terms. 
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5 3 , y 

2. Simplify ^_ 3x _ 2 g + +x ^|2 + — 1 Ox +2V 

3. Solve the equations = 57 > 

9x+ 13>> = 53. > 

4. A number of two digits is reversed if it is diminished 
by 9 : the sum of its digits is 15. Find the number. 

5. Show that (4*2— 2x —15) 2 — (2 a 2 — 5x — 9) 2 is divisible 
by 2x z -\-3x —6 and express the quotient in the form of factors. 


PAPER 4 




Reduce to the lowest terms 


6x 4 + 25*3 425 a 2 4 1 3 a- 4 3 
3x 4 4-1 lx 3 4 13a 2 + lx+2 * 


Simplify 


1 4 .x 2 

1 -A 2 



1 -A 2 

1 4a: 2 ' 


3. Solve for x and y : a* —y = b ) 

ax —by = ab\ 

4. A person does a journey in a motor car at a uniform 
speed in 6 hours. On his return he stops at the half-way 
for half an hour, but quickening his speed by 3 km an hour 
completes it in the same time. Find his original speed and 
the length of the journey. 

5. Find the value of <2 3 4^ 3 4^ 3 —3 abc when a-\-b y-c=Q 
and a 2 4^ 2 4^ 2 = 29. 


PAPER 5 

1. If A and B are two algebraic expressions and A = a. H 
B = b.H prove that the L.C.M. = — .B. 

„ c . .. r 6a 2 — 5xy — 6y 2 15* 2 48*» — 12i* 

lm P 1 y 14 .v a —23xy + 3j> 2 35a 2 +47.vy+6 j- 2 " 

3. Solve for x, y : ax —y = a 2 l 

bx—y = b z f 

4. A person goes on a bicycle from A to B and back in a 
certain time at 12 km an hour. If he had gone 10 km an 
hour from A to B and returned at 16 km an hour, he would 
have taken 6| minutes less for the double journey. Find 
the distance from A to B. 
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5. Factorise (i) (a 2 — 3a) (a 2 — 3a—2) — 24. 

(ii) 8 1 a 4 4-64. 


PAPER 6 

1. If .4 and B are two expressions, H and L their H.C.F. 
and L.C.M. respectively, prove that AxB == HxL. 

1 2 4 8 

Simplify — 


2 . 


1 


+ 


a 2 4- 1 


+ 


+ i + .x»-r 


3. 


4. 


Solve the equations ^ ^ 

_L =-L i 

6a_>’ 72' } 

_ Divide Rs. 1,440 into two parts such that if they are 
invested at 3J% and 5% respectively, they may together yield 
the same income as if the whole were invested at 4i° 0 . 

5. Find the value of a 2 — y 2 4 -6a 4- 10>—16 when a 4 -y = 15 

and x — y= 3. 

PAPER 7 

1. The H.C.F. of two expressions is x+2y and their 
L.C.M. is 6 a 3 4-7a 2 ^-16at 2 -12>- 3 and one expression is 

2x 2 -\-xy — 6y 2 . Find the other. 

3 

2. Simplify —-o- 


2a + 3 — 


1 — 


a t 6 


3. What is meant by an indeterminate equation . 
Illustrate it by an example. 

4. A person buys 50 kg of tea and 60 kg of coffee for 
Rs. 205. By selling the coffee at a lossjof 5 ,o an< ^ tl 

at a gain of 10%, he makes a profit of Rs. 8 50. What 
the cost price of tea and coflee per kg . 

5 Collect the co-efficient of a 2 from the Product o 
(2a 2 4-5*-1) and (3 a 2 -2a 4-4) without actual multiplication. 
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PAPER 8 


1. Find the H.G.F. and L.C.M. 
a 4_ 3 *3 + 3 a 2 _ 3 x + 2 . 

2. Simplify a + 1- 


of .\ r >+x 3 , 


•v+2- 


x + \ 




1 


*+2 


Solve the equations 2a+ 5— 33 1 

4a—3 y = 1 ) 



by all the three methods. 

4. A rectangular garden is 36 metres long and 25 metres 
broad. A road of uniform width is constructed inside all 
round it. The area of the remaining garden is 672 sq. metres. 
Find the width of the road. 


5. Factorise 2 a 2 —7rt 2 +4a—3. 


PAPER 9 


1. Find the L.C.M. of 

7a 3 +52«a* —46a 2 a+8« 3 . 



Simpli 




26* ^ 

a(a — 36)3 


3a 3 +1 lax 1 —62a 2 x + 14 a 3 and 



3. Solve the equations 



4. A number of persons contribute a certain sum towards 
a charitable fund. If there had been 12 fewer, each would 
have contributed Rs. T60 more ; if there had been 12 more, 
each would have contributed 96 paise less. Find the number 
of persons and the contribution of each. 

5. Collect the co-efficient of a 3 from the product of 

(3 a 4 5 +a 3 —5a 2 +2 a — 1) (5a 3 +4a 2 —a + 3) without actual 

multiplication. 
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OBJECTIVE TYPE ITEMS HI 

1. Fill up the blanks in the following: 

(i) If both the numerator and the denominator of a 
fraction are multiplied by the same number, the value of the 
fraction is. 

(ii) To solve simultaneous equations involving two 

unknown quantities, you must be given at least. 

equations. 

(iii) Every common factor of two expressions is a factor 

of their. 

(iv) A fraction having a fraction in its numerator or 

denominator or in both is called a.fraction. 

(v) In addition and subtraction of fractions, they are 

first expressed with the same. 

2. Which of the following are simultaneous equations ? 

A. 3*4-17 = 29, v-= 9 

B. 5.x — 2y = 22, 2x —5_>>—8 = 0 

C. ly— 4 = 2x , 3y — 12* 4~ 54 = 0, x+y = 3. 

D. x-\-2y-\-z = 6, 2*4-2 y —£ = 3, a:— -y —2 z = —5. 

E. 4 x—y = 5, 8 a-—2 y = 10. 

3. In which of the following cases can the numerical 
values of the variables be found out ? 

A. a: 2 —25 = (a- + 5) (a--5). 

B. I3x — 7y = 9a 4-11 y. 

C. 29 (a —y) = 7, 99a = 7(a4-17)-27. 

D. 2x-\-5y = 13. 6a 4 -^-37 = 4(a-^)-24. 

4. Put a tick mark (\/) against the correct result in the 
space provided in the following cases : 

(i) If A and B are two expressions and H and L are their 
H.C.F. and L.C.M. respectively, then 

.A. A-\-B = H + L 

.C. AxB = H xL 


B. A —B = H—L 
D. A -=rB = H^rL 
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The value of 






A. 

G. 



1 



I 


A 



E. none of these 


(iii) x and_>’ are respectively the digits in unit’s place and 
ten’s place of a number. If the digits are reversed, the new 
number is given by 


A. A' -j— y. 

G. 10.v-f-j'. 


B. 1 0_y -p.v. 

D. yx. 











CHAPTER X 

LINEAR GRAPHS 

1. A graph is a pictorial representation. Its object is to 
convey quickly as much information as possible about the 
variations in two related quantities. Generally, a graph is a 
line made up of a series of points. Therefore it is necessary 
to know how to fix the positions of points which form the 

graph. 

The adjoining figure is the plan of an examination hall. 
The position of each candidate is shown by a dot. 
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may well be the number-scales referred to in the chapter on 
Directed Numbers. 

In them, we assumed that all measurements to the east and 
the north were positive and those in the opposite directions 
were negative. 

We shall consider that XOX' and TOY' arc two such 
graduated straight lines intersecting at O at right angles. 
We shall also follow the same convention regarding -j- and 
— signs to be prefixed to numbers denoting measurements 


Y 



of lengths. We follow one other convention that in order 
to reach a point, we start from O and first proceed away 
from TOY' (i.e. east or west) and then away from XOX'. 
Accordingly, in the figure, P is reached by traversing from 
O to M and then from M to P. Similarly to reach R we 
go from O to JV and then from N to R. With these conven¬ 
tions, we can locate any point in a plane. In symbols the 
position of P is denoted as (-f-5, +3). 

The lines XOX' and TOT' are called the axes of reference. 
The ea^t-w^t line XOX' is called the X-axis and the north- 
«>uth line TOT is called the Y-axis. O is called the Origin. 
The measurements which define the position of a point are 
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called the Co-ordinates of the point. The co-ordinates of 
P are of (4- 5, +3) and not ( -f- 3, 4-5) ; . 

the co-ordinates Q are (—5, +3). 

„ R „ (-5, -3). 

,, S ,, (+3, —3). 


The first measurement i.e. the distance from l'OT' is called 
the abscissa or X-co-ordinate and the second, i.e. the distance 
from XOX’ is called the ordinate or Y-co-ordinate . In general, 
a point is represented by ( X , Y). 


The two axes divide the plane into 4 compartments ; each 

. 1 1 _ ^ 1 1 /-I 


of them is called a qua¬ 
drant. The quadrants 
arc numbered in the 
order shown in the ad¬ 
joining figure. 

In I qdrt., a- is + >_>’ is +- 
In II „ a is —,y is + . 
In III ,, a is —, y is—. 
In IV ,, a is-f,^ is—. 


TT Quoc/ront I X Quadrant 


(“•+) 


C+,+) 


(+ 


HI Quadrant I HZ’ Quadrant 


2. Plotting Points. 

The process of deter- (—* ) v ~T~ 9 ) 

mining the position of a -rrr^ , j 

point in a plane with 111 Quadrant _Lx Quadrant 

reference to two axes, 

is called “Plotting the -- 

point”. Y 

For purposes of graphs, a squared paper is used (cm., mm). 


Example 1 : (i) Write 

down the co-ordinates of 
the points A, B, C, D, 
taking one division as 
a unit. 

(ii) Write down the 
co-ordinates of the points 

P, Pu Pi, B 3 , taking 2 
divisions as a unit. 
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Sol. 


(i) The abscissa of A is +4 and its ordinate is 1-3. 

„ B is 0 „ „ -i-7. 

„ C is -4 „ „ -_ ) - 

,, D is 4-6 ,, ,, — 

(ii) If we take 2 divisions as a unit, 

is (4-3*5, 4-3) ; /\ is (-3, 4-2), 

Pi is (-4, 0) ; P 3 is ( 4 15, —4). 


Example 2 : Take one division as 1 unit and plot the points 

(7, 10), (—5, (5) (—8, 0), (—4, —5), (0, —6), (3, —8). 
Sol. To plot the point (7, 10), we take from O, 7 units along 
OX and from there 10 units parallel to OP. (Sec lig.). 

To plot the point ( —5, G) we take from O, 5 units along OX' 
and from there 6 units parallel to Of. (Sec lig.) 

To plot the point (—8, 0), we take from O, 8 units along 
OX' and from there no unit above or below it. (Sec lig.) 

To plot the point 
(—4, —5), we take 

from 0 4 units along 
OX' and from there 
5 units parallel to O ) 

(See fig.) 

To plot the point 
(0, —6), we take no 
units along OX or 
OX' and 6 units 
parallel to O T' from 
0. (See fig.) 

To plot the point 
(3, —8), we take from 
O, 3 units along OX 
and from there 8 units 
parallel to OP'. (See fig.) 



EXERCISE 97. 

I. Write down the co-ordinates of the points P l5 P 2 , P 3 , 

P4, Ps, P 6 , P7, P8j P9 in the figure on next page, 

(i) taking one division as a unit. 

(ii) taking 5 divisions as a unit. 


13 
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2. Take one division as a unit and plot the points. 

(9, 7), (0, 6), (-5, 8), (6, 0), 

(-7, -4). (0, 7), (-8, -5), 

(-7, 4-8), (9, -6). (17, -1), 

(-20, 4), (0, 0), (13, 0), 

(0, -13), (9. -9), (-9, -9), 

(°, 11 ). 

3. Take 1 division as a unit 
and plot the points : 

(1, 0), (0. -1), (-1, -1), 

(-1, 0), (1-3, 1-5) (3-2, --6), 

(3-6, -1-2), (-1-4, 0), 

(0, —’5), (-6, —-5). 

4. Draw on squared paper 

taking 1 division as a unit, 

the figures whose vertices arc 

the points : 

(i) (0, 7) ; (5, 0), (-5, 0) ; 

(ii) (5, 9), (-11, 6), (7, -4) ; 

(ill) (6, 8), (-6, 10), (-5 -7), (12, -9) ; 

(iv) (6, 10), (-7, 10). (-12, -4), (14, -4); 

(v) (3 6), (-7, 7), (-12, -3), (-4 -6), (9, -8). 

3. Graphs of y=a,x=b, y = 0 and x = 0. 



If we plot points 
(-6,8), (-5,8), (-4,8) 
(-3,8), (-2,8), (-1,8), 
(0,8), (1,8), (2,8), (3,8), 

( 4 , 8 ), (5,8), (6,8) : and join 
them, a straight line is 
formed which is parallel 
to A-axis and is such that 
every point on it has its_>> = 
-{-8 and this is true for no 
other poi nts. (See figure.) 

The straight line is 
the locus of the points 
whose_y= -{- 8, whatever 
may be the A-co-ordi- 
nate, and the equation 
y = —8 represents this 
straight line. 
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Similarly, y = —8, represents a straight line parallel to 
jv-axis and is such that every point on it has its^> == 8. 

Hence y = a , where a is constant, represents a straight line 
parallel to x-axis, and y = 0 is the x-axis itself. 

Again the straight line parallel to the ^y-axis and at the 
distance of + 7 units is such that every point on it has 
.v == y-1 and this is true for no other points. (See figure.) 

Hence x= -\-l represents the straight line. 

Similarly, a- = —7 represents a straight line parallel to the 
j’-axis and at a distance of —7 units from it. 

Hence a = b , where b is constant, represents a straight 
line parallel to the y-axis, and a = 0 is the y-axis itself. 

4. Graphs of (i) y = x, (ii) y = —x, (iii) y = 2x, 
(iv) y = —2x. 

If we tabulate the values of a and the corresponding values 
of y from the equation y = x, we have 


X = 

—5 

-4 

-3 

-2 

— 1 

0 

1 

2 

3 

4 

5 

y = 

—5 

-4 

— 3 

—2 

— 1 

0 

1 

2 

3 

4 

5 

o 

Y 

i 

B 



Plotting the points (—5, —5), (—4, —4), (—3, —3) 
(-2, -2), (-1, -1), (0,0), (1,1), (2,2), (3,3), (4,4), (5,5), etc. 
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we find that all these points appear to lie on the straight line 
AB. (See figure.) 

Now take any point P on the straight line AB. Its co¬ 
ordinates (7,7) satisfy the equation y = x. Also take any 
point Cl (—8, —8) whose co-ordinates satisfy the equation 
y = x. We find that Q, lies on the straight line AB. 

Since the co-ordinates of every point on the straight line 
AB satisfy the equation^ = a; and every solution of y = x gives 
us the co-ordinates of a point on the straight line AB, the 
straight line AB is the locus or the graph of the equation 


y = x. 

Similarly, by tabulating the values of a and y from the 
equation^’ = —a, as shown below : 



and plotting the points (5, —5), (4,—4), (3,—3), (2,-2), 

(1,-0, (0,0), (-1, 1)> (-2, 2), (-3, 3) , (-4, 4), (-3, 5) 

and joining them, we get the straight line CD. 

Since the co-ordinates of every point on DC and of no 
other point satisfy the equation y = —a, the straight line C 
is the graph of the equation y = — x. 

It is important to note that the graphs o ty = x and y = —* 
pass through the origin. 

In finding die graph of., = 2x we give a series of pos.uve 
and negative values to At and from the equation find the 
corresponding values oCy and tabulate them as belou . 


X = 

0 

l 

2 

y = 

0 

2 

4 



Vie on 

th i/can^be Easily verified that the co-ordinates of any point 
on t^e sfraight y line POd satisfy the equation ^ - 2x 
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and that the co-ordinates 
of no other point satisfy 
the equation. 

Thus the straight line 
POQ is the graph of 
y = 2x. 

For the graph of 
y = —2a, we proceed 
exactly in the same 
way and find that the 
straight line LO A1 is 
the required graph. 

It is important to 
note that the graphs 
of y — 2a and y = — 2a 
pass through the origin. 

5. Graphs of (i) 4y — 

3* = 0, or y = ; (“) 



VS4 r JI 


WaUA 
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Tabulating the corresponding values of x and y from the 
equation y = %x, we have 


X = 

0 

l 

2 

3 

4 

-2 

—4 

y= 

0 

3 

4 

3 

•S 

9 

¥ 

3 

_ 3 

—3 


As these values involve fractions with denominators 2 and 
4, it is therefore necessary for accurate drawing to take 4 
divisions as the unit instead of one division. 


Now we plot points (0, 0), (1, J), etc., according to this 
scale, and observe that all these points lie on the straight line 
AOB. 


As it can be easily verified that the co-ordinates of any 
point on the straight line AOB and the co-ordinates of no 
other point satisfy the equation y = $x, therefore the straight 
line AOB is the graph of y — fx. 

Similarly, by tabulating the corresponding values of x and 
y from the equation y — —£a* and plotting the points thus 
got, we can show that the straight line COD is the graph 
of y = — Jx. 


It is important to note that the graphs of y = J* and 
y = —%x pass through the origin. 

The following points are worth noting : 

(i) An equation connecting x and y can be represented 
by a graph. For every graph, there is a corresponding equation. 

(ii) The equations y — x = 0, y-\-x — 0,_y—2x=0, y-~-2x ==0, 
4v — 3x = 0, 4y-\-3x = 0, y = x,y = —x,y = 2x,y = —2x,y = s *, 
y = — ^x, y = %x, y = —2* (considered above), can be put 

into the form ax L by = 0. 

Since ax A by = 0 can again be put into the form 
y = or y = mx, therefore each of the above equations 

can be put into the form y = mx- 

(iii) The graph of y = mx Isa straight line passing through 
the origin. All lines are slanting lines. 
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(iv) In each case m denotes the slope of the line. 

Slope means the amount of steepness of a line. As we 
move from left to right, i.e. as * increases, if the line goes 
upward, it has a positive slope ; if the line dips downward, 

it has a negative slope. 

To have an idea of the slope of a line, take any 2 points on 
it ; note their a- and y co-ordinates. 

Chang e in jy-co-ordinatcs 
A. hen the slope m = Change in A-co-ordi nates' 


1. If a point moves so that its ordinate is always—5, 
find the path traced out by it. 

2. If a point moves so that its abscissa is always— 8, 
find its locus. 

3. Find the locus of a point which moves so that the 
ratio of its ordinate to its abscissa is (i) 3 : 2 (ii) 3.2. 


Draw the graplrs of the following equations : 


4. 

5 . 

6 . 

7. 

8 . 

9. 

10 . 


(i) .v = -7, (ii) a : = 12, (iii) a- = 0, (iv) a = 

(i) y = — 6, (ii) y — 11- (iii) ^ = 0, (iv) y = 

(i) y = — lx, (ii) y = l*, (i“) y = “ 

(i) y = z*, (“) = — !*>• 

(i) 3x-r-2y = 0, (ii) 3 a-2 y = 0. 

(i) 4 a-4-5 y =0, (ii) 4 a—5 y = 0. 

(i) 3 a —5 y =0, (ii) 3 a+5_>> == 0. 

(iii) 3y —5a = 0, (iv) 3y+5x = 0. 


)y = 
)y - 
)y- 

) 3x 
) 4a 


Z X > 



6. Graphs of* (i) y = 2x (ii) y = 2x -f6, (iii) y — 2x 6. 

The corresponding values of a and y satisfy ng 




y = 2 a 4- 6 
are 
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iii) y = 2x —6 

X — 

0 

1 

2 

3 

4 

-2 

-3 

are 

y= 

-6 

—4 

—2 j 

0 

2 

-10 

-12 


Now we plot points from table (i) and find that AOB is 
the graph ofy = 2.v. 


We plot points from table 

(ii) and find that CD is the 
graph of y = 2.v-f-6. 

YVc plot points from table 

(iii) and find that EF is the 
graph ofy = 2.x — G. 

In each case the graph is a 
straight line and all these 
straight lines arc parallel. 

The line y = 2a -f 6 cuts 
_>-axis at-f-G ;y = 2a* + (0) cuts 
_>'-axis at 0 ; and y = 2x — 6 
cuts ^’-axis at—6. 

Then Tb and —G are called 
the intercepts of the lines 
y — 2.v-p6 and y = 2x —G 
respectively on the j’-axis. 



or the intercept made by the graph of an equation of tlie 
form y — mx -c on y-axis is c, and rrt is the slope. 

Note that any equation of the form ax-\~by -\-c = 0 can be 


put into the form y = 



or 


y = mx c 



Graph of 




Tabulating the corresponding values of v and y from 
equation, we have 


A = 

o 

1 

2 

3 

4 

6 

—2 

-4 


6 

9 

*2 

3 

3 

0 

-3 

9 

12 
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Plot the points (0, 6), (2, 3), (4, 0), (6, —3), ( 2, 9), ( 4, 12) 


(with integral co-ordinates) 
and join them. 

All these points lie on the 
straight line AB. 

Since it can be easily 
verified that the co-ordi¬ 
nates of any point on AB 
and the co-ordinates of no 
other point satisfy the 


a 


equation — 



the graph of 


1, AB is 




Draw similarly the graphs of the following equations : 





and observe the intercepts made by these lines on the 
axes and compare their length wi h the denominators of x 
and y in each case. 


It is important to note that the straight line 



cuts A-axis at (4, 0) and ^-axis at (0, 6) or the intercept 
made by it on A-axis is 4 and is the same as the denominator 
of a in the equation, and the intercept made by it on ^»-axis 
is 6 and is the same as the denominator of^y in the equation. 


DC y • 

Similarly, the intercepts of -f-~ = 1 on the A-axis and 
jy-axis are 3 and 4 respectively. 


DC y 

In general , if an equation is of the form —= 1, its graph 

a b 

is a straight line which makes with A-axis an intercept = a and 
with^-axis an intercept = fe. 
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From tlie above examples it is clear that the graph of an 
equation of the first degree in x and y, whatever be its 
form, is always a straight line. 

It is for this reason that an equation of the first degree in 
x and y is generally called a linear equation. 

Since a straight line is determined by any two points on it, therefore 
for drawing the graph of a linear equation, theoretically it is sufficient 
to plot two points on it, but for practical purposes and accuracy it is 
necessary to plot at least three points on it sufficiently apart. Integral 
values are more helpful than fractional ones. In most cases the values 
we get by putting x = 0 and y = 0 are very convenient. 

Summary 

(i) (0,0) represents the origin. 

(ii) y = 0 represents x-axis. 

(iii) x = 0 represents y-axis. 

(iv) x = a represents a straight line parallel to 
y-axis and at the distance of a from it. 

(v) y = b represents a straight line parallel to 
x-axis and at the distance of b from it. 

(vi) y = mx represents a straight line passing 
through the origin with m as its slope from x-axis. 

(vii) y = mx —c represents a straight line with m as 
its slope from x-axis, and c as its intercept on y-axis. 

(viii) Equations y =mx-fc, 9 y = mx +c», etc., which 
differ in the absolute term only, represent straight lines 
parallel to y = mx. 

(ix) - -J- ^ = 1 represents a straight line having 
intercepts a and b on x-axis and y-axis respectively. 

EXERCISE 99. 

[Choose a suitable scale wherever necessary, use accurate 
squared paper and a pencil with a sharp end.] 

1. In the same diagram draw the graphs of: 

(i) y = 4* + 5. (ii) y = -4* + 5, (iii) y = 

(iv) y = —4a-—5. 
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2. In the same diagram draw the graphs of: 

(i) = x + 6 , (h) 3_y 4* = 6, (mi) *-3jr=b # 

(iv) x+3_y+6 =0. r . 

3. In the same diagram draw the graphs of . 

(i) _>< = 5x, (ii) y = 5x+4, (mi) v = ^ ~ 4 ’ 

4. In the same diagram draw the graphs of. 

(i) y-\-2.x = 0, (ii) = 5, (in) ^ 4 - 2 x-rJ = 0. 

Reduce each of the following equations to the form 
V = mx4c, and state the slope in each case. 

5. x = 2y-\-b. 6. x+^ = 4. 7. 3x-4j = 10. 

8. 2_y =s J(x— 3). 9. ^-| + 1=0 * 10 * T a ' + 4 ; ' = L 


Reduce each of the following equations to the form y — rrtx 

4 -c: state the slope in each case. 

11. y = 3. 12. x = 5. 13. y = 0. 

14. Reduce each of the equations of questions 5 to 10 

to the form 


« H - 1 


(ii) ax-\-by-\-c — 0 . 


Draw the graphs of the following equations : 


15. 

18. 

21 . 

24. 

27. 

30. 


x 4 3 =0. 

5 y —3x = 0. 
8 x— 6 <y = 5. 
4x = 2y-\-6. 

a_L.y - i 

5 + 3 “ 


* _y = 

7 9 


1. 


16. 

19. 

22 . 

25. 

28. 

31. 


y + 7 = 0. 

by 4 3x = 0. 
x—4 y — 9. 
x — 1 \y —4. 

*_£ = 1 
5 3 


17. 

20 . 

23. 

26. 

29. 


by 4 5x = 0. 

Qy 4 6 x = 5. 
x — 4y —j- 9 = 0. 

x 43 y = ?. 

x+l = 1 

7 + 9 


x—y 


3 

4 


32. < = 


y 

3 


7x —6 


33. 


|= 4 i-x. 

34. Draw the graphs of the following equations in the 
same diagram and find the area included by them : 

(i) y —3 = 0 , (ii) x —2 = 0 , (iii) 4x45y = 60. 

35. Draw the graph of the equation 3x44y = 8 . In this 
graph read the value of x when y is —10. (Punjab, 1918.) 

36. Plot the graph of y = 3 *^~ 13 and from the graph read 


off the value of y when x = 3. What are the intercepts on 
the axes of x and y ? 
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Show that the points (— 1, 5) and (1,8) lie on the graph. 

8. Graph of a Linear Function of x- 

An expression which contains a variable * and which has a 
definite value for every value of a is called a function of 

Thus 3a 2 +2a— 5, 3a + 5 are functions of a. 

3 x _3 

Such expressions as 6a, 7a -f-3, ——— which contain no 

power of a higher than the first are called linear functions 
of x. 

Suppose we have to draw the graph of the linear function 
2 a -6 

3 * 

2 a — 6 

Here wc put y — — and by giving different values to a 

find the corresponding values of y. 

As this is an equation of the first degree, its graph must be 
a straight line. 

Now we choose 3 convenient points on this straight line as 
given below : 


A = 

0 

' 3 

6 

y =L 

-2 

1 0 

2 


Plot the points (0, —2) 
(3, 0), (6, 2) and join 
them. The straight 
line AB is the required 
graph. 

From this graph we 
can read the value of 


different values of a, 
e.e., when 

2a-6 . 

(i) a = 9, —— = 4 ; 



(iii) a = — 6 , 


3 

2a—6 


.... 0 2 a— 6 __ 4 . 

(n) a= —3, —-— — * » 


= —6 ; (iv) a= —9, 


3 

2a-6 


= - 8 . 
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9. Graphical Solution of Simultaneous Equations. 

Example 3: Solve graphically the equations : 

2* + y = 17 . . . . (i) 

3*—2 y = 8 . . . . (ii) 

Sol. As both equations are of the first degree in .v and y, 
their graphs must be straight lines. Prepare a table of 3 
convenient points from each equation : 


From 2x -\-y = 17, we have 


From 3 a—2 y = 8, we have 




10 

6 

—3 

5 




«■■■■■■■■■■■■■■■ 
■ ■■■■■■ ■■■■■■■■ 
\mmMMMummmuwuummm 
■■■r*«■■■■■■■■■■■ 

■ liikiKiriiMiiia 

■ jjmbmb 


Plot the first set of 
3 points and join 
them and write the 
corresponding equa¬ 
tion on the graph. 

Similarly, plot the 
second set of 3 
points and join 
them and write 
down its equation 
for the sake of dis¬ 
tinction. Note the 
co-ordinates of the 
point where the two 
graphs intersect. 

They cut at (6, 5). 

As the point of 
intersection is com¬ 
mon to both lines, 
the co-ordinates 
(6, 5) satisfy both 
the equations. 

Hence * = 6 and y = 5 is the solution of the given equations. 

[The students may verify the result by solving the equations 
by the ordinary method.] 


Tf 


■ ■■■■■V'VHniiHiaa 

a apiiRiDmiiiaii 

’A j 

7a itammmmuMwwmmmMM 
1■■■■■■■■■■■■■■■ 
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EXERCISE 100. 

Solve graphically and verify the result by the ordinary 
method : 


1. 


4. 


*+y = 7 i 

x—y= —1-J 

2*— 3y = —7.1 
3*— 2y = 2. J 


2 . 


5. 


7. *+5 = 0 


4-5=0) 

— 5y = O.f 


8. 


2 * 

10. 5*—3 y =29 ) 

3* 4-5^ 4-3 = 0./ 


3*- y = in 

2*4-34’ = 22. J 

44 = 3(*+2) ) 
5* = 2(44-2)./ 

24 = 3* —16) 
ix =344-16./ 


3. 2*4-34 = 17 1 
3*4-2 'y = 18./ 

6. 2* = 34 

* , y. _ 1 s 
2~ + 6 - 1 ** 
9. 3*4-44 = 241 
4*—34 = 7.J 


Xotf: In the qns. 9 & 10 above, the co-efficients of x and 4 in the 

simultaneous equations are interchanged with a single change m the. 
signs. The graphs of such equations are perpendicular to each other. 


11 . 


* —24 4-11 = 0 


12 -3+nj = 1 3 — 2 > = 1 - 


= °1 

2* —344-18 = 0./ 

Show that the following straight lines are concurrent; also 
find the co-ordinates of the common points : 

13 . * 4 - y = 11 , 2 *- 4-4 = 0 , * 4-24 - 17 - 

14. 2*4-4 = 13 > 3*— 24—2 = °, x+n — 3 y- 

4 x—y = 5, 5*4-24 = 16, *4-34 =11* 

16* Find the co-ordinates of the vertices and also the lengt is 
of the sides of the triangle formed by the straight lines 

a— v = 0, *4-5 = 0, *4-4 = 4. 


SELECTED QUESTIONS—F. 


1. Solve the equations graphically: 

*4-3 4 = —4, j* 34 = —1. 

2. Draw the graphs of *— 24 = 1,4+2* 
or otherwise solve the equations. 

3. Solve graphically the equations : 



—3 and hence 
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4. Solve the equations 11a: -f-12jv = 50, 12x-f 11 y = 57 and 
verify the solution graphically. 

5. Draw the graph of the equations y =--- and 



5* —21 
3 


For what value of x are the values of y equal? 


6. Solve graphically the equations 4x-\-3y = 12 and 
2 x—y = 16 and read the points of intersection of the latter 
with the axes of a and_>>. 

7. Solve the equations 148*-}-231j> = 527, 23 1* -{-148 y 

= 610 and verify the solution graphically. 

2 5 

8. Solve the equations- \-3y = 15,- Ay = 3 and 

AT X 

verify the solution graphically. 


CHAPTER XI 


STATISTICAL GRAPHS 

1. The representation of statistical information is one 
of the most useful and interesting practical applications of 
graphs. A graph of statistics is much more clearly grasped 
than a table of numbers. It presents a vivid picture of the 
results of periodical observations. It also enables us to make 
comparisons and draw useful conclusions. 


2. Ready-Reckoner. 

Example 1 : Sixty oranges sell for Rs. 9. Make a graph 
to show the cost of any number upto 80, and from it write 
down the cost of 25 oranges, and the number of whole oranges 
you would get for Rs. 5. 

Sol. Let the price in rupees be represented by .v and the 
number of oranges by y. 


V 

then - 

A" 


60 20 
— or y =-j a 


Prepare a table of values for a and y. 

Number of rupees a = 0 3 9 12 

Number of oranges y= 0 20 60 80 

Using a suitable scale, plot the points and draw a graph 
as shown at page 209. 

From the <naph read ofT the cost in rupees corresponding 
to 25 Tinge!. It is Rs. 4. Again the number of oranges 
for Rs. 5 30 lies between 33 and 34 The number of whole 
oranges is 33. This can be verified by calculation. 

Such a mapli is called a ready-reckoner. It enables vs to 
know one quant,ty in terms of the other by s>ght w, hout the 
arduous process of calculation. But the hunt to which ,, can 
be u^ depends on the size of the graph paper. VV.th a 
larger paper, greater accuracy is possible. 



Number of Oranges 


t * A A A A 




Y 



Price in Rupees 


3. Conversion Graph. SI = Rs. 4*75 (approx.); therefore 
it y represents the number of rupees and a* the number of 
corresponding dollars, we have 

y = 4* 75a 


14 
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Tabulate the values of a and y from this equation. 

Taking 10 small divisions for 
SI along the A-axis and 
2 small divisions for Re. 1 
along thejr-axis, we have the 
following graph : 


Y 



.V = 

0 

1 

2 1 

3 

y— 1 

0 

4-75 

9'50 

14-25 
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Since 32 C F = 0 C C and 212°F corresponds to 100 C C and 
there are (212°— 32°) or 180 C F for 100°C, /. »°I■ = 1°C. 
Hence the relation between the number of degrees in the two 

..... . y —32 a 

scales is given by the equation —-— = 


o 


or y - 32, 


where a- stands for 
the number of deg¬ 
rees in the Centi¬ 
grade scale and y 
for the number of 
degrees in the 
Fahrenheit scale. 

Tabulating the 
values of x and y 
from the above 
equation, we have 


V — 

0 

10 

40 

60 

80 

V= 

32 

1 

50 

104 

140 

176 


20 C F 
and 


Taking 1 cm to 
represent 20~G 
along A-axis and 
along ^’-axis 
plotting the 
points, we get the 
adjoining graph. 
From this graph 
read the value of 
50°C in Fahrenheit 
scale and that of 
120'F in Centi¬ 
grade scale. 



40° 60° 80° 

Centigrade 
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4. Discontinuous and Continuous Graphs. 

Sometimes the corresponding values of two variables 
cannot be determined from a given relation or an equation 
but are obtained by actual observation or experiments, e.g ., 
the temperature at different intervals of time throughout 
a given period. In such cases we draw the graph represen¬ 
ting the relation between the two variables with the help o 
the data thus collected and by joining the successive points 
by straight lines. The graph drawn consists of separate lines 
and is not continuous. To illustrate this point \ve have 
drawn here a graph which represents the relation between 
the hours of a day and the temperature of a place at such 
hours in Fahrenheit scale. 


Forenoon • Afternoon 


Time 

6 

7 

8 

9 

10 

11 

12 

1 

2 

3 

4 

5 

G 

Temp. 

43° 

4-4° 

455 c 

47-5° 

31 c 

55° 

GO-5' 

Gl° 

G0° 

58° 

54° 

49 c 

47 5 
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In this case we have taken 6 A.M. and 40° as the origin, 
divisions for 1 hour along the x-axis and 1 small division 
for 1° along the ^>-axis. The successive points are joined by 
separate st. lines and we get a discontinuous graph. 

Now we can read the approximate temperature at any 
particular time : 

e.g at 10-30 A.M. temp, is 53° (approx.) 
and at 2-30 P.M. temp, is 58*8° (approx.) 

At 1 P.M. the temperature appears to be the maximum , 
and between 12 noon and 2 P.M. the temperature is fairly 
steady. Between 10 A.M. and 12 noon there is a rapid 
increase, and between 3 P.M. and 5 P.M. there is a rapid fall. 

In all experimental work, since the observations are made 
at intervals, the graphs made from the data thus collected 
would be discontinuous. Really in majority of cases the 
variation is not so abrupt but gradual and continuous ; there¬ 
fore the proper graph in such cases should be continuous, as 
shown below : 
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This graph gives us a better representation of the variation 
of temperature during the day and also gives us more 
accurate reading, e.g.> the maximum temperature is not 
exactly at 1 P.M. but between 12 noon and 1 P.M. 


1. If rice cost 75 paise per kilogram construct a graph 
to read off the price of any number of kg. Frame an equation 
connecting the price of rice in rupees and the number ol 
kilograms. 

2. If 40 articles cost Re. 125 construct a graph to read 
off the price of articles correct up to 5 paise. 

3. Taking £3 = Rs. 40 construct a conversion graph to 
read off the number of shillings for a given number of rupees. 

4. Taking 1 kilometre = '62 mile (approx.), draw a graph 
showing the number of miles in any number of kilometres 
up to 100. Read off approximately the number of kilometres 

in 45 miles. . . 

5. Taking 1 cm = *39", construct a conversion graph to 

read off any number of centimetres in inches. 

6. The temperature of a patient taken every two hours 

1 • 1 * ___ J nn KaI 4 T • 


Time 

G 

a.m. 

8 

a.m. 

10 

a.m. 

12 

noon 

2 

p.m. 

4 

p.m. 

G 

p.m. 

8 

p.m. 

10 

p.m. 

12 

mid¬ 

night 

2 

a.m. 

4 

a.m. 

Temp. 

99 2° 

100° 

1004° 

101° 

103° 

102-4° 

10T6° 

100° 

99-8° 

99-6° 

99-4° 

1 

99-2° 


Draw a continuous grapn ami Snnroxi- 

at 3 p.m. and the time when the temperature \Nas appioxi 

m^.e^The 0 average monthly temperature of a town in Fah¬ 
renheit scale is as follows : 


Month 

Jan. 

Feb. 

Mar. 

Ap. 

May 

June. 

July 

Aug. 

Sep. 

Oct. 

Nov. 

Dec. 

Temp. 

63° 

72° 

88° 

95° 

102°: 

106- 

104° 

100° 

96° 

o 

O 

o 

75° | 

1 

65° 
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Draw a continuous graph and read off approximately the 
hottest fortnight of the year. 

8. The length of the longest day in different latitudes 
is given below in hours : 


Latitude j 

l 


10 : 

20 ° 

m 

40° 

50° 

m 

70° 

80 

90° 

Length of the 
longest day 

12 

12-6 

13-3 

14 

14-8 

16-1 

18-5 

24 

24 

24 


Draw a continuous graph. Estimate the length of the 
longest day in latitudes 16°, 38°, 65°. 

9. The following tabic gives us the heights of places above 
the sea-level in thousands of metres and tlv corresponding 
heights of the barometer in centimetres : 


Height above 
sea-level 

0 

1*5 

3 

H 

6 

H 

Height of barometer 
in cm 

70 

62-5 

51*5 

42-7 

35-7 

27-5 


Draw a continuous graph and read off the height of the 
barometer at 1,000 m and 3,000 m above the sea-level. 

10. The temperature of water in a boiler is 20°C. It is 
continually heated for half an hour and its temperature is 
recorded at intervals of 5 minutes and is tabulated below : 


Intervals in 
minutes 

5 

10 

15 

20 

25 

30 

Temperature 

24° 

28-6° 

32-8° 

36-6° 

40° 

43° 


Show graphically the relation between time and tempe¬ 
rature of the water and read off the temperature after 23 
minutes. 
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11. The formula s = 4*90 / 2 gives us the relation between 
the space ( s ) covered by a body falling freely under gravity 
in time (0- If in the following table s be given in metres and l 
in seconds, 


t = 

1 

2 

3 

4 

5 

6 

s = 

4-90 

19*6 

44-1 

78-4 

12225 

176-4 


draw a continuous graph for the relation between the 
distance and time, and read off 

(i) the height of a tower from the top of which a stone 
takes 45 seconds to fall, 

(ii) the depth of water-level of a well which a stone takes 
2’25 seconds to reach. 

Verify the results by calculation. 

12. The average height of boys and girls at different ages 
is given below in centimetres in two different tables : 


Table for boys 


Age in 

years 

* 

i 

2 

3 

4 

g 

o 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

Ht. in 

centi¬ 

metres 

68 

80 

89 

93 

95 

100 

107 

116 

122 

124 

126 

128 

132 

140 

149 

156 

160 

164 


Table for girls 




5 105 111 116:117 





128 140 148 150 154 156 


Draw carefully both these graphs on the same paper with 
e same axes. Represent one by dotted lines and the other 


the 

by a continuous line. 
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Note the following points : 

(1) The age up to which both the curves are concurrent. 

(2) The ages at which the two curves intersect. 

(3) The ages when the springs of boys and girls are almost 
parallel. 

(4) The ages when the plateaus of boys and girls are 
almost parallel. 

(5) The ages when the boys are in springs and the girls 
in plateaus. 

Note that the plateaus are the periods when the system can be 
more energetic and the springs are the periods when the system is 
more liable to fatigue. 

Taking this as a law, point out periods 

(i) when the boys can be made to do more work; 

(ii) when the girls can be made to do more work; 

(iii) when the boys should have a lighter course; 

(iv) when the girls should have a lighter course; 

(v) at what ages should we hold the public examinations 
for boys and girls ? 


PART n 

CHAPTER XII 


INDICES 


1. The definition of an index is given in Chapter I. 
According to that definition, in a 5 , 5 is the index and it indi¬ 
cates that a is repeated as a factor five times, or o 5 = a xaxax 
axa. It does not cover fractional and negative indices. So 

the definition of an index must be extended so that a~\ a 11 , 
etc. may also have some meaning. 

We have already established 3 laws, namely: 

... • • • (i) 

... (ii) 

and (a m ) n = a' un ... • •• (“0 

Assuming that they are true when m and n are positive 

m 

integers, we must interpret a - " 1 , a n , a° in such a way that these 
obey the ordinary laws of Algebra. 

in 


a m X a n = a m+n 
a m -fa" = a m ~ n 

i tun 


2 2 . 2,2 
5 _ „ 3 + 3 + 3 


2. Meaning of a”. 

o 

By the law of indices, Xa * Xa :i = a 

( 4x3 2 

• Vfl'v = a = a 2 . 

2 3 / 

Taking the cube root of both sides, we have a 3 = y 




and 


v 


For further generalisation, we proceed as below. 
By the law of indices. 


7/i 


m 


m 


+ — n terms 

fl"Xfl"Xfl"X...to n factors = a n " " 


/ — \ W -x« 

\a n ) =a n = a m . 

Taking the wth root of both sides, we have 

° fl / 

™ \/a m . 

a 11 = v 
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VI 


Hence a” is the n ih root of a m 
Cor. < 2 * = \/a l = 


Thus, 

Since 

and 


a- = Vc, = v'a, and so on. 


a 


n 


Xa n x a” X . m factors = a 


- xm 


— a 


m 

n 


1_ /n /—\w »« m /» / \ 

«" = Vtf, \\ a ) = fl ", or a ” «"7 


m 

Thus, a" may be interpreted either as the n th root ol the 
mth power of a, or as the wth power of the n Ut root of a. 

3. Meaning of a° • 

By the law of indices, a m -h« w = a m_n , 

a 4 H-a 2 = a 4-2 = a 2 ; 
a 4 -h« 3 = a 4-3 = a 1 ; 
a 4 -ha 4 = a 4-4 = a° ; 

But an)- quantity divided by itself gives 1. 

i.e. a 4 -ha 4 = 1 a° = 1. 

So quantity raised to the power 0 equals 1. 

Again, by the law of indices, a° Xa m = a 0+m = a m . 
Dividing both sides by a m , we have 

a° X a m a m 

a m a~"* 


a° = 1. 

Hence for all finite values of a, a° = 1. 

4. Meaning of a~ m . 

By the law of indices, 

a m x a~ m = a m ~ m = a 0 = 1. 
Dividing both sides by a m , we have 

a“ m — ~ 

a m 

Also a m = ——. 

a ~" 1 
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n n~ m 1 1 b n 

C„r. F = »»X F = -xS"=-. 

Hence any quantity with a negative index denotes the 
reciprocal of the same with the same positive index and vice- 
versa. 

Example 1: Find the value of 27^' 

Sol. 27^ = (v^) = 3' l = 81. 


_ 3 


Example 2: Find the value of 9 


Sol. 


-3 I 

Q ‘-2 — _ _ 
^ 3 

9 * 


1 


(V9) 


1 

3 3 


1 


27' 


3 1 -1 

Example 3 : Multiply together a - —— A and a 


3 3 1 

Sol. The required product = a 4 Xfl-Xfl 4 Xfl 4 

= a i+i+« 


-i 


a 


6 


EXERCISE 102. 

Express the following without fractional and negative 
indices : 


1. 

3 

a z . 

2. 

_ 3 

A’ 3 . 

3. X 6a 

4. 

«>** 

i 

X 

01 

1 

a- 

5. 

m 3 

_ 3 4 

: « 6. * 

X 3 

7. 

y/ m 3 V a- 2 . 

8. 

V* 

" 7 x\/a 6 . 

9. 

V* ,2 -^\A- 5 - 





Express the following without radical signs and negati\e 
indices : I 

10. W*Y- n - (V">) -9 - 12 - 13 ' 

! 4 . V 7FJ +(v™r e - 
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Find the value of: 


16. 

4-4- 

17. 

s 

8*. 

_ 2 

18. 

16*. 

8 

19. 

2 

64*. 

20. 

32 5 . 

3 

21. 

27 *. 

_2 

22. 

125*. 

23. 

81 4 

1 

9-2’ 

24. 

128~ 7 . 

25. 

343 a . 

26. 

°/243 2 

27. 


2 «- (sis) - *- 

Simplify : 

31. 16- +49-. 


29. 


V 


30 


16- 


. v 


(16 l )(125 % 


32. 


8 7 27 ;1 


33. (2*5) 3 

10“ 2 


x-\- x~ x 


35. 


X-\-X~ x Q£ . fl 2mr« Xfl 3m-Cn 

A --. 

* —1 a 4m-3w 

5. To prove that (a m ) n = a mn for all values of m and n. 
Case I. When n is a positive integer, 

(a m ) w = .to n factors 

— + m + to n terms fl mn 

Case II. When n is a positive fraction : 

Let n = where p and q are positive integers. 

v_ _ 

Now, (a m ) n = (a m )< = \/(a m )p 

rnp 


(a m ) n = (a m )« = V{a m )P 

_ mp 

= V a m P = a~ 


Let n = 


a m j = a mu 


Case 111 

Let n = 


When n is any negative quantity: 
— p, then p is a positive quantity. 

(* m ) n = (( a m ) ~ P = — l — 

t (* m ) 

= - = a~ m P 

a mp 

= a m P( ~p) = a mn 


Now 
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Example 4 : 


(gS)* = 9 s " 4 ' = 9^ = V9 = 3. 

_o \ “I xi 1 1 


o 9 

“ X -7 


Example 5: (27 =27 


27 27^ ^ 27 3* 


6. To prove that a" 6 n = ( ab) n for all values of n* 

Case I. When n is a positive integer. 

a"b n = (a x a x <z.to /z factors) 

x(b xb xb .to n factors) 

= (abxabxab .to n factors) 

= ( ab) n . 

Case II. When n is a positive fraction. 

Let n = where p and a are both positive integers, so 

7 

that p = nq. 

£___*/ /• 

Now ( ab) u = ( ab)'i V ( ab ) 


= \Za p bP = l/a^b 


nq 


= V(a" ) ( b « ) 9 = V(fl n A" )* 

Q_ 

= (,?» )7 = a n b n . 

Case III. When ;z is any negative quantity. 

Let n = — p, then p is a positive quantity. 

-v 1 

Now (ab) n = (ab) = 


1 


a p bP 


(ab) p 
= a~ p b p = a n b n . 


Hence generally (abc .)“ = a ’*xi"xr» .for all values 

of n. / \ n 

Cor. — —a n b~ n = a»(b-'Y = {abr*)* = (t/ ' 


_ 2 
3 6 


2 3 “q 

Example 6: (8“* X 9*) ’ = (8“») X(9*) ' 

= 8“ x9 " = (v^8) X^ 

1 16 

= 24X T = S’ 
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Example 7 : \Za~ A b 2 * V< 2 3 6 ab 3 

4 z 31 y 
= a~^b z xa?b* y.a 6 b ~ 

= fl ‘H + G X ^4^ 

= \/ob 2 . 



EXERCISE 103. 


Simplify : 




1. 

G-0°- 

2. 



4. 


5. 

(v'm 3 n 4 ) 4 . 6 


7. 

\Zm~ z 

8. 

VAT~ 8 X \ / X 4 y~ 

-1 2 

• 

9. 

'y/ a~ x ^a z y/ a~*. 

10. 

yja-WPxy/ < 

af/b z . 

11. 

(27a 3 -r646- 3 ) 

12. 

(125fl 3 4-276“ 3 )“ 

o 

13. 

1 

X 

1 

1 

O 

r4r. 

,§)- 7 

>* 


14. 

V xy~ 2 z* {x^y^zT 

3)-l 



15. 

| ( a <i+6+c Xa «-&+c) 

,}• 

• 


16. 

/X m \ m -*• n / X" \ 

[yr) x (f ) 

nil 

X 

/a 4 V*"' 

V'V 


17. 

Which is greater ( 

;2 s ) 

2 

or 2 3 , and by 

how much ? 


7. Algebraical operations involving fractional and 
negative indices. 

As in the processes of multiplication, division, factorisation 
and square root, it is necessary to arrange the terms in 
ascending or descending powers of some common letter. The 
student should have sufficient practice in such arrangements 
while dealing with expressions involving fractional and 
negative indices. 
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Example 9 : Arrange the following expressions in ascending 
powers of * : 

(i) x-\-x° -{-a: -1 -\-x 2 . 

(ii) 3*- -\-x ~ 1 -f- 4 a~ - +a 0 . 

(iii) x*— 2 x~* +3x~% + \ — 7a 2 +5a. 

Sol. (i) Since 0:>—1 and —1>—2, the proper arrange¬ 
ment of the terms in the first expression would be 

A- 2 +X~ l +A° +A+A 2 . 

(ii) Since 0>—J and ——1, the proper arrange¬ 
ment of the terms in the second expression would be 

i i 

X~ 1 + 4 A “ +A° -f a + 3a . 

(iii) Since 1 =a° and 0>—£ and ——J, ^ ie proper 
arrangement of the terms in the third expression would be 

-2a~<+3a“* + 1 -|-a*+5a — 7a 2 . 

Example 9: Multiply ab~ 1 1 -\-a 2 b~ 2 by a 2 b~ 2j r\ — ab~ x . 

Sol. Arranging both the expressions in ascending powers of a 
and proceeding as usual, we have 

1 -ab~ 1 -\-a 2 b~- 
1 — ab~ 1 -\-a 2 b ~ 2 

1 -\-ab~ l -\-a 2 b~~ 

— ab ~ 1 — n 2 b~ 2 — a 3 b~ 3 

+a 2 b~ 2-ffl 3 £- 3 +tf 4 6“ 4 

1 +a 2 b~ 2 +a*b ~ 4 . 

1 3 1 

Example 10: Divide 1 lx"’—6 -{-a 0 6a 5 by a 3 3. 

Sol. Arranging the dividend and divisor according to 
descending powers of a and proceeding as usual, we have 

x 3 — 3 )a* — 6a 3 -f- 1 lx 3 — 6 (a" 5 —3a 3 +2 

3 "2 

a 3 — 3a 3 

— 3a 3 + 1 1a 3 

2 4 

— 3 a 3 4-9a 3 

2a 3 — 6 
2a 3 —6 
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EXERCISE 104. 

1. Arrange the following expressions according to 

ascending powers of x : 

(i) 4a 2 + 1 +3*“' +5a- 2 — lx. 

(ii) 3*+6* - 3 -j-5* 3 +4x “ 2 +7*” 1 . 

_ i 

(iii) a+4 + 6 * 2 ” +5a” + 3a 2 ” — a ”, where w is a 
positive integer. 

2. Arrange the following expressions according to 

descending powers of y : 

(i) +*^-2. 

(ii) x%y r % — 1 -\-x~$y$. 

(iii) 3jy“ 3 — xy~* + 1 _+ 7a 3 . 

Multiply : 

3. a 1 — 1 +<z~ 3 by a* -\-a~K 

4. — a~b^-\-b by a- +£^. 

5. a + 3^+4<^ by 

6. « ff +2fl*+3«*+2a* + l by l+ a ”_2<A 

a '~ 1 +_?~ , +a ^ by a"* 1 —+y-i. 

0 ^+ 6 3 +c s — a^b :l —— b^c^ by ar*-\-b^ +c^. 

Divide : 

9. Jb ~*+\by l+r^+ fl 4^ 4 . 

10. X s -a$x%+a? by a* -\-ai*x^ +a$. 

11- *y*+A"V+2 byAV4* L t*-l. 

12 . 1 —*~^+ 2 a^+a* by 1 +a“^+a^. 

Example 11 s Find the square of a 5 — h* 

15 
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Sol. {ai—b*+c*)* = (a 4 )* + ( — ^) 2 + (^) 2 +2(^)(— & T ) + 
2(a^)(c^)+2( — bT)(c*) = a*+^+c*— 2a 5 b~ + 

2 a 5 — 2b r c :i 

3 _3 

Example 12: Resolve into factors a^—b-. 

Sol. a*-^*(fl*) 3 -(^)*=(a i -ft 4 ){(« i ) 2 + (« i )(^)+(* i ) 1 } 

= (a’ 2 — b~)(a-{-a^b- -\-b). 

Example 13: Simplify (i) (x 2 " 1 )", (ii) (a.' 3 " *) • 


Sol. (i) ( x *"-'y=[ x (* n -')y =**■*"-' =*> 


n — t + 1 _ 2 n 

■— X ** • 


(ii) (x 3 " *) 9 = [x< 3 " 1 )] = X 9 - 3 


"- 1 S 2 .*"" 1 


= X 3 


n 1 - + 2 


= X 


:<" + 1 


EXERCISE 105. 

Find the square of: 

I. a $+b*. 2. a+a- 1 . 3. a+a§— a^. 

4. a*- 2 ah+a$. 5. l+«-fr +<*■*. 6. ai-aib-i+b*. 

Multiply by formulae : 

7 . a § —1+a-t by 

8 . a — ahb^-\-b by a2+6-. 

9. x -i+y-i + x -ijy-h by x" 1 — x-ly-b+y" 1 - 

Divide by formulae: 

10 . x-'+ji- 1 by x~$ -\~y~ 

II. 8al+6 _ t— c+6aib~ici by 2ai+b~-— c-. 

12. Multiply ««* +a’‘b- +i" 2 " by a"using a formula. 

3n 3n « » 

13. Divide a 2 —6-* by <z 2 -6 2 by factors. 

14. Find the L.C.M. of a*—b*, a +b , a—b by 

factors. 
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Simplify : 

15. 0"’ 1 ). 4 16 . (V" 1 ) 0 . 

17. 27” — 3 3n+1 . 18. [ (a m )m-~lmTI’ 

19. 

20. Compare f(2 2 ) 2 J and 2 2 ~ 

8. Simplification of expressions with any Indices. 

Example 14: Simplify 2”» + i,3 2 ^ + 

6 m . 10 ” + 2 15 »» 

Sol. The expression = 2/”-h3 2 ™ ”.5”>->».(3”,2”) 

(3 m .2'”). (5 ”+2 2» + 2) 5 m 3”* 

_ 2 m + M + 1 .3 2 »” + «-«.5in m 

2 »i + n +2 3 m ( m . 5 m + ”'!'2 


= / 2 m + w+1 \ /3 2m \ / 5»»+» \ 

*. \2m + n + 2j' ( 5 m4» < * ) 

= 1 1 i - 1 1 _ 1 

2* *5 2 2‘ 25 - 50- 


Example 15: / ___1. 

U-** —*; 

Sol. The expression = -\-b^)(g~ b 

L ~ 


{a^~ b^)(a+c£b^ -\-b\ 

(«* -b*)(a* +b*) 

J 


— i 


— l 


+ b 
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a -f- 2 a- b - -\-b —a — a 2 b 2 


— 1 


* 


r^ii 


4 i A^ 
“ + o - 


<2 " b 2 

J . 


1 


6* 


? + "1 
2 a - 


2 A 4 


a 2 b 


EXERCISE 106. 


Simplify : 

2 n .6 m ^ 1 .10 H, ' n .15 m ,,_2 r 

1 • 4.m > 32m + H > 25 m _ ' ’ 

„ 2” .(2 W-1 )“ w 2.2” ; 

3 - 2 w + 1 .2 ,l_r " X (2'* ) n ’ 

3-4 X 1 0 4 x 5*7 x 10~ 6 X4~4 x 10~ 3 
4 ‘ 1-87 x 10 -4 x9-5 x 10 3 x3 X 10 * 

OC2n-2 _ 3" + l 


6-"x36 2 "- 2 
5 ‘ 6 3n_2 x 12 1# 

Prove that 

2» _|_2 n-1 3 

'• 2 ,, +1 _2" 2* 

Simplify : 

. KMdX 


3 >. ■ 4—6.3” 1 
3” r - 


(3 n ) n+1 ' (3 


9” ■»- i 

M + l^n-1* 


5 3 .2^-10_j =25 . 

15 4 .6 _4 .4® 


10 . 


<7 + 


WO- 7 )' 


a: —x 
x — 1 


x 3 —y 3 
x—_y -1 




11 


12 . 
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c i a 


15. 


A 2—|_y2 _*-2 _y-2 (a —A“ 1 ) ( ,)< —J>> 1) 


A 2 V 2 —A 2 V 2 


+ 


A>> +A l ^> 1 

16. a~~ (bc ~ 1 —i“ 1 c) +6“ 2 (ca~ 1 —c -T <7) -{-c“ 2 1 — a~ x b). 

Prove that 


17. 


y ~ 1 , 1 = 2 *>’ 

A -lXy-lV-V-* y-A 2 ' 


18 




19. Simplify t 1 , +a ,-!, +a .- y 


1 


[ 


+ 1 + a v - z + a x - z' 


Hint : 


1 


a 


] 


1-i -a'J~ x -\-a z - x a x -\-a.y-\-a* 

20. If a- = 2^ — 2~ prove that 2a 3 +6a* = 3. 

L Hint : Cube both sides of a =2^ —2 and put x for 

(2^-2‘^).] 

21. If a 1 = b m = c n y and b 2 = ac> then - -fi = - 2 . 

I 71 m 

22. If a x = by and b x = a ' J , then a = b. 

23. If a = by by — Cy c z = a, then a>>£ = 1. 

24. If a ^=> e , prove that = x* 1 

[ Hint. Proceed analytically : y will be = , 

= or if = * or if y* = A y.] 

05 ) 
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SELECTED QIJESTIONS^G 


1 . Simplify a* x a~ * x (a 2 J* x 7 -j-r-r. 

2. Find the value of (27)r x 8T 

(l8>V- 

3. Express in the simplest form 

( 9 ’* x 3 ^X 3 ^)-(27)” 

3 :in x 9 

Simplify 



CHAPTER XIII 


RATIO 


1. If A and B be two quantities of the same kind which 
when measured with one and the same unit are represented 
by the numbers a and by the ratio of A to B is the quotient 
of a by b. 

This ratio is written as a/by a^-b or a : b and is read as 
‘the ratio of a to b .* 

Thus, for example, if A and B be lengths of 3£ metres and 
54 metres respectively, the ratio of A to B is 3£/54 which when 
simplified becomes 4§ or 13 : 22. 

Similarly, the ratio of Rs. 3*25 to Rs. 5*50 is 13: 22. 

In the first example the quantities compared are two lengths 
and in the second, two sums of money ; the ratio in both cases 
is the same. 

Thus, a ratio is simply an abstract number and is indepen¬ 
dent of the concrete units employed in the quantities compared, 
provided they are of the same kind. 

In the ratio a: by a and b are its terms. The first term a 
is called the antecedent and the second term b is called the 

consequent. 

The ratio b : a is known as the inverse ratio of a : b. 

As a ratio is represented by a vulgar fraction, its value 
remains unaltered if its terms are multiplied or divided by the same 


number ; for instance, 


a ma 

b mb 


. na 

and —r = 
nb 


a 



A ratio is said to be a ratio of greater inequality y of equality 
or of less inequalityy according as the antecedent is greater 
than, equal to, or less than the consequent. 

Thus 4:3 or £ is a ratio of greater inequality 

3:3 or # „ „ ,, equality, 

3:4 or £ „ „ „ less inequality. 

Two or more ratios are said to be compounded, when 

they are multiplied together. Thus the ratio compounded 
of a: b and c : d is ac : bd. 
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When the ratio a : b is compounded with itself, the result¬ 
ing ratio a 2 : b 2 is called the duplicate ratio of a: b. 

Similarly, a 3 : b 3 is called the triplicate ratio of a : b. 
When a : b is the original ratio, \/a : \/b is called the sub¬ 
duplicate ratio and a : fyb is called the sub-triplicate 
ratio of a : b. 


2. Theorem: A ratio of greater inequality is diminished 
and a ratio of less inequality is increased , by adding the same positive 
quantity to both the terms. 


Let - be a ratio, a and b being positive. 

Let a-, a positive quantity, be added to both its terms. 


The new ratio thus formed 


a -f- x 

b^fx 


a 

b 


a 


= <. 


b -f-A 


according 



as l t — 


a +a 
b -\-x 



positive, zero or 


negative. 


a a -}-a 

Now b ~ b+i 


ax—bx x{a — b) 


b{b+x) b(b+x)' 

Since a, b , ( b-\~x ) are all positive, the above is positive, 
zero or negative according as a—b is positive, zero or negative; 
or according as < 2 > = <.b. 


a a A- x ., 

-> = <-- according as <z> = <o. 

b b -\-x 

It is left to the student to prove the corresponding theorem : 

A ratio of greater inequality is increased and a ratio of less 
inequality is diminished , by subtracting the same positive quantity 
from both the terms. 

Example 1 : Find the ratio compounded of the three ratios 
4a : 5b, b 2 : 2ac and 3 c 2 : 2 ab. 

4 a b 2 3c 2 

Sol. The given ratios are 


The required ratio 


4 axb 2 x 3 c 2 
5 b x 2 ac x 2 ab 


= 3c : 5a. 
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Example 2: If 4-j-x: 5 +a be the duplicate ratio of 2 : 3, 
find the value of a*. 

0 . 4-f.v 2x2 4 

& ° • 5+* 3x3 9 

36+9a = 20+4a 
5a = —16 
• x — 3 1 

Example 3 : What must be added to the terms of the ratio 
4 : 7 to make it equal to 5 : 6? 

Sol. Let x be the required number. 

. .4 —f-A 5 

Then by the question, y-j—^ = g- 

or 6(4-f-A) = 5(7-f-A) 

24-f6A = 35+5 a 
a = 11. 

11 should be added. 

2x -f -y 

Example 4: If a :y = 4 : 7, find the value of * 

Sol. Dividing the numerator and the denominator by y 


we have 


2a + y 
a+ 3 \y 


(r) 


4- 1 


— -f-3 

y 


Substituting the value of y , we get 


2a +y 

2 x j + \ 

■?- ,, 

a 4-3 y 

7+ 3 

,4 25 

^7 

Example 5: 

If 3a -f-4y 

r= 5a— 2 y. 

Sol. Since 

3A-f-4_y 

= 5 a— 2 y 

• 

• • 

2a 

= 6y 

or 

a 

A 

A 

= 3y 

3 

• • 

- = 3 

y 

1 

• 

• • 

x :y 

= 3:1. 
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EXERCISE 107 

1. Write down the ratio compounded of the ratios of: 

(i) 3: 4, 5: 6, 2: 3; 

(ii) a: b, b : c, c : d; 

(hi) (x + 1): (a — 1), (a*-a + 1): (a 2 +a + 1). 

2. Write down the duplicate ratio of: 

(i) 3: 7, (ii) ab : cd , (iii) (a-}-a) : (a— a), 

(iv) (a + 1) : (a 1). 

3. Write down the triplicate ratio of: 

(i) 4: 5, (ii) mn : pq , (iii) ( a — b) : (a + b), (iv) x 2 : 2*. 

4. Write down the sub-duplicate ratio of: 

(i) 16:25, (ii) A«:y, (iii) x 2 +4ax+4a 2 : A 2 -4ax-f4a 2 . 

5. Write down the sub-triplicate ratio of: 

(i) 64: 27, (ii) x 9 :y, (iii) 125 a«b 12 : 343a 3 / 5 . 

6. Compare the ratios : 

(i) 2 : 3 and 5: 6, (ii) 14: 11 and 8: 5. 

7. If 4 a- j-3 : 7a —1 be the duplicate ratio of 3 : 4, find the 
value of a. 

8. If m: n be the duplicate ratio of 2 m — x:n 2a, shew 
that a 2 = mn. 

9 # If(a-f-x) : {a— a) be the duplicate ratio of {a -f£) : (n—b), 
then (a— b) : ( a — x) =b(a b) : a(a b). 

10. If p:q be the triplicate ratio of p -f- a : q+x, shew 
that a 3 — 3pqx— pq(p+q)=0. 

11. What must be added to the terms of 5 : 9 to make it 
equal to 7 : 8? 

12. What must be added to the terms of a : b so that the 
resulting ratio may be in the duplicate ratio of a: b. 

13. What must be added to the terms of a : b so that the 
resulting ratio may be in the triplicate ratio of a : b. 

14. Two numbers are in the ratio of 7:8 and Tour be 
added to each, they will be in the ratio of 8 : 9. Find 

numbers. 

[ Hint : Let 7a and 8a be the required numbers.] 
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15. Two numbers are in the ratio of 3 : 4 and if five be 
subtracted from each, they will be in the ratio of 2 : 3. I ind 
the numbers. 

16. Find two numbers in the ratio of 9 : 7 whose difference 
is 11 . 


17. Two numbers are in the ratio of 3 : 5 and the sum of 
their squares is 1666; find them. 

18. If x be added to the antecedent of the ratio a : b , 
what quantity must be added to the consequent so that the 
value of the ratio may remain unaltered? 




If x :y = 5 : 6 , find the value of 
If x :y = 3:2, find the value of 


5 a — 3 y 
6 * + 3 y 
4x 2 —xy + 2y 2 
3x 2 +Ay —y 2 * 


21 . 

22 . 

23. 

24. 


If 

II 

4 * 

1 

£ 

5 

3a: 4 -y 

13’ 

If 

2 a- 2 —3 y 2 

2 

x 2 4 -y* 

41’ 

If 

(8x—2y) 2 = 

(3a 


x 

find the value of - 

y 

find —. 

y 


Which is greater, 


y + X y 2 + * 


2 


both positive and y>x ? 


y—x 


oi 


y 


2 _ v 2 


- 5 , when .v and y are 


25. Which is greater, or - - when a: and y are 

x 2 4-y .v -\-y 

both positive ? 

26. Find the least integer which must be added to each 
term of the ratio 3 : 5 so that the resulting ratio may be greater 
than 2:3. 


27. Find two numbers whose difference is 9 and whose 
sub-duplicate ratio is 1 : 2 . 

28. The ages of two persons are in the ratio of 5:4; 
9 years ago they were in the ratio 4:3. Find their ages. 

29. The bases of two triangles are in the ratio of 3 : 4 
and their heights in the ratio of 6:5. Find the ratio of 
their areas. 
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30. The soldiers in two armies when they met in a battle 
were in the ratio of 10:3. Their respective losses were as 
20 : 3 and the survivors as 40 : 13 ; if the number of survivors 
in the larger army be 24,000, find the original number of 
soldiers in each army. 



Meaning 



m 

y 

co 



0 

o' 


(i) The fraction stands for the share of each person 
when a quantity in is divided equally among n persons. 

Similarly, — stands for the share of each person when 0 


n 

is divided among n persons. As in this case the quantity to 
be divided is zero, the share of each must be zero. 

Or - = 0. ... ... ... (0 

n 

Cor. When n = 1, j = 0. 

(ii) If the numerator of a fraction is constant (say m), 
its value decreases as its denominator increases, e.g ., 

— <*— — ...and when the denominator is very 

3 2 4 3 5 4 

very large the value of the fraction is very very small , and when 
the denominator is infinitely large its value is infinitely sma 

(ii) 


m 

or — = 0. 


OO 


1 


Cor. When m = 1, — = 0. 


(iii) If the numerator of a fraction is constant (say m), 
its value increases as its denominator decreases, e.g., 

— and ~>— ...and when the denominator is very very small , 


the value of the fraction is very very large, and when the deno¬ 
minator is infinitely small , its value is infinitely large , or 

m ... (i») 


very very small quantity 
Cor. When m = 1, q = ». 


OO 
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— 1 1 — 10 , i 

(\ v \ __ 1 -= - when x = \ 

( ' V) AT— 1 — 1 —1 0 


(By substitution). 


But 


a 2 —1 

A' — 1 


=x-\-\ = 1+1 = 2 when a = 1 (By identity). 


§-» 


A 3 — 1 A 2 — 1 

Likewise, by choosing expressions like and 

putting a = 1 , we find that ~ = 2, ^ an< ^ so on '> q can * iaA C 
any value ; it is indeterminate. 


a 2 +oa —2a 2 


. „ a -f us. — c* , 

Example 6: Find the value of _ $ a 2 w icn * * 

Sol. If we substitute a for a in the given expression, it is 

0 

reduced to the indeterminate form -• 

In order to avoid the indeterminate form, we proceed as 
follows : 

_ t (x + 2tf)(x— a) _ x+2 a _ a +2a _ _ — X 

The expn. 7 a-|_5<i)(a'— a) A+5a a-\-5a 6 a 


EXERCISE 108. 

Find the value of: 

- 2a 2 +5a—7 , , 

1 . „ « ' -- when a == 1 . 

3a 2 — 8a +5 

_ a 2 + 3a— 40 . o 

2. 2 TZ -bb when x = —8 * 

a 2 +4a—32 

_ a 3 +4a 2 — 8a+ 3 , . 

3 . ———-r— -- when a = 1 . 

2a 3 — 5a 2 +2a+1 

. 2a 3 — 7x 2 a-\-6a 2 x —a 3 , 

4. t—— r -—when a = a. 

3a 4 —3a 3 o +4a 3 A —4a 4 

c 3 a 3 — 27oA 2 + 78a 2 A— 72a 3 . 

2a 3 + 10 oa*— 4a 2 A—48a 3 * 

„ a 3 — 5aA 2 +3a*A+9a 3 


when a = 2a 


a 3 — lax 2 +15a 2 A —9a 3 


when a = 3a. 


CHAPTER XIV 


PROPORTION 


1 • If g = j-, the numbers a , b, c, d are said to be 

in proportion (or proportionals) and it is read as £ a to b 

equals c to d ’ or 'a is to b as c is to d\ 

Of this proportion c, d are called the extremes, b, c the 
means and d the fourth proportional to a , b and c. 

Two quantities are said to bi proportional to two others 
when the ratio of the first two is equal to the ratio of the 
second two, and two quantities are said to be inversely 
proportional to two others when the inverse ratio of the first 
two is equal to the ratio of the other two. 

If a , b , c, d, e. . .be such that a : b = b:c = c:d = d:e = ... 
a, b , c, d , e are said to be in continued proportion. 

When a> b c , are in continued proportion, b is said to be 
the mean proportional between a and c , and c is said to be 

the third proportional to a and b. 

2. If a : b = c : d, then ad = be. 


Since 



multiplying 


both sides by bd , we get 


ad = be. 

Thus, if four quantities are proportional , the product of the extremes 
is equal to the product of the means. 

Conversely, if ad = be , we can easily prove by dividing 

both sides by bd that ^ or a : b = c: d. 

Cor. If a : b = b : c } then ac = b 2 , i.e ., if three quantities are 
in continued proportion , the product of the extremes is equal to the 
square of the middle one. 

3. If a : b = b : c, then a: c = a 2 : b~. 


For, f 


b 

c 


a b 
T X- 

b c 


a a* 
_ = _ or 


a a 

= ~b X b 

a 2 : b 2 . 
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Thus, if three quantities are in continued proportion the first 
is to the third in the duplicate ratio of the first to the second. 

4. If a : b = b : c — c : d y then a : d = a 9 : b 9 . 


For, 



b 

c 



a b c 

r X- x-j 
bed 


a a a 

~b*b X b' 



a? 

If*' 


or a : d = a* : 



Thus, if four quantities are in continued proportion the first 
to the fourth in the triplicate ratio of the first to the second. 



Example 1 : Find the fourth proportional to 2, 3, 4. 
Sol. Let * be the fourth proportional required. 

Then ~ - or 2x = 12 i.e. x = 6 

3 x 

the 4th proportional is 6. 

Example 2 : Find the mean proportional to 9, 25. 
Sol. Let * be the mean proportional required. 

Then -=;£= /. a : 2 =9x25, * = 15. 

x 25 

the mean proportional is 15. 


Example 3: Find the third proportional to 2, 8. 
Sol. Let x be the third proportional required. 

Then % = -, 2* = 64, * = 32. 

8 x 


the 3rd proportional is 32. 


Find the fourth proportional to : 

I. 8,12,14. 2. 9,12,15. 3. 0024,2*4, *04. 4. $, £, £. 

5. 3 a, 6 a 2 , 2 ab*. 

Find the mean proportional to : 

6 . 9,16,. 7.49,25. 8.9,64. 9. 121,144. 10. 4£, 2. 

II. x 2 , y 1 . 12. (a-}-6) (a— b) s and (ad-6) 3 (a— b ). 
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Find the third proportional to : 

13. 18, 12. 14. 20, 16. 15. 15, 6. 16. x 2 —j> 2 , (x+y) 2 . 
17. If l -\-x , 3+*, 6+x are in continued proportion, find x. 


Example 4 : What must be added to each of the numbers 

7, 11 and 19 so that the resulting numbers may be in conti¬ 
nued proportion ? 

Sol. Let x be the required number. 


Then 


7 +x 11 -\-x 

\YT~x ~ 19+*’ 


Multiplying cross-wise, we have 

(7+x)(19+x) = (H+*) 2 
133+26*+x* = 121+22*+** 

4* = —12, or * = —3. 

• • 7 

The number to be added is —3. 


Example 5: A cask is filled with wine and water in the 

ratio of 4:3. If 12 litres of the mixture be drawn off and 
the cask be filled with water, their ratio becomes 3 : 4. How 
many litres can the cask hold ? 

Sol. Let * be the required number of litres. 

When 12 litres are drawn off, the number of litres in it 
= x —12. Out of every 7 litres of mixture, 4 are wine and 
3 are water, or i of the mixture is wine and £ is water. 

Hence y (x—12) litres of wine are left and f (* —12) litres 

are water. 

When the cask is again filled up with water, the quantity 
of water = f (* —12)+12. 

By the question, we have 

T __ 3 

y (*—12) +12 

Multiplying cross-wise, we have 

16(x —12) = 9(x —12) +252 
lx = 336 
* = 48. 

• • 

the cask can hold 48 litres. 
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EXERCISE 110. 

1. What must be added to each of the numbers 3, 7, 13 
and 22 so that the results may be in proportion ? 

2. What must be subtracted from each of the numbers 
27, 41, 30 and 46 so that the results may be in proportion ? 

3. Shew that the fourth proportional to x 2 -f-7x-f-12, 
5(x-b3) and 6(*4-4) is independent of x. 

4. Find two numbers such that their mean proportional 
is 12 and the third proportional is 324. 

5. The mean proportional between 45 and a certain 
number is three times the mean proportional between 5 
and 22. Find the number. 

6 . If y is the mean proportional between x and z, shew 
that xy-\-yz is the mean proportional between x 2 -\-y 2 and 
y 2 +z 2 . 

7. Two numbers consisting of the same two digits are in 
the ratio of 4 : 7. Find the numbers. 

8 . A certain kind of brass is made up of copper, zinc, 
lead and tin. The ratio of copper to zinc is 1 : 2, that of zinc 
to lead is 3 : 4 and that of lead to tin is 4:5. Find the 
quantity of each metal in 540 kg of brass. 

9. Two vessels contain a mixture of wine and water 
in the ratios of 8 : 5 and 4:1. In what ratio must liquids 
be drawn from each to give a mixture of wine and water in 
the ratio of 3 : 1 ? 

10. Two vessels contain mixtures of wine and water in 
the ratios of 7 : 3 and 3:2. In what ratio must liquids be 
drawn from each to give a mixture of wine and water in the 
ratio of 9 : 5 ? 


5. Certain Useful Propositions. 

When a : b = c : d> the following relations always hold good 
and may be used when occasions demand. 

Given a : b= c : d or^ = 

b a 

(i) *.* = 2> ^eir reciprocals are equal. 


16 
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This is known as Invertendo. 


a 


(“) ••• i=7> ad = bc 

Dividing by cd, - = j ... This is known as Alternando 


i.e 


(Mi) 

a 4-6 


a 


b 

c ~\~d 


7 


I + 1 


= d + L 

This is known as Componendo 


CL C CL « ^1 

( iv ) ••• 1=5’ i- 1 = d _1 

a —b c —d 


i.e. 


This is known as Dividendo 


(v) Dividing (iii) by (iv), we get 
a 4 -b c-\-d 


a —b 


This is known as 

Componendo-Dividendo 

4c-\-5d , a. _ c 

-then -r = ~t- 

Ac —5d b d 


. ^ T C _ 

Example 6: 11 ^ Q _§ b ~ 

Sol. By componendo-dividendo, we have 

(4<z 4-56 ) +(4 fl -5fr) (4c+5d) 4-( 4 *— 5d l 

(4a 4-56) — (4a —56) (4c4-5<*)—(4c 5rf) 

8a _8c 

106 10^* 

Multiplying both sides by we have 

a _ £ 

6 ~ d 

or a: b = c: d. 

2aH-36 _ 2c +3</ 

Example 7 : If a: b = c: d, then 2a —3b ~~ 2c — 3<f 
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First Method. 


Let ^ ^ = k; then a = bk and c = dk. 

6(2*+3) 2k -f-3 

2k —3* 


2a-\-3b 26A:+36 


2a-3b 2bk—3b b(2k-3) 

2c+3d 2dk-\-3d _ d(2k-\-3) 2k+3 

and 2c — 3d ~ 2dk—3d d(2k—3) ~ 2k— 3 

2a+3b 2c-\-3d 

2a-3b~2c—3d 

Second Method. 

O- a c . a 
Since t = - 7 , . . 

b a c 


or 


6 

~~ d 

2a 
2c 


(Alternando). 


2a 2c 
3b 3d 

2a-\-3b 2c-\-3d 


3b 

3d 


(Alternando). 

(Componendo-dividendo.) 


** 2a—3b 2c—3d 

(The second method is more elegant, but the first is surer.) 

Example 8: If 3<z+46+3c+4</ : 2a-\-3b-\-2c-\-3d 

= 3*+46 — 6c— 8d: 2a-\-3b— 4c— 6d, 

then a : b = c : d. 

3a+46+3c+4rf 


Sol. Let 


3a+4b—6c—8d * f 

= k. 


2a+36+2c+3</ 2a+36— 4c — 6 d 
Then 3a+46+3c+4</ = (2a +36 +2c+3rf)£ 
and 3 a +46 — 6 c —8^ = (2a +36 —4c —6 d)k 

From (i) and (ii), we have 

a(3-2k)+b(4-3k)+c(3-2k)+d(4—3k) = 0 

«(3-a)+«4-M)_2e(3-2*)-2rf(4-3*) = 0 

rrom (in) and (iv), by factors and transposition, 
(a+c) (3-2*) = {b+d) (3A-4) 

(a-2c) (3 2k) = ( 6 -2d) (3A -4) 

.brom (v) and (vi), we have 
q + c _ 3k—4 

b-\-d 3—2 k 

a—2c _ 3k—4 

b —2d 3 —2k 


(i) 

(ii) 

(iii) 

(iv) 
we have 

(V) 

(Vi) 

(vii) 
(viii) 
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—2 cd 


From (vii) and (viii), we have 

a-\-c _ a — 2c 

bTd" b — 2d 

Multiplying cross-wise, we have 

ab —2 ad-\-bc —2 cd = ab-\-ad 2 be 

• —3 ad = —3 be 

or == be 

a __ c 

or b d 

or cl i b — r . d. 


EXERCISE 111. 

Ua.b =c-.d, prove that 

1. a +3c: b+3d — 3a+c: 3b+d. 

- 3a— 2c : 3b — 2d = 5a —4c : 56 4d. 

ma^-nc : mb-\-nd = pq-\~ac : pb-\-qd. 
ma —nc : mb —nd = pa —qc : pb—qd. 
a -\-b : ma —rib = c -\-d : me nd. 
fl 2+6 2 : a 2 —A 2 = c 2 +rf 2 : c 2 -<* 2 - 
ma-\-nb _ 6V 

d 2 a’ 


2 . 

3. 

4. 

5. 

6 . 

7. 


8 . 

9. 




10. a 3 -K 


3 : * 3 .+ rf3 = 


11 . 

12 


/a 2 +md *+«* 2 _ lc^+mcd+n<P 
pa 1 +qab +V* 2 " pc*+qcd + rd* 

(a -b) (a—c ) = (a+d )_(t +£ ). 

a 


[Hint : Simplify the left-hand side and substitute for te.] 

13. 4(a+fc) (*+<0 = bd 




I a -\-b , r 

//*«/: Apply componendo, then -y~ 


2{a+b) 


^ 2 i£+4; hence (- 
14. ( 5a +6c)(56 — 6d) 


-hb c 
b ^ d 


*0 


d 

2(a +b) 


V 

2 (*+<0 . J 


(5a — 6c)(5b +6<f). 
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15. If 


16. 

17. 

18. 

19. 

20 . 

21 . 


22 . 

23. 

24. 


2a+3b = 2c+ 3 d then a:b =c:dm 


2 c— 3 d' 


2 a- 3 b 

"SJS-B- t hen a: b = c i d. 

2 a 2 

= —, then a : b — c : d. 

^/a + c\ 3 a{a-\-c ) 2 . 

u \JTd) then a:b = c:d - 


U -J-CX 

»(s) 


If 


ac-\-bd a 2 + 6 2 

ac—6<f a 2 —6 2> 


then a : b = c :</. 


If (a+6+c+<^) (a— b —c+</) — 

(a—6+c — c?)(a+6— c — d ), then a : 6 = c : d. 

If (2a+36+5c+4<f)(2a-36—5c+4<0 = 

(2a +36 —5c —4<f) (2a —36 +5c —4</), then ad : be = 15 : 8. 
3 a -\-b —9c — 3d 3a +6 +6c +2<f 


If 


then a : b — c : d. 


a +26 —3c —6 d a +26 +2c +4 d y 

If (a 2 +6 2 )(x 2 +>> 2 ) = (ax+6j>) 2 , then a :x — b:y. 

2 1 1 

If 26 = a+c and - = - +-, show that a : 6 = c : d. 

c b a 

Example 9 : If * = 


Sol. Since x — 


2 ab 
a +6* 


a+6’ 


find the value of +* ^ 


l L • 

x—a x—b 


x 

• _ 

• • 

a 

and £ = 
b 


we get 


x+a a +36 


and 


x—a 
x +6 


—< 2+6 
3<2 +6 


x —6 a —6 

Adding (iii) and (iv), we get 

x +<2 . x+6 < 2+36 3 a +6 


26 

a +6 

... (0 

2a 

a +6 

... (ii) 

dividendo in 

(i) and (ii). 

• • • 

... (iii). 

• % • 

(iv) 


H-r = 


at —a x —6 


—<2+6 1 a —6 
—<2 —36 + 3 a +6 


a—6 

_ 2(a—6) 
a —6 


= 2 . 
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2 i -2 


**+.>' 2 _P' A ~r-9 


Example 10 : If 

= /> 2 4-g 2 

pq 

A 2 +>* _ P!±l 2 

2ajv 2 pq 


_,thenl±*=£±2 

pq x—yp —q 


Sol. Since 


2 . 


3. 


4. 


5. 


6 . 


7. 


[Dividing by 2.] 

a 2 ~h> ,2 4-2x> >‘ p 2 +q~-\-2pq 

x 2 +y z —2xy p 2 A q 2 —2pq 

[ Componendo-dividendo.] 

(*-h>0 a __ (/>+g) 2 
(A -y) 2 ( p—q ) 2 

A -h? [Sq. root of both sides.] 

a—>’ p-q 


1. If a === 


4<zb 


EXERCISE 112. 

„A+2a , a+26 

find the value ol ,, -yr- -h x __2b' 


X 


f^ n b , r A+3a x -\-3b 

If* — -find the value of-— + 


x —3 a ' a —3 b 
2^ 2 ) 2 


pq 


if ^ 
/>+? ? 


a-2 4-v 2 av (a 2 +>’ 2 ) 2 _(P__ 

If then (*i -ST ~ (P 2 -q 2 ) 2 ' 

x(x+2y) p(p + 2g) 

_ then —jgr-^ * 

r *+jV+/>+? x4 -y—p—Jl. then \±p =*—£ 

. r *+_>-/>+7 _^±±±i±9. then =-£±7 

If ; -y+p+i y- p p+x 

Tf x3+3xy _ />°+ W then i±? =4±2. 

1 = 5=7’ then a 3 ^ 3- / 5 ' 


Example 11: 


If 


Sol. Let 


£ = f _=i =*, then a = bk, c = dk & * =/* 

a 3 + C 3 W+rf 3 * 3 _ W^+d 3 ) = x-3. 
iirpj3 — *3+rf3 * 3 + rf3 
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But 




3 


/ 


> = 


3 i L. 

f, *~ c IO = Tor each is equal to the same quantity 

b 3 -\-d 3 

a 2 -\-ab-\-b 2 o 2 


Example 12 : If a : b = b : r, then 

b 2 = oc. 


Sol. 


If 

1. 

3. 

5. 
If 

6 . 

8 . 

10 . 

12 . 

13. 

14. 

15. 

16. 


c . a b 

Since 7 = - 
6 c 


a 2 -fa£+6 2 a 2 -\-ab -\-ac a(a-\~b -f-r) a 

b 2 -\-bc-{-c 2 ac-\-bc-\-c 2 c(a-\-b -{-c) c 


a b a a a 2 

T-X— = tXt = To* 

6 c b b b 2 


EXERCISE 113. 


ace . 

— = — — — prove that 
o a J 

a 4 -c 

b+d = 

c 3 +<? 3 

d*+r 


c—e 

d—f 

a 3 — 


a 2 c 


b 3 


b*d‘ 

ace 


2 . 


4. 


6-3/ d-b 
a — 3e c — a * 
bd—f 2 _ ac — e 2 

b 2 +d 2 ~ ^*+7 2 ' 


a 3 4- c 3 -)-e 3 

b 3 +d 3 +f 3 = bdf * 
a b c 

j =-= d , prove that 

<z 2 4-6 2 4 -£ 2 


6*4-«*4-<f # 

a 3 +6 3 4 -^ 3 


a64-6c4-c 2 

6c-|-rrf4-rf 2 

a 

d * 


7. 


9. 


2 


-h6 2 4-c 2 a 2 4-6r 


6 2 4-c 2 4-rf 2 £ 2 4-cd“ 

( a—b\ 3 __ a 

(a4^4c) 2 _ a 4-64-g 

« a 4-6 2 4-c 2 a— 64 -c 


6 3 +£®-Hf a 

a _2i+r=^I ! =(iiifL 2 . n. 

(a 4-6 +0 (<2 —6 4-c) = a 2 4-6 2 4-c 2 . 

(«—<*) 2 = (6 -c ) 2 4- (c -<z ) 2 4- (<*- 6 ) 2 . 

(a 2 4 -b 2 4-c 2 ) ( b 2 4-c 2 4-d 2 ) = (*6 4 -be+cd) 2 . 

a 2 4-6 2 , 6 2 -f-c 2 and c 2 -\-d 2 are in continued proportion. 
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17. If a , by c are in continued proportion, find the simplest 

. abc(a-\-b-\-c) 3 

value of -r 4 -r. 

(ab -\-ac -\-bc) 3 

18 . If dy by c are in continued proportion and if a(b — c) 

/ a-\-b\ 

= 2by prove that a —c = 2 ( — 

d C € 

6. Theorem. If r = - == — =...then each of the ratios 

b a J 

pa -\-qc -\-re-\- 


pb +qd+rf-\- 
Let 


where pyq,r... are any quantities whatever, 


a _ c _ e _ _, 


Then a = bk, c — dk, c=fk... 

pa — pbky qc = qdk, re =rfk... 

By addition we have 

Pq+qc-\-re+ = k(pb +qd+rf +...) 

. pa + qc + re = £ * _ 

pb-t-qd-\-rf+ b d f 

Cor. 1. Putting p = q = r = ... = 1, we have 

ace _ a -\rC e-\~... 

b d f b -\-d +/ -}“••• 

Thus, when several fractions are equaly each of them, is 
equal to the sum of all the numerators divided by the sum of all 

the denominators. 


Cor. 2. Putting p = 1 and q = — 1, we have 

a c a —c 

b~d~‘"- b-d • 

Thus, when two fractions are equal, each is equal to the first 
numerator minus the second numerator divided by the first 
denominator minus the second denominator . 


EXERCISE 114. 


If a: b=c: d^e: f then 
, a 2 +c 2 +e 2 _a 2 

1# b 2 A-d*Tj' z h 2 ' 


a 3 _2^ -\-3e 3 _a 3 
b 3 — 2d 3 -\-3f 3 b y 
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3. 

5. 

6 . 

7. 


3a 2 —4c 2 -\-5e 2 ac . 3a+4c-\-2e __ 2 a _ 3c —4<? 

3b 2 — 4 d 2 + 5 /* — bd * 364 - 4 ^ 4 - 2 / 2b—3d—4f 

fl 3_|_ c 3_p e 3 g 2c-fC 2 g4-g 2 g 

— b 2 d+d 2 f+f 2 b' 

{a 2 4- C 2 4 -^ 2 ) (6 2 -M 2 4-/ 2 ) =( fl6 + crf +cf) 2 * 

4x4-5 4x+6 1 


If 


6x4-7 6x4-4’ 


then each = — 5 * 


8. If 


9. If 


10 . If 


L=*£ = §±|f, then each = L 

1+6* 2-3*’ 5 

* a + 3 *+ ? = 1±|, then each = i 
* 2 + 7 * + 12 * +7 6 

/2* + 3\ 8 *+3 9 25 

(2*+5/ _ *+5’ 60 *+3 *+5 


Fill up the blanks in the following : 
x y x-\-y x—y 15x-12 y 

8 3? ? ? 

? ? ? 


11 . 


* y __ 

7 3 10 4 36' 


12. ^ =T7i = T = 


13. 


»v-{-» *“ (ssss?)’ - 


xyz 

abc 


14. If a, 6, c, d are in proportion, prove that ab-\-cd is the 
mean proportional between a 2 -\-c 2 and b 2 -\-d 2 ; and if a , b , 
c , are in continued proportion, prove that b 4 ~ c is the mean 
proportional between a-\-b and c-\-d. 



Example 13 : If 7 —^ -= , y , = ~4 —find the value 

r b-\-c—a c-\-a—b a-\-b—c 

of (b—c)x + (c—a)y-\-{a—b)z. 


Sol. Let 
Then 


x y _ z 

b 4-c —a c-\-a—b a-\-b—c 

x = ( b-\-c — a)k 
y — ( c-\-a — b)k 
Z = (a-\-b—c)k 



250 


ALGEBRA FOR HIGHER SECONDARY SCHOOLS 


the given expression 

= [ b ~0 + c +(«-«)(« +a - A)* + (a — b) (a+b -c)k 

= k{ b 2 — c 2 — a (b— c)+c 2 — a 2 -b(c—a)+a 2 —b 2 -c(a-b) > 

= A-xO = 0. 

Example 14: If —■ = — : — = —— r > then each =1 or —1 


Sol. Each ratio = 


b+c c+a a+b 

sum of the numerators 


sum of the denominators 
a+b+c 


2a + 2b+2c 
a+b+c 


2 (a+b +c) 

= J, if a+b+c is not equal to O. 
When a+b+c = 0, then b+c = —a 


a 


each ratio — ,- = 


a 


b +c — a 


= — 1 . 


Example 15: If 


then 


Sol. Let 


x = y _ z 

b ~+c c -f -a a —f -b 

a b 


y+z—x 
X _ y 


Z+x—y x +y —z 
z =*. 


b — j— c c a a+b 

Then x = (b+c)k,y = (c+a)k and z = ( a+b)k 

y+Z—x = (c+a)k + (a+b)k — (b+c)k 

= k(c+a +a+b —b — c) 

= 2 ka 

1 


a 


Similarly, 


y ~hZ —x 2k 

1 


— —- and 


1 


£ +x —y 2k 
a b 


x+y—z 2 k 

c 


y+Z—x z+x—y 

Example 16 : If ——— 


x+y—z 

cx—az bz—cy 

b a 


show that — 

a 


y_ = £ 

b c 
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Sol. Let each of the given ratios = k. 

Then ay— bx = ck, cx — az = bk y bz—cy = ak ; 

• c(ay — bx) = c 2 Ar, b(cx—az) = b z k, a{bz—cy ) = 

Adding these results, we get 

£(a 2 _^_ 62 _|_ c 2 ) _ abz—acy+bcx—abz+acy—bcx 


a 2 k 


= 0 


also 


1. If 


k = 0 

ay—bx = 0 or = 6 x, 

cx — az = 0 or cx = as, 

x _ _ £ 

a b c 

EXERCISE 115. 


= jf ?-— = ——, prove that 


x — y 

a b' 

x _ Z 

a c- 


a—b b—c c—a 

x-\-y-\-z = 0 and cx-\-ay-\-bz = 0 . 

x y Z 


2. If 


, prove that 


bc{b —c) ca{c — a) ab(a — b) 

a(b +c)x -\-b(c -\-a)y +c(a +b)z = 0. 

3 . If a — = ——— r — — r 4 -prove that each ratio 


4. If 


b-\-c—a c-\-a—b a-\~b—c 

b c 


= 1 


a 


and a -\-b -\-c be not equal to zero. 


b-\-c c-\-a a-\-b 

then a — b — c. 

a -\-b — c b -\~c—a c-\-a—b 

5. Assuming that -—r— = — 7 —-= --- 

& a+b b-\-c c-\-a 

and a-\-b-\-c is not zero, show that a = b = c. 

6 . If = C y L —, prove that either a = c or a-\-b-\-c-\-d 

D —j —C u (l 

— 0. 

, show that each 


7. If 


x _ y _ z 

a-\-2b+2c ~ b+2c+2a ~ c+2a-\-2b 


of these ratios = 


x+y—z 

a -\-b -|-3c 
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8 . If 


y 


ax-\-by-\-cz bx-\-cy-\-az 

show that each of these ratios = 


cx+ay+bz' 


1 


, provided x-\-y+z 


a —{—b —f -c 

is not equal to zero. 

9. If (a-\-b +c)x = (b +c —a)y = (c-\-a — b)z = (a+b —c)w 

. 1111 
then —|- 1 — = 

y z 


w 


X 


1 1 2 

10. If a-\-c = 2b and -7 -f—> = show that a : b = c: d. 

b a c 


7. Theorem 


If *=-=-= 

b d f . 


then each of the ratios = 


_ / pa n + qc n + re n + ... \ JL 
_ \pb" +qd” +rf n + ...) "* 


where p, q , r . n are any quantities whatever. 

Let 


° C e _ _ K 

b = d =/- - 


Then a = bk , c = dk, e =fk . 

pa" = pb n k n 
qc n = qd n k n 
re" = rf n k" etc. 

Hence pa n +qc n +re n -f. . {pb n +qd" +rf"+ ...)k" 

pa" +qc" -j- re" = k „ 
pb n +qd n +rf" + ... 

Taking n th root of both sides, we have 


/ pa n +qc"+re"+.. . \ ,7 

\pb n +qd*+rf * + .../ 




. a c e 
= k== b = d -j-- 


Example 17 : If £ = ^=j, prove that each of these ratios is 


equal to 




,-2 _ 5 c “2 Ie~ 


±J7fI 1 Y 1 

+ 7/-V 
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Sol. 


^ a c e . 

^ b = i = 7 = *• 

a = bk, c = dk , c =fk. 

3a" 2 = 36“*Ar*. 

-5c“ 2 = — 5d~*k~ 2 

7e-‘2 = 

3a-a —5c-*- 2 +7c-2 =k-*{3b~* —bd~* +7/-*) 
-2 — 5c-“4-7e-» 


or 


/3a~ 2 -5c-* 
\ 36-2 — 5^-2 


or 


/3a-2 — 
\36-2 — 


+ 7/ 

—5c-2 4-7c- 


*)-*■ 

T= 


(A:“ 2 ) - i =A:2. 


5rf-2+7/ 

Taking the sq. root of both sides, we have 


v \36-2 


-2 —5c-2 -f-7c- 


■5rf“ 2 +7/ 


T- 


VA: 2 = A:. 


• • 


a 

£ 


c 

d 


e 

f 



3a -2 —5c -2 +7c 


_ 2 \ - 1 


3^-2 — 5</-2 +7/ 


i) 


EXERCISE 116 


If - = — = prove that each of these ratios is equal to 


/ 


i. 


V? 


2 


C*+C 


2 


b 2 —d 2 -f/ 2 


,, 4 /5a 2 —7 c 2 -j-6c 2 

V $b 2 — ld 2 ^6f 2 ' 


5. 



2a" 4 -f-5c~ 4 -f-7c~ 


2b~ 4 -f- 5</- 4 + 7/ 


-r 


2 . 


4. 


6 . 


/a 3 -f-2c 3 —3c 3 \*. 
V> 3 +2</ 3 -3/ 3 / 

/ 3a 3 — 4c 3 -f-5c 3 \^. 
\36 3 —4d 3 t-5/ 3 / 

/ /a 7 —me 7 -{-ac 7 \|. 

\/6 7 — md? -\-rif 1 ) 


If — =■= prove that 


• V? 


-K 2 


ma -f- ac 


b 2 -\-d 2 mb-\-nd 

\/3a 2 +4c 2 _ \Z36 2 -r4</ 2 
Voa 3 -6c 3 ~ V56 3 — 6rf 3 ’ 


8. 


(V^-Kv/^) 2 <2 —6 


9 . 
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c e ^ 

2 = j > prove that 


10 . 

11 . 


+ j pa 2 + qc 2 y- re 2 
* pb 2 -}- qd 2 y-rf 2 

a*c-c* e 

V b 2 d—d 2 f~f 2 b 


f I ace 

*bdf 

= J a*-c*-7* 

V b 2_ d 2_j2 


SELECTED QUESTIONS*—H 


1. If - =-^ =- show that 

a b c 


(0 


* 3 -^ 3 4_^ 3 _ 


( 


s > (j 


6 3 c 3 

¥+i 2 /+cV 


)• - vi 


2 . 

3. 


: 3 x -\-b 3 y y~c 3 z 

rr a b c „ * 3 “h)' 3 -h£ 3 

If prove that . , .a ——~ = -j-. 

* ^ ^ <z 3 -f£ 3 -fc 3 afo 

ax = by = show that 


yj. x x 2 i b l , C 1 

x 2 1 y 2 z 2 be ca ab 


4. If a , 6, c are in continued proportion, prove that 
a 2 -\-ab :b 2 :: b 2 +bc: c 2 . 

5. If ~ = ~ = show that 

b a J 

^( a+c+e )(b+d+f)=(ab)h+(,cd)i + (*/)*• 


6. If a : b = b : c = c : d, show that 

(a +d) ( b+c ) - (a +c) (b+d) = (b -c ) 2 

7. If < 2 , b , c, d are in continued proportion, show that 

(i) {a -he) 4 : < 2 c = ( b+d ) 4 : d 2 

(ii) a: d = a 3 y-b 3 y-c 3 : b 3 y-c 3 y-d 3 . 

(iii) (a 2 y-c 2 )(b 2 y-d 2 ) = (aby-cd) 2 

8. If a: b x : y, prove that 

ab : xy tf 2 +6 2 : x 2 y-y 2 . 
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✓ 



10 . 

11 . 


If ai b :: ci d, prove that 

a 2 -\-c 2 : b 2 -f -d 2 H ac : bd. 

If x :y = a : prove that 

x 2 — xy-\-y 2 i a 2 +ab+b 2 = x 2 



£ 

a 2 —b 2 ’ 


show that 



+ 


+ 


= 0 . 


12 . 

or a- 

13. 


If 


b -\-c 


b= c. 

If Z±£ 


a 


b -\-c 1 c —\-a 1 
= - = ~~~ > prove that either a 

* —y x+y—z ^ _ 

— = ^—— = , prove that 


= 0 


* = _y_ m== z 

b-\-c c-\-a a+b * 

14. If (a-\-b-\-c)x = ( — a-\-b-\-c)y = (a — b-\-c)z= (a-\-b — c)w , 
show that y v ~-\-z ~ 1 +w~ x = x~ 1 . 

15. If ( b — c)x-\-(c — a)y-\-(a — b)z= 0, show that 


y~z _ Z—x x—y 
b—c c—a a — b‘ 


16. If 


x 


p+2q-\-r p—r p~2q+r ’ 

x+2y+z x—z x — 2y+z 
r • - ■" 1 ■ — — . —• 


show that 




show that 


ay—bx 

c 



bz—cy 

a 


CHAPTER XV 


FRACTIONAL EQUATIONS AND 
WITH LITERAL CO-EFFICIENTS EQUATIONS 

1. Equations involving fractions which contain the 
unknown in the denominators. 


— 1. 


_ 1 3 5 7 5 1 

Example 1 s Solve - ■~ x - ^ ~ 2 4x 

Sol. Multiplying both sides by 24*, the L.C.M. of the denomi¬ 
nators, we have 

24—36+40-42 = 20-1 -24*. 

By transposition, we get 
24* = 20-1-24+36-40+42 

or 24* = 33 
• * = 1 — 

2 3 _ n 

Example 2 : Solve 3^—4 — 4x _5 “ u - 

Sol. Multiplying both sides by ( 3 *—4)(4*—5), the L.C.M. 
of the denominators, we have 

2 ( 4 *-5)-3(3*-4) = 0 
8 * —10 — 9 * + 12 = 0 

—x = —2 

* = 2 . 


01 

or 


EXERCISE 117. 


Solve the equations : 

1 1 0 — — 

l - <57^37 3* 


—3 


3. 


2* ' 3* 

•4 65 

— = 25- 

V * 


a 


5. 7- 


= a*-b*. 


bx ax 


7. 


3 * +4 5(* 3)' 


2 . 


4. 


6 . 


8. 


I + L+l+i = 6. 

x ‘ 2*‘ 3.ir 4* 

3 4 1.5 

—+ H = 7 + 3* 


2* 5* 

1 

5* —11 
3 


2 


3* — 1 
4 


2*+ 3 3* 4-2 
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9. 


11 . 


13. 


15. 


16 


3 —4a 6 — 5*' 
3 5 


8a- f- 5 6a:— 47 

a b 


10 . 


= 0 . 12 . 


3 a: — 1 ~2a— 1 
a b 


= 0. 


4 


= 0 


14. 


a—x b—x 

3 


= 0. 


bx+a —ax -\-b 

a _ b 
ax 2 -\-bx-\-\ bx 2 -\-ax ~\~\ 

2 3 


6a 2 + 2a: -}-5 8a 2 + 3a-{-2 


4a 3 +2a 2 + x i 6 a 3 4-3 a 2 -f-2 a-|-1 * 

Example 3 : Solve 7 - 1 _ ! _ 

( x 0C*—2) ' (a — 1)(a — 3) 

1 

+ 


1 


Sol. By transposition, we have 

1 1 


(a 2) (a— 3) ' (a^—3) (a —4)’ 


1 


1 


(*-l)(*-2) (x 2) (x 3) (*—3) (x — 4) (x^-1) (x —3) 

• X 3 X ~t~ t _ A — 1 -A 4-4 

(*~1)(*-2)(a-3) ~ (x~— 1)(a —3)(a —4) 

2 _ 3 

(a-1) (a-2) (a-3) (a — 1)(a—3) (a—4) 

Multiplying both sides by (a-1)(a- 3), we have 

—2 3 


a:—2 a—4* 
Multiplying cross-wise, we have 

—2a 4-8 = 3a-6 
5a = 14 

or a = 2^. 

Example 4 : Solve ^ 1Q . 4 - 3 


2a4-1 ~3a—2 “ 2a^3 ' 33T+2 


2 ,5 


17 
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Sol. Here, we arrange the terms in such a way as to remove x 
from the numerator on both sides, when they are simplified. 

By transposition, we have 

10 15 _ 2 3 

2a+ 1 3a+2 2 x — 3 3a-2 
30a +20 —30a — 15 ' 6a —4 —6a +9 


(2a+ 1) (3a+2) 

5 


(2a—3)(3a—2) 
5 


or 


or 


(2a +1) (3a+2) (2a —3) (3a—2) 

1__ 1 

(2a + 1) (3a+2) (2a— 3) (3a—2)* 

Multiplying cross-wise, we have 

(2a —3) (3a —2) = (2a+ 1) (3a+2) 
6a 2 —13a +6 = 6a 2 +7a+2 
20a = 4 

• • ~ _ 1 

* - O* 

• • 

EXERCISE 118. 


Solve the equations: 

1 1 _ 1 

1. 


1 


2 . 


a+I Jc+3 at+2 a +4 

1 1 1 


1 


+2 ^a + 10 x +4 ^a+8 


+ 


3. I- 1 


1 __ 

A A — 1 ~^~X +3 A+4 

1 1 _ 1 1 


1 


4. 


5. 


6 . 


= 0. 


A—6 A—3 

1 1 


A — 10 A—5 

1 


a—5 A—2 

1 _ 1 _ 

'^7 a —2* 

1 


C * +7a + 12 + A 2 +8a + 15 

1 1 


1 , 1 - 
““ X 2 +9a + 18 ^A 2 +9a +20 

1 , + ' — 


7- + x*-(a-b) 
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2,323 
2a —1 ^3*4-1 2*-f-l '3 a—2* 


—--1__ 

a —4 'a —8 


___|_r_ 

A—9 A—3‘ 


10 . 


11 . 


12 . 


_1_ = 0 

A—3 a 4-9 A—27 A —15 

6 4 _ 9 7 

5 a7 5a 4-13 — 5a 4 -13 5*4-19 


2a —1 + 4a —1 


3a — 1 6 a — 1 


= 0 


Example 5 : Solve —. 

*4-5 ' 2a —5 3a—5 

18 

Method. Decompose ^ into two such fractions that 

when one of them is combined with —and the other with 
10 *+5 

2 X _ 5 an d then simplified, a disappears from the numerators 

on both sides. 


Thus, 


*4-5 n 2 a—5 


34-15 
3a—5 

1 


_L_ + _L!L 

3*—5 ' 3x—5 


Combining -±- with -Lg and 3-^3 with 


we have -L. _ _J_ = _ 10 _ 

A+5 3a—5 3a —5 2a—5 

3*—5—3a —15 _ 30a—75—30*4-50 

(a -j-5) (3 a —5) (3a —5) (2a —5) 

—20 _ —25 

(a+5)(3a—5) (3a— 5)(2a— 5)* 

Multiplying both sides by we have 


4 

*4-5 


5 

2a—5* 
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Multiplying cross-wise we have 

8 a—20 = 5a+25 
3a = 45 
a = 15. 

Example 6 : Solve 2 _JL_ - ^ . 

2 . 3 

This can be solved by decomposing -- into -- and 


a +6 


a+6 


-U and proceeding as in the previous example. 

a+6 

It can also be solved directly thus : 

6(5a+2) — 5(2a + 3) _ 2 

(2a+ 3) (5a +2) a+6 * 

30a + 12 — 10a —15 2 


or 


10a 2 + 19a +6 


a +6* 


Multiplying cross-wise, 


(20a—3) (a+ 6) = 2( 10a 2 + 19a + 6) 
20a 2 +11 7a —18 =20a 2 +38a + 12 

79a = 30 
30 

x ~ 79’ 


EXERCISE 1X9. 


Solve the equations : 

12 3 

l • 


3. 


5. 


7. 


9. 


A + 1 A+2 

2 


x + 3* 

1 6 

H-o — 


3 4 __ 7 

I .. i O 


A + 1 ' A +2 A +3 

7 3 10 


2a —5 'a —3 3a — T 

1 


a+2 a+4 a —5’ 


a 


x —a 

3 


1 

_ 2 

6. 

a , b 

+ 

1' 

+ A +b 

• 

a: 

x-\^x-2 

.V 

b 

a-\-b 

8. 

a b 

a—b 

+ a -b 

~~ A — C' 

a -\-a x -\-b 

~~ x-rc 


4a + 1^4a+5 4a+ 3' 


10 


1 


3x +15 a— 5 2a—5 
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11 . 


13. 


15. 


10a 4-1 2a 4 - r 

12 . 

~ 4 - 

2 a—3^ 

14 

9 

14 

7 + 

2 a—9 “ 

A— 8 ' 


7a 4-1 


4 ~ 


b —c a—b _ a—c 

x -f -a '"at -f -b x -{-c 


16. 


6 2 _ 2 

2 x —3 1 — 2 a a — 1 ' 

7 6 15 

lx + 1 + 4a4-1 — 6 a- + 5' 

a+2 a 4-3 a 4 -5 a 4-4 


Example 7 : Solve 


y 

{Hint: Decompose into three parts with numerators 1, 3, 5, 

and then associate these parts with the fractions on the left-hand side 
so that x may disappear from the numerators after simplification ) 

17. 1 , 2 3 _ 6 

a—6^ + 30 1 x —2 a x — a' 

18 3 , 4 | 48 _ 48 

3*4-1 ' 4a -j-1 '8 a -f 1 6 a 4-1* 

2. Equations involving fractions which contain the 
unknown both in the numerators and the denominators. 

Example 7 : Solve ^ ^ == 

3 at —}— 2 3 

Sol. Multiplying cross-wise, we have 

3(4x 4-1) = 2(5 a + 2) 

/. 12a 4-3 = 10a 4-4 

2 a = 1 and a = J. 

Example 8: Solve 3 

6a 4-7 3a4-2‘ 

Sol. Multiplying cross-wise, we have 

(4a 4-5) (3a 4-2) = (2a + 3)(6a4-7) 

12a 2 -j-23 a- f-10 = 12 a 2 4-32a 4-21 

—9a = 11 
a ~1|. 

Example 9 : Solve —- + g 2 *~ 3 = 3 . 

Sol. The left-hand side = i x + 3 )( x ~ j) _ x-1 

(a+3) (a-3) a-3 

*nl_ 3 

a-3~ 3 * 


Example 8: Solve 
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Multiplying cross-wise, we have 

3a- —9 = x — 1 
x = 4. 


Solve the equations : 


15. 


17. 


a 2 — 7a 4-12 _ q 

x 2 —9 -■*' 

.v 2 +4* —21 ., 

= 


A 2 4-3a-28 


1. 

5 a -|-2 o o 

3a 4 ” 

2. 

7v ~ 3 _ \ i 

2a 4-5 

3. 

4a: +5 „ 

6a — 7 1tt ’ 

4. 

2 —3v 

1 —4a 


11 —5a 


ax A-b c 

5. 

-=—— = 2. 

7 —4a 

6. 

bx-\~a d' 


2a 4-1 2a 4-5 

8. 

3a 4-2 4a-3 

7. 

3a 4-2 3a—4' 

3a -j-1 4 a 4-1* 

9. 

3—5a 5a 4-2 

7—3a 3a 4-4 

10. 

7 —12a 6a —5 

5— 2a a—3 

11. 

A 2 4-* 4-1 ___ * 4-1 

a: 2 +3*+3 a:+3 

12. 

axb 2 a-M 

ax -j- c 2 xA~b 

Solve the equations : 


a 2 4-a —12 _ 0 

13. 

* 2 4-a—6 _ , , 

A 2 —4 

14. 

a 2 —16 


4a+3 


16. 

18. 

29— 7a 


A 2 —A— 20 _ 1 
a 2 4-a —12 2 * 

a 2 +a— 30 __ 1 
a 2 4-3 a —18 

8a 4-19. 

18 


Example 10: Solve g ~r^ — j X 

Sol. Transposing the terms with numerical denominators to 

one side, we have 

29—7a 8a 4-19 4 a 4-3 


12 —5a 


18 9 

8a 4- 19—8a—6 
18 
13 
18' 
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Multiplying cross-wise, we have 

1 7 18(29-7*) = 13(12-5*) 

522— 126* = 156—65* 

61* = 366 and * = 6. 

_ 4* —13 9* —17 _ j. 

Example 11 : Solve ^ ' $ x _ ~ 7 

Sol. Decomposing the terms on the left-hand side into integi al 
and fractional parts, we have 

4* —10—3 , 9*—21 +4 


+ 


or 

2 *—5 

or 

2 3 

2* -5 


3 

• 

• • 

2*—5 + 3* 


2*-5 1 3*-7 

2(2* —5) —3 3(3*-7) +4 


= 5 


+ 

+ 3 + 

4 


3*—7 
4 


= 5 


3*—7 
= 0 


= 5 


By transposition, we have 

4 


3* —7 2*—5' 

Multiplying cross-wise, we have 

8 *— 20 = 9*—21 
* = 1 . 

„ . e . 6* —1 , 25*-40 

Example 12 : Solve s —— 4~ 




7*-f9 


3*4-4 ‘ 5*—6 *4-2* 

Sol. Decomposing all the terms into integral and fractional 
parts, we have 

2(3*4-4)-9 5(5*—6) —10 = 7(*-f2)-5 

3*4-4 5*—6 *4-2 

o 9 , * 10 - 5 

or 2— -—— 4-5* 


3*4-4 


1 


5*—6 

10 


= 7 — 


3*4-4 5*—6 


*4-2 
5 3 4-2 

*4-2 

2 


*4-2 

3 


*4-2 *4-2 
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By transposition, we have 

9 3 


10 


3* +4 x -f-2 
9 a 4-18 — 9x — 12 
(3* + 4)(*+2) 

6 


a' -f- 2 5 a—6 
10 a —12 —10 a—20 
(a+2) (5a-6) 
—32 


Multiplying both sides by 


(3a+4) (a+2) (a 4-2) (5a—6)’ 

*4-2 


we have 
— 16 


3a 4-4 5a—6 

Multiplying cross-wise, we have 

15a —18 = — 48a—64 

63a = - 46 

EXERCISE 121. 

Solve the equations : 

*4-1 




46 

63* 


1 . 


3. 


5. 


A 


-3 

4 

a 4-4 


+ 


+ 


12a 4-7 
3a 4-2 

3 1 2a 4-5 = 

a 8a —12 _ 
2 4 10a —4 


3a —11 
“ 12 
3a 4-16 
9 

18a 4-20 

36 ' 


2 . 


4. 


2 a —1 3a 4-1 

c l” 


8 a —7 


a 


+ 


15a+8 20 

2 a 4 -a ax-\-b 2 


a 4 -b 


ab 


c 91a —21 24a— 93 

6 ' 56 + 35a —138 

Solve the equations : 

= 5. 


13a 4-9 
8 


7. 


9. 


11 . 


3a + 1 + 2a + 3 


A — 1 

5— 2a 


*4-1 

3—A 


= 1 . 


8 . 


10 . 


8a —7 . 6a+ 1 


2a 4-1 

5—4a 


3a—2 
2-3a 


4 — A 1 —A 

x 8 4-5a4-6 a 8 4-3* 4-5 = 2^+5. 


3 —2a 1 1 — a 


= 6 . 


= 5. 


*4-1 
[ Hint : 


*4-2 


Decompose these fractions by division. ] 
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12 . 


13. 


15. 


16. 


17. 


18. 


19. 


20 . 


21 . 


22 . 


23. 


24. 


2 a -2 —9 a—8 a : 


— 7x -f 15 


2* 
4a-- f 3 
4 a: —3 

6a 


1 


15a— 7 
5a—4 


a —3 
8a 4-1 


= 2a-9. 


\ 


1 a 6 a + 7 


2a —r 

25a 4-20 


14. 


*4-2 A 4 3 


2 a 4-B 


a f-1 a4-2 a4-3' 


2a —1 ' 3a —1 
1 5a 4-11 12a 4-5 


3a 4-4 ' 4a 4-3 

6a—5 6a —14 
2a—3~ 3a— 1 “ 
42a —37 ^20a -f-! 3 


5a —1 * 

_ 8a 4-44 

“ a 4-6 ' 

4a 4-23 
4a— r 
11 a4-76 


6a — 1 
2a 4-7 
*4-2" 
4a—7 
4a 4-5" 
a 2 4-4 
a —1 


5a 4-12 a 4-8 
3a 4-13 5a 4-27 


a4-3 

15a 4-11 
5a 4-7 
A 2 —A 4-2 


a 4-4 
12a 


1 


+ 


3a 4-4* 
2a 2 — 4a 4- 3 


a-2 


a-3 


2* 2 4-*4-5 3a 2 — 2a 4-20 


2a 2 4-6a4-10 


2a —1 


A 


2a— a 

3a 4-5 


2a -b 


3a- fl 

= 1. 


_ _ 4a4-8 10a4-1 

a -j-1 3 a-{-3 + 6a 4-3' 


a 4-3 

[Hint : Multiply both sides by 2 

and proceed as before .] 


Example 13: Solve -——- = -—1 _i_* 1 

a —10 a—7 a—9 a—6* 

Sol. Decomposing each fraction into integral and fractional 
parts, we have 

(*-10) 4-2 (a 7) 4-2 _ (a- 9 )-f-2 , (a-6)+2 


A —10 


A—5 


A—9 


+ 


A—6 


( 1+ ^o) +0 445 M 1 + x -h )+(i 
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or 


or 


+ 


a— 10 1 x—5 

1 . 1 


X 


2 + 2 


—9 1 A—6 


1 


A —10 ' A—5 

By transposition, we have 

1 1 


+ 


1 


—9 a—6* 


1 


1 


A — 10 A—6 
a— 6 — x-r 10 


or 

or 

or 

or 

or 

or 


(a-10) (a-6) 

4 

(a-10) (a-6) 

(a —9) (a —5) 
x 2 — 14a+45 
16x — 14x 
2a 


"a -9 x — 5 
__ A—5 —A+9 

“ (A—9)(a—5) 

4 

- (a —9) (a 5) 

= (a —10) (a—6) 
= a 2 — 16x+60 
= 60-45 
= 15 * 


= 7 h 


EXERCISE 122. 


Solve the equations : 

a 4-1 a 4-2 a 4-4 *4-5 


1. 


2 . 


3. 


4. 


5. 


6 . 


7. 


8. 


4-2 a 4-3 a 4-5 


X 


6‘ 


2x —11 a 4-4 = _ 

A-3 A 4-2 


—5 2x 4 9 


r 


A-2 

7 a —55 , 2x —17 __ 6 a—71 3a--14 

- a —12' a- 5 


a- 8 + a- 9 


— 8 


—5 
— 7 


— 7 


A 


—4 


A—9 A—6‘ 

—2 A— 4 


A — 1 0 

2x—3 2x4-1 . 

-7=4' "^2 'Mx-1 a 3J 

4(x + l) 2«-H 4 (x+ 2 ) ^2^+3 

27=T + 'T+3 2a- 1 *+4 

A 9 —A __ a 4-1 ■ 8 ~~ A 
x _2 7 —a A — 1 6 —a 

2a —3 3x-20 *— 3 ■ —12. 

TTrO + A — 7 A— 4 A— D 
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9. 


10 . 


11 . 


2a + 11 9a —9 4a + 13 >5a-47 

a+ 5 3a—4 a+ 3 3a —10 

x 2 +4x + 5 a 2 4-1 0a4-26 a 2 + 10a+25 a 2 +4a 4-4 

a+ 2 h a+5 *+6 

v 2 —4 a—20 a 2 4-7a-i-H a 2 4-3a 4-3 a 2 —15 

I .. I 


x—7 


4~3x - 

T+2 


x — 4 


3. Solution of fractional equations by the application 
of the fundamental principles of proportion. 

~ , 4x4-5 2x-f3 

Example 14: Solve 6x+7 — 3 a ._._ 2 * 

Sol. The equations of this type can be easily solved by 
multiplying cross-wise, but the method illustrated below is 

considered to be neater. 

Multiplying the numerator and the denominator of the 
term on the right-hand side by 2 and rewriting the equation. 

4x4-5 4x46 


each = 


6x4-7 6x4-4 

_ (4x-}-5) —(4x4-6) __ 
(6x4-7)-( 6 x +4) 


1 

s 


4x4-6 2x4-3 

or 


6x4-4 




or 

or 


Example 15 : Solve 


3x4-2 
6x4-9 = —3x—2 
9x = -11 
1 —4x 3 4-2 x 


x = 


1 ^ 


1 4 - 6 x 2 —3x' 

Sol. Multiplying the numerator and the denominator of the 
term on the right-hand side by 2 , and rewriting the equation, 

1 —4x 6 4-4x 
1 4-6x — 4— 6 x 

each _ 0-4*)+(6+4x) 7 
e — (1 +6x) + ( 4 _ 6x ) 5 


1 —4x 
1 4-6x 


7 

5 
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or 


7 +42* = 5 —20* 
62* = —2 


1 


or * =• 


31 


EXERCISE 123. 

Solve the equations : 


1 . 


3. 


5. 


7. 


6 * + l 3*—5 


9*—5 

3*—2 

4*+3 2* —7' 

2. 

6 * —1 

2*-3* 

8 * —7 2*—3 


3 —4* _ 

1 +2* 

12*+5 3*+4' 


1 +6* 

2 —3*‘ 

2+3* 1 — 9* 

3—5* 4 + 15*’ 

6. 

1 +2* 
2—3* 

5 —6* 

1 +9** 

* Arp px +<7 2 

8 . 

3 +6* 

1 -* 

x-\~q px+r 2 

2 -\-abx 

1 — ax' 


Example 16 


(* + l)(*+2) 

SoIve ( ;+3j(r+4) 


* + 3 
^+7 


Sol. Removing the brackets, we have 

* 2 +3*+ 2 _ * + 3 
* 2 +7* + 12 * + 7‘ 

Multiplying the numerator and the denominator 
term on the right-hand side by *, we have 


of the 


+3*+ 2 * 2 +3* 


* 2 + 7* +12 * 2 + 7* 


each = 


(* 2 +3* 


2) —(* 2 +3*) ___ 2 _ 

12 6 * 


(* 2 + 7* + 12) — (* 2 + 7*) 

* + 3 _ 1 

x + 7 6 

6* +1B = * + 7 
5* = — 11 

Otherwise 


• • 


X = 


- 2 *. 


By alUrnando , we have 

a 2 +3*+2 *2 + 7* + 12 


* + 3 


x + 7 



FRACTIONAL EQUATIONS 


26‘J 


Decomposing each fraction into integral and fractional 
parts, we have 

2 12 


+ a4-3 


2 

12 

a -|-3 

* + 7 

1 

6 

a4~3 

x 4-7 

6a 4-18 

= a -f-7 


x = -24.. 




a 4-3 
;T+5* 


Example 17 : Solve 
Sol. By alternandoy we have 

• (2*+3) 2 = (2a-+5) 2 

A 4-3 A-f-5 

4a 2 4-1 2a -f 9 __ 4 a 2 4-20a4-25 
a 4-3 a 4-5 

Decomposing each fraction into integral and fractional 
parts, we have 

9 25 

4*+*-+3= 4 *+*-TB 

9 25 

a 4-3 a 4-5* 

Multiplying cross-wise, we have 

25a 4-75 = 9a 4-45 

16a = —30 /. a = — 13. 


EXERCISE 124. 


Solve the following equations by both the methods illustrated 
above : 

x. (*+2)(*+3) *+5 (■* +3) (x +4) X + 7 

(*+4)(*+5) a: +9* • (x+5)(a:+ 6) x + ll - 

3 **+6x+ 8 a- +6 *“+ 7* + 10 *+7 

■*“+8* + 15 *+8‘ • x 2 + 10at+24 
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(.v+3)(* + 5) _ a:+8 

(* +4) (a 4 1) x 


2 — 5a:— 6a 2 
* 2-2*-3a 2 


Solve the equations : 

a -4-4 


7. 


9. 


11 . 


13. 


( 3 §)’ - 

(mr - 

/ 3a —5\ 2 
\3a—2/ 

/£ZA 2 tfA 

\ax — c) ax 


a + 6‘ 
a — 8 

3a —10 
= 3a— 4' 

-2b 
-2c 



Sol. 


pie 18: Solve (a 2 + 3a—7)(a 2 +2a—5) 

P = (a 2 —3a 4-7) ( 

Dividing both sides of the equation by 
(a 2 —3a+ 7) (a 2 -f 2a — 5), we have 

a 2 -{- 3a — 7 _ A 2 -2a 4-5 

A 2 —3a4-7 _ a 2 +2a—5' 


By componendo-dividendo, we have 

(a 2 4-3a—7) -}-(a 2 —3a4-7) ( a 2 — 2a4-5) + 0 
(a 2 4-3a—7) —(a 2 —3a4-7) (a 2 -2a 4-5)-0 

2a 2 _ 2a 2 

or 6 a —14 —4a 4-10‘ 


Dividing 
we have 

or 


both sides by 2a 2 and multiplying 
—4a- f 10 = 6 a —14 

-10a = -24 * 


Example 19 : 


Solve 16 



14-* 

1 —a" 


Sol. 


1 —A 

Multiplying both sides by 


we get 



6a 4-5 
= 3a~+2* 

a 4- 6 
a 4-10* 


A—3 



*4-7' 

ax — 2b —c. 
~ ax-\-2c-\-b 

2 _2a 4-5). 


2 -f 2 a—5) 

2 4 2a— 5)’ 

cross-wise, 

= v- = 2 
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Dividing both sides by 16, we get 

fe)‘ - fe - (0* 


A" = 


From this, we get 

EXERCISE 125. 

Solve the equations : 


or 


1 


1 —* 

l+x 


= 4 - 


1. 

a 2 —2a 4-3 *4-5 

A 2 4-2a-3 A-5' 

2. 

a 

A 2 4-2a-5 A 2 -A 4-3 

4 

•3 • 

A 2 —2a 4-5 A 2 4- *— 3* 

* • 

5. 

(a 2 4-5* 4-9) (a 2 4-3a — 7) 

= ( 

6. 

(a 2 -7a 4-15) (3a-5) = 

(* 2 - 

7. 

-fey - fe> 

8. 


—3a+4 a 2 — 2a -f-5 


3a—4 
a 2 — 2a+ 5 
3 a 2 + 4a —1 


2a—5 ' 

a 2 -2a-5 
3a 2 -4a 4-1* 
5a—9). 


4-3 a 


3a 2 4-1 


76 

49* 


4. Literal Equations. The methods generally employed 
in the solution of literal equations are similar to those used 
in ordinary equations. However, a few typical examples are 
added below. 

Example 20: Solve a{x — a) -\-b(x — b ) = 2 ab. 

Sol. Removing the brackets, we get 

ax — a 2 -\-bx — b 2 = 2 ab. 

By transposition, ax+bx = a 2 -\-b 2 -\-2ab 

or x(a-\-b) = (a-\-b) 2 

ia + b ) 2 


x = 


a -\-b 


x = a-\-b. 


Example 21: Solve (*4-tf) 3 4-(*4-£) 3 4-(*4-0 3 

= 3(a4-^)(a4-^)(a4-c). 

Sol. By transposition, 

(a4-<z) 3 4-(a4-6) 3 4-(x4-c) 3 — 3 (a 4-a) (a 4-6) (a 4-c) = 0 
Factorising the left-hand side, we get 

4{ (*4-<*)4-(*+&)4-(*4-0 } [{ (x4-<z) — (a 4-6) } 2 4-{ (a -f -a) 

-l*+c) } 2 + { (*+*) -(x+0 } 2 ] = 0. 
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On simplification, we get 

i(3 x+a+b+c) { ( a -b)* + (a—c) 2 + (b-c) 2 } = 0. 

Either the first factor = 0 or the second = 0. 

but the second being a constant cannot be equal to zero. 

Hence (3 x+a+b+c) = 0 

. a -j- b -\-c 


Example 22: Solve ^ ^ +3 = 0. 

b -\-c c-{-a a-\-b 

Sol. Decomposing 3 into 1 -J-1 -f-1 and associating one with 
each fraction, we have 


(Sf+') + (^ +1 ) + (fS + ’)- 0 

or x+a + b+c x+a+b+c x + a+b-\-c _ 

b c c -f- a a b 

or {x+a+b+c) [jE + _L_ + _i_j =0 . 

Since the 2nd factor is a constant, x -\-(a-\-b c) = 0 

x = — {a + b+c). 


Example 23: Solve (a-— 2a ) 3 4 - (x—2b) z = 2 (a —a—b) 3 . 


Sol. Put a— 2 a = p and x—2b = q. Then x—a—b = 


Substituting in the given equation, we have 



p z +q z 


or p z -\-q z 

or 4 p 3 +4 q 3 
or 3p 3 -\-3q 3 
or p 3 -{-q 3 

or (p+q){p 2 —pq+q z ) 
or {p+q)(p 2 —pq+q 2 —pq) 
or (p+q){p— q ) 2 


_ r, ^ P z +q Zj r3pq(P-q) 

— 2 X 8 

= P z +q 3 +3pq(P +q) 

= 3pq(P+q) 

= pq{p J rq) 

= pq(p-\-q) 

= 0 

= 0. 


P+q 
2 * 
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But p—q = *— 2a —x+26 = 2(6 —a 

/>-{-? = 0 

x— 2a -\-x —26 = 0 

• • x — fl-j-6. 

Example 24: Solve 


Sol. By transposition 


or 


or 


mjc-f-6 — mx—mb 



x+6 


b —mb 


x-\-b 

Multiplying cross-wise, we have 

(x-\-a)(b — mb) 

or xb — xmb-\-ab—abm 

By transposition, 

xb —xmb —xna -f-xa 
or x(b—mb—na-\-a) 


• • 


x = 


EXERCISE 126, 

Solve the equation: 

1. a*(x—a) -{-6 2 (x — 6) = abx. 

2. 6(x — 2a) +a(x -26) = (a -6)*. 

3. x(x —a)+x(x — b) = 2(x — a)(x— 

4. (,x-a)*-(x-b )* = 0. 


5. 

6 . 

8 . 

9. 

18 


(*— a) 2 + (*—6)* = 2(x-a — 6) 2 
a—x^_2a—x 3a— x 


a 2 a 

c — x 2 6 —x 


3a 

c—x 


bx 


7. 

6— x* 
rx 


6x , ax c z x 

a + 'F + ^F :=a! + 6a + <:, • 


r 2 x 


which is not zero 


m-\-n. 



nx-\-na —nx —a 
r x+a 
na —a 
*+a- 

(x-f -b)(na — a) 
xna —xa+a6n— ab. 

abn —ab —ab -{-abm 
ab(n—2-{-m) 

ab(m-{-n —2) 

a +6— mb — na' 


b). 


r x + 1 = *+<>*■ 
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10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

19. 

20 . 
21 . 
22 . 

24. 

26. 

27. 



(x—a ) 3 -j-(x — 6) 3 -j-(x — c) 3 = 3(x — a)(x — b)(x — c). 
{ x -a ) 3 + (b—x) 3 -\-(a-b ) 3 = 0 . 


*-*+£=£+*- 1 


a +1 

x—ab 




+ x -^ + 


a-\-b 
x — ca 


b -\-a b -\-c cci 


— —j— ^ —|— ^ • 


be (ax 1 ) ca(bx — 1 ) ab(cx — 1 ) __ a+b+c 

b-\-c c-\-a a-\-b 


x — a 2 x—ab , x —ac 

“P -:— “t-T — 3 ( 2 . 


b -\-c c - f -cl 


x-a 3 


4- 


1 a-j-b 
x — b 3 


+ 


JT—C 3 


= 2 (a-j-b -\-c). 


b 2 — bc-\-c 2 1 c 2 — ca-j-a 2 a 2 — ab-j-b 2 

[Hint: 2 (a-\-b-\-c) = (a-\-b) +(£ +c) -j-(c-\-a) 
a-j-b a b _ _ ax bx 


x—a —b 

x-j-a 

1 

ab-^ax 
a 

ax-j -1 

1 


_- _j- 

x—a x—b 

1 1 


18. —^-T + L 1 

ax — 1 bx — 1 


= 2 . 


x + b 


+ 


1 


_ 1 

x-\-a-\-b ^x' 

1 


+ 


be—bx 

b 


ac—ax 
2c 


+ 


bx -\-1 

1 


cx+ r 
2 


23. 


ax 


+ 


bx 


=a-j-b. 


25. 


x—b x—a 

ax 2 -\-bx-\-c _ ax-j- b 

px 2 -\-qx - 1 -r px +q 


x -f -a ' x—a x 2 — a 2 ' 

x-j- 2 a x — 2 b 4 (a-j-b) 

x — 2 a x-j- 2 b ~~ x 

( x + a j rb - c )* + ( x+ b+c-a) 3 = 2 {x+b) 3 . 

(Ar-27) 3 + (^-23) 3 =2(Ar-25) 3 . 

*+flV x-j -2 a-b -- -~/a—x\* a-j-x 


x-j-b 



x-j -2 b — a' 


29 . 16 




/ a— x 



CHAPTER XVI 


SIMULTANEOUS EQUATIONS—THRF.F. UNKNOWNS 

1. Simultaneous equations involving three unknown 



Sol. 


e Is Solve 3x + y+2z = 13 

x-\-4y+3z =14 ... 

2x+3y+4z= 16 ... 

Multiplying (i) by 3 and (ii) by 2, we have 

9*+3j>+6z = 39 ... 

2r+8 > +6« = 28 ... 

Subtracting (v) from (iv), we have 

7x — 5y=ll 

Again multiplying (ii) by 4 and (iii) by 3, we have 

4**- -4_ 1 _LlO-y _ c/r 


(i) 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 


(vii) 
(viii) 

(ix) 

M 

(xi) 


4x + l6y + 12z= 56 ... 

„ , 6 *+ 9y + 12« = 48 ... 

Subtracting (viii) from (vii), we have 

2x-f-7y ■ 8 

Multiplying (vi) by 7 and (ix) by 5, we have " 

49*-35y=77 ... 

—10*-|-35)> = 40 
Adding (x) and (xi), we have 

39* = 117 
or x = 3. 

Substituting this^ value in (vi), we have 

Substituting the values of * andj, in (i)fv^ have 

Thus x—3v Z 1 13 ’j K 

x —y = 2 and * = 1. 

Example 2: Solve y+z = 17 

*+*=14 

Sol. Adding (i), (ii) and (iii)> we have - 

2 (x -hy -be) = 42 

x -\~y = 21 

have Subtractmg a “l = ( “ i )» respectively from’(iv),we 

^ ) Z - 1 u# 


(i) 

(Ii 
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Example 3: Solve 


xy _ 


x-hjy 

yz 

y+z 

zx 

Z+x 


1 

3 

1 

5 

1 

4 


• • • 


(i) 

(ii) 

(iii) 


^ I ^ * 

Sol. Taking the reciprocals of (i), (ii) and (iii), we have 

*4 -y o 1,1 o 

— £ = 3, or — = 3 

xy y x 

= 5> or M = 5 ... 

yz z y 

= 4 , or 1+1 = 4 ... 

* £ 

Adding (iv), (v) and (vi), we get 

2 {W} + i) = 12 or Wj +\ =6 

Subtracting (v), (vi) and (iv) respectively from (vii), 

we have — = 1 , 7=2 and - = 3 

x y z 

x = 1, y = % and z = 

Example 4: Solve x+ay+a*z = f ••• 

x+by+b 2 z = b z ... 

x+cy-\-c 2 z = r 3 ••• 

Sol. Subtracting (ii) from (i), we have 

y(a-b)+z{a*-b 2 ) = a*-b* 
or y+z(a+b) = a 2 -\-ab+b 

Subtracting (iii) from (ii), we ha Xf 

y(b-c)+z{b*-c*) = f*—f , 2 

or y~\~z{b -\-c) = P+bc+c 

Subtracting (v) from^, * have } +fc(a _ c) 

or £ = ^4-^4-^ 

= a 4-^* 

Subtituting the value of « in (iv), ' ve 

,+<«+,+„<.+» - i+f + +V„,. 


(iv) 

(v) 

(vi) 


(vii) 


(0 

(») 

(iii) 


(iv) 


(v) 
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Substituting the values of y and ^ in (i), we have 

x-\-a{ab-\-bc-\-ca) -\-a?(abc) = a 3 
or x = abc. 


EXERCISE 127. 

Solve the following equations : 


1. 


3. 


5. 


I 


at— y + z = 1 
x—2y+Arz = 8 
x—3y+9z = 27. 
x-3y-\-2z = 1 
2* — 4y-\- £ =4 r 

3*-f- y-5z= -11.) 
x+2y+3z = 22) 
2x-3y-\- z = 5 [ 
3*4-4>»— 2z = 7. J 

7. i + L + !=:6 ) 

* ^ * 

2 3 4 ! 

- =8 
x y z 

5-±+^ = 10 
* _>- £ 


2. x-\-2y-\-3z = 14 

2*+3>>-t-44: =20 
3x4- _>>4-6£ = 23. 
4. x— y— z = —2) 
*+ _>>4-2.e: = 7 
5*4-8y+4^: = 32. 
6 . * 4 - 2 ^ 4 - 34 : = 20 

2*4-3 y—5z = —7 
4* —5>> -j- lz =21. 

8. I+l-i-2 

X y z 

2+i-5 = 18 1 

x y z 

2 3 4 

-4- - + - = 38 


) 


x y z 

9. . *4 -y = 20, y-\-z =16, z 4-* =18. 

10. *4 -y = 2a, y-\-z = 2b, z 4~* = 2c. 

n. - +i = 1, I+i =2, i =4. 
x y y z z x 

19 1 , 1 _ 1 1 A 1 , 1 

12. - 4—■ — a , —4— = o,-— = c. 

x y y z z x 

13. * = 8 14. x—3y+z=—3 

Z-\-x—y = 12 y — 3z 4~* = 1 

*-h?—£ = 16.J £ — 3*-f_y = — 1. 

15. ay-\-bx = c , c*4-o£ = 6, bz-\-cy — a. 

[Hint: Multiply first by c , second by b and third by a.~] 

16. xJry — = £±5_2 

jfc ^a: 5’ 


17. 2*4-3>» = 5 xy ) 
3y +4z = 7yz 
4z4~5* = 9-^x.J 


18. 3xy=4(x+y) ) 

2 xz = 3(x+z) l 
5y Z = 12(y+e)J 
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19 * x-\-y = axy 

y~\~Z = byz 
Z +* = c2x 

21 . X -\-ay-\-bcz = a 2 
x J rby~\-caz = b 2 
* 4 -cy+abz = c 2 . 
23. x(x-\-y-\-z) = 60 \ 
y(x+y+z) = 75 
z( x -\-y+z) = 90 J 



20. x — ay-\-a 2 z = a 3 
x — by-\-b 2 z = b 3 
* — cy-\-c 2 z = c 3 . 

22. xy = 20 , yz = 24 , £*= 30 . 
[Hint: Multiply the three equa¬ 

tions and take the square root.] 

[Hint: Add the three equations.] 


24. (* +y) (y -\-z) = 96 ) 

(y -\~z) (z +*) = 80 
(z+*) (x+y) = 120.) 

2. Problems involving simultaneous equations. 

Example 5: A number consists of three digits whose sum 
is 17 ; the middle digit exceeds the sum of the other two by 
1 ; if the digits, be reversed, the number is diminished by 396. 
Find the number. 


Sol. Let x, y and z be the digits in hundreds, tens and units 
place respectively. 

Since the sum of tine digits = x -\-y -\-z, 

•. x -f -y -\~Z == 17 ... ... (i) 

Since the middle digits exceeds the sum of the other digits 
x and z by 1, 

y =x+z- 1-1 

or x~y-\-z= — 1 ... ... (ii) 

Since the actual number is 100* -f- 1 Oy -j-z and it becomes 
100c-j-1 Oy -j-x when the digits are reversed, 

.\ (lOO^d-lOy-f-^) — (1 OQe:-f-10)>-f *) = 396. 

Simplifying and dividing both sides by 99, we have 

* — £=4 ... ... (iii) 

Adding (i) and (ii), we have 

2*-f-2£ =16 

or x-\-z=S ... ... (iv) 

From equations (iii) and (iv), we have 

x = 6 and z — 2. 

Substituting the values of at and z in (i), we have 

6-\-y- f-2 = 17, y = 9. 

Hence the required number is 692. 
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EXERCISE 128. 

1. The sum of three numbers is 77. Three times the first 
added to the third is less than four times the second by 3. The 
excess of the third over the second is 18. Find the numbers. 

2. The sum of two numbers is increased by 10 and the 
result divided by 8 ; the quotient is less than their difference 
by 1. Also £ of the greater is greater than £ of the less by 6. 
Find the two numbers. 

3. Find three numbers such that the excess of the first over 
the second is 8, the excess of the second over the third is 4, and 
the sum of the first and the third is 28. 

4. Find three numbers x, y, z such that x increased by 
£ of y,y increased by X of z, and z increased by 4 of x may each 
be 250. 

5. A number of two digits when divided by 5 gives a 
certain quotient and a remainder 4 ; when divided by 8, 
gives another quotient and a remainder 7. The digit in 
the tens place is equal to the second quotient diminished 
by 2 and the other digit is less than the first quotient by 6. 
Find the number. 

_ 6* A certain number of 3 digits exceeds the sum of its 
digits by 414 and the number formed by reversing the digits 
exceeds the same sum by 612. If the given number and one 
formed by reversing the digits be in the ratio of 71 : 104, 
find the number. 

P* A number consists of 3 digits whose sum is 18. The 
digit in the hundreds place is -g of the number formed by 
the remaining two digits, and the digit in the units place is 

& of the number formed by the remaining two digits. Find 
the number. 

8- A number consists of 3 digits whose sum is 10. The 
middle digit is equal to the sum of the other two. The 
number formed by reversing the digits is greater than the 
original number by 99. Find the number. 


3. Cross-multiplication Method. 

•c k ave seen that three independent equations are required 
it there are three unknowns whose values are to be found. 
It there are two equations with three unknowns, we can only 
nnd the ratio of their values. 7 
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(iv) Put down x , y , z over the 3 gaps. 

(v) Multiply the co-efficients cross-wise as shown by the arrows 
and put dowji the denominators be' — b'c y ca' — c'a y ab' — a'b under 
x y jy, Z respectively. 

This is known as the rule of Cross-multiplication. 

Cor, If z — 1, the equations (i) and (ii) become 

ax-\-by-\-c = 0 
and a 'x-\-b'y 4-c' = 0 

and (v) becomes 

£ = y _ i 

be' — b'c ca' — c'a ab' — a'b’ 

From this we get * = and y = Ca ~ C * 

ab —a b ab —a b 

• 

Note : The rule of cross-multiplication is applicable only when two 
^l 11 ^ are of the form ax+by-\-cz =■ 0. The corollary gives us an elegant 
method of solving simultaneous equations of the first degree involving two 
variables. b 


Example 6 : Find x :y : z, if 

4x — 5y~h2z = 0 
2x—7y+4z = 0 

Arranging the co-efficients of x, y y z , we have 

* y z 


• • • 


Sol. 


(i) 

(ii) 



+* -5 +2 

-f-2 -7 4-4 

By the rule of cross-multiplication, 

* y 


( 5) (4) (—7) (2) 


or 


or 


Example 7: 


(2) (2) (4) (4) 

£ = y _ 

—204-14 4 — 16 

* = y = z 
—6 —12 —18 
x:y:z= 1:2:3. 

Solve the equations 

2x—3y-\-3z = 0 
*4-2? 4-3* = 32 
x — 4y-\-5x = 0 


-5 4-2 

-7 4-* 


(4) ( 7) (2)( 


-5) 


—28 + 10 


x y 

or 


z 

3 


(i) 

(ii) 

(iii) 
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Sol. From (i) and (iii), by the rule of cross-multiplication, 

_ x _ y z 

( 3)(5) ( 4)(3) (3)(1) (5)(2) “ (2)( —4) —(1)(—3) 


or 

* y 

_ z 

— 15 + 12 3 — 10 

—8+3 

or 

x y z 

—3 —7 —5 


or 

x y z 

3 ~ 7 ~ 5' 


Let 

x y z , 

3 7 “5 * 


• 

• • 

* = 3k, y = 7k, z 

• 

35 

II 


Substituting these values of x,y, z in (ii), we get 

3£ +14& +15£ = 32 

or 32 k = 32 or 1 = 1 

x = 3, y = 7, z = 5. 


EXERCISE 129. 


Find x :y : z, if 
1. x—2y+z = 
9x — 8y4-3z = 
3* 4x-\3y-\-8z = 
7x + 6y — 9 z = 
Solve the equations 
5. 4x — 2y — £ = 
6x — y — 4z = 

x4r y~h Z = 

7. x+2y+z = 
2x — 5y—4z = 
4x+5y+6z = 
9. 4x —13 y-\-8z — 
7x4- 6y—9z = 
6 8 20 = 
X ' V ‘ 7 

11 . lx—by + z = 
5 *+ 2 _>> —3 z = 
2x 3 +5y n ° 




• 3 — z 3 



2 . 6 *— 8y+ 7z = 0 \ 

2x — 7y-\-\ \z = 0. J 
4. ax-\-by-\-cz = 0 1 
bx+cy+az = 0. J 

method of Cross-multiplication : 

6. 5x-\-6y4-8z = 0 ) 
3x-\-4y-\-6z = 0 > 
x-\-5y-\-l6z = 3. ) 

8 . 15 * = 10 y = 6z ) 
3x4-4y-\-5z = 172 . / 

10 . x—2\y+ z = 0 ) 

2x— 5y-\-4z = 0 > 

3x 2 4~4y 2 -\-5z 2 = 48. J 


12. x+y+z=> 0 

ax-\-by4~cz = 0 
—- 4 --^- + — 

b—c c—a a—b 
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13. x-y=y- Z =±±£ = 2. 14. = 

x+y+z = 27. 

4. Rule of cross-multiplication applied to Simul¬ 
taneous Equations in 2 unknowns. 

Example 8: Solve the equations 

4*— 5^+8 = 0 ... ... (i) 

2x—3y+6 = 0 ... ... (ii) 

Sol. From (i) and (ii), by rule of cross-multiplication, 

,_£_ y _ 1 

( 5) x6 (—3) x8 8x2—6x4 4 x (—3) —2 x (—5) 

x _ y _ 1 


or 


or 


or 


—30+24 16-24 “ —12 + 10 

x _ y _ 1 

—6 —8 —2 

* = Z = i 

3 4 

* = 3, y = 4. 


EXERCISE 130. 


1. 3*+4 y = 15 1 

6y~5x = —6. / 
3. 7*+4y = 5 ) 
5 at+6>» = 2. J 


2. 7y = 9x 1 

3 y — 4*+1 = 0 ./ 

4 * £+ 5 _ 5 x +3 _ 

— ^ • 


5. 3* 2/> = 01 6 . y i?+ my 2ft 

—5x+fiy-3 = 0 .f mx = /„ P } 

7. x—tf>»+£ — y+6 = I. 

9 = \ 8 and r 3 *+2> = 41, find the value of*-8v. 

Find the values of * and y from the equation * 

(3* 2j»+8) 2 + (5* + 13y—3) a = 0. 

{Hint : As the sum of two squares = 0, each = 0 .) 

. a Solve the equations 


\ - 

Example 9: 


I+| = 18 
1 + 1=19 


(1) 

t u) 
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or 


Sol. By transposition, we get 

- + - — 18 = 0 

* y 

2 5 

- 4- - — 19 = 0 
x y 

By the cross-multiplication method, we get 

_ x _ y _ 

(—76) — (—90) (—36) —( —57) 

\ J_ 

x _ y _1 

14 §1 7 

l~“-2 and 1 = ^=3 
X i y 7 

l , i 

x =2 and y = 3' 

; 10 s Solve the equations 

5*+4 y = 9 xy 
3x+2y = 5xy 

Sol. Dividing (i) and (ii) by xy, we get 

=9 

=5 

?+5-5-0 
x JV 

By the cross-multiplication method, we get 


(in) 

(iv) 


1 


15—8 



• • • 


(i) 

(ii) 


• • • 


• • • 


(Hi) 

(iv) 


1 


or 


—25+27 
1 _ 1 

x _ y _ 1 

9 9 2 


— 18+20 12 — 10 


k 
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3, 


1=1 = 1 

• * x y 

x = 1 and y = 1. 

EXERCISE 131. 

Solve the equations by the method of cross-multiplication: 
i. -+^ = i8 

* y 

? + 5 =, 9 . 

* y 

5-1 = 5) 

* y 

1 - 5-4 

x y I 

5. ^- + 1=2 

3* 5 y 

J_ 1 19 

4x + 6 y 12 
_ a b 

7. ■—1— — Ttl 
x y 

b a _ 

-* + 3~ n - 

9. -5- +— = 25 

x+y x—y 

4 3 


2. 5_5 = _ 4 

a: y 

2 3 

- + - = 19. 
x y 

4. 5 + 5 = n 

x y 


- - 5 = —5-| 

x y 8 


6. 2x + -=5 


8 . 


5x — - =3. 

y 

= 5 

ax by 


= 3. 


x+y x—y 

11. 2y —x = 4xy . 

4 3 l 

--- = 9. 
v x ) 


= 10 . 


10 . 


ax by 
10y + 14x=9xy) 
4x— 6y=7xy. J 




12 . 


2+5x _ y- f-4 2xy-f9x-{-2 

3x 2 6x 


5. Other Simultaneous Equations adaptable to Rule 
of Cross-multiplication. 

Example 11 s Solve the equations 

4x-J-2_y—3^=2 ... ... (i) 

Zx+4y— 2z = \0 ... ... (ii) 

. 2x—5y-h4^=5 ... ... (iii). 
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Sol. Multiplying (i) by 5 and then subtracting (ii) from it, 

\7x-\-6y —13^=0 ... ... (iv) 

Multiplying (iii) by 2 and then subtracting it from (ii), 

—* + 14 y —10£=0 ... ... (v) 

By the cross-multiplication Aiethod from (iv) and (v), 
we get 

x _ y _ z 
-60 4-182 ~ 13 4-170 “238 4-6 

x _ y _ s 

° 1 ’ 122 183 244 


or 

Then 


x y z, 

- =-~ = - = k (Let each be equal to k.) 

J * 

* = 2k, y = 3k and z = 4 k. 


Substituting these values in (i), we get 

8 A: 4 - 6 A: —12 A: =2 or k = 1 

* = 2, y = 3, z =4. 


EXERCISE 132. 


Solve the equations : 


1 . x+y+z = 1 • 

2x+3y+z =4 
4x+9y+z = 16. , 

3. 3x — 2y4~4z = 5 ) 

5x—7y+8z=8 

llx — 10y + 16z = 21. J 


5. 

6 . 


x-)-2y-i-3z 

1 1 1 


x~^~y~^~Z 


= 3x+y+2z 
6 


2 3 4 _ 

x~y Jr z 


= 8 


3 4 5 


* y^~z 


= 10. 


2. 4*— 3y +2z = 8 
3x—4y-i-5z 
—6x-\-by-\-7z 

4. *+5?—4« = 
3x—2y+2z 
— 10*4-8y-f-4: 


=S } 

= -L J 
} 

* — 6 . J 


2x+3y+Z = 6. 

7. 


3* + -+' = -13 

y z 


4*+-+- = 7. 
3 4 

5* 4-- +- =6. 
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SECTIONAL REVISION IV 
TEST PAPERS 

PAPER 1 


1 . 


2 . 


Explain the terms: 

(i) duplicate ratio and sub-duplicate ratio, 

(ii) triplicate ratio and sub-triplicate ratio. 

(i) Write in shorter form 

(a) 2,70,000 (b) 2*3 x 2-3x2-3x1,000,000. 

(n) Simplify (a) at 0 x 1 (b) *° x*. 

Prove that a ratio of greater inequality is increased 
and a ratio of less inequality is diminished by subtracting 
the same positive quantity from both the terms. 


3. 


4. If 


6a —5 b 
6 a+5b 


6c—3d , a c 

&+52’ show that ~b - d- 


5. 

6 . 


T — j — ~r show that each is equal to f 


b d f 
Solve the equations 

/ • \ a h 


b-{-d-\-f 


ax + \^ bx + \ cx + V 


(ii) 9 


7. 


fe£)'= 

Solve graphically the equations s * ~~ 1 1 

x—y = 5.J 


x—a 
x-\-d 


PAPER 2 

1. Find the compounded ratio of the following three 
ratios : 3 a : 4b, b 2 : 5ac and 5c a : 6 ab. 

2. If 6 +x : 8 -f * be the sub-duplicate ratio of 4 : 9, find *. 

If a:b=c: d, then prove $*±? b - 4c + 3 <* 

4a—3b 4c—3d' 

4. if —£_ _ , y __ z , 

a+b—c b-\-c—a c-\-a—b * show tllat each of 

these fractions = * ~ 3rZ 

a+b+c . 


3. 
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6 . 

7. 


Solve the equations 

(i) (x 2 +5x —4)(x 8 +3* —2) = (x 2 -5x+4)(x 2 — 3x+2). 

6x+5 _ 3*+2. 

W 8 x +3 4x + l 

22*+i _2 n+2 +2 

Simplify: 22n+1 _ 2n + i-* 





14 

(*-2)(j-5)’ 


find the value of —. 


PAPER 3 

1. What must be added to the terms of 5 : 8 to make it 

equal to 9 : 10 ? ^ 

2. If x: y = 5 : 6 , find the value of 

3. Two vessels contain a mixture of wine and water in 
the ratio of 5 : 3 and 3: 1. In what ratio mustliquid* be 
drawn from each to give a mixture of wine and water in the 

ratio of 2 : 1 ? 




nh , n X~\~ a . x + b 

4 if * = -find the value of-h 

a-\-b 

5. Solve the equations : 

5 — 6 * 2 — 


.... (x+2)(x+3) _*+5 

« 5+4S = 5T=2i- (n) (*+4)(*+5) *+9 

c Tl, p ennation of a line is 5*+4 y = 3. Put it m the 

foraj- = ml+e and state its slope and the intercept on >-axis. 

7. Solve the following equations by the method of cross- 
multiplication : 


-+-—2 =0 
x y 


1 + 5 - 2 # = 0 . 

x y 


1. 


(i) 

(ii) 


PAPER 4 

One factor of a+b is a i +b i , write down the other. 
Find the continued product ol 

x+y. 




**-hA 


4 -y* 
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2. If 7*— 6 y = find the value of x : 

3. The bases of two triangles are in the ratio of 5 : 6 and 
their altitudes are in the ratio of 8:9. Find the ratio 
between their areas. 


4. If /, m, n are in continued proportion and if l(m — n) 
= 2m. prove that l —n = 2 

5. Solve the equations : 



(ii) (a-3) (a+4) (a+ 7) = (a+2)(a + 1)(a+5). 

2 a—3 

6 . Draw the graph of the function —-—. 




Solve the equations : 



PAPER 5 

1. Prove that - = 0, — = 0 and = oo where m 

fl oo U 

and n are finite quantities. 

2. What must be added to each of the numbers 12,16, 
21 so that the resulting numbers may be in continued 
proportion ? 

2a 2 +3al>-f-4 6 2 2c 2 + 3c</-}-4</ 2 

5a 2 + 76 2 5c 2 -\-6cd-\-7d 2i provc that 

a: b = c: d. 

4 ' If i+f=i = F+3T=3- = show that 

* _ y = * 

b-\-c c-\-a a-\-b' 


19 
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Solve the equations : 


(i) 81 


( a — a\ 3 _ a — a 


Simplify 


{ 


(x m ) r . (a 


*) '} 


(**) 


T>r 


a 2 — 5 *+ 7 a 2 — 3 a +5 


5 a —7 


3 a —5 


|'</a p. */a r | 


win 


PAPER 6 


1. Write down the values of: 


(i) (81)* (ii) (81) 1 25 


(iii) V (32) 


— 1*5 


(iv) (100) 

2. Find two numbers of the same two digits which are 
in the ratio of 8 : 3. 


3 . 

4. 

5. 


6 . 


If prove that a: b — c : d. 

pc-\-qd d*a 


If - = shew that 

x y z 


abc _ a 3 -I- b 3 -f-c 3 

Tyz ~~ x 3 -\-y 3 -hZ 3 ’ 


Solve the equations : 


2 _ 


3 a +4 


l-2 


4 - 3 a —4 


(i) ___ 

2 a 2 — 5 a + 1 2 a 2 + 5 a — 1 

Tii) a 3 + 3 a _91 
3 a 2 —M 37 ’ 


Solve graphically the equations y — 2 a 11 

6 v = 2 a— 3 .J 


7. The average weights of infants for the first 12 months 
are given below in kilograms : 


Months 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

Weights 

3-6 

4-3 

5 

5-7 

6-3 

7 

7-5 

81 

855 

9 

945 

• 

99 


Draw the graph and compare the weight of any infant 


you know. 


SIMULTANEOUS EQUATIONS—THREE UNKNOWNS 291 


PAPER 7 

1. Find the value of when a = — 7. 

a 2 -f 4a—21 

2. If 1 +a, 2+a, 4-fA are in continued proportion, find a. 

3. I f a : b = c : d, prove that ( 6 a —5c)(66-f-5</) 

= ( 6a+5c)(6b-5d ). 

4. If ^ = ~, prove that (x 2 +jy 2 )(a 2 b 2 ) = (ax+by) 2 . 



Solve the equa ions : 


(i) 

(ii) 


x 2 +x —30 0 

a 2 -25 

3a—2 6a — 13 
a — 1 + 2a—5 — 


3a—5 6a — 7 

~^2 + 27 ^ 3 - 


6 . Solve graphically and verify the solution of = 5 

2 a — 3y =5. 

PAPER 8 

1. (i) Multiply a- 4 -a*^ by a^ — x^y^-\-yK 
(ii) Divide a— y by a^— y^. 

2. The soldiers in Uvo armies when met in a battle were 

o he o rati 0 i° f , 5 : 3; their res pective losses were in the ratio 
ot 3:2 and their survivors as 69:41. If the number of 

survivors in the smaller army be 16,400, find the original 
number of soldiers. & 


3. Find (i) the mean proportional between 16, 49 ; 

(n) the fourth proportional to 12 , 15, 18 ; 
and (iii) the third proportional to 24, 30. 

X , f b ' c > d are in continued proportion, show that 
b 2 ic 2 +d 2 * thC mCan pro P° rtional between a 2 +b 2 +c 2 and 

5. Solve the equations : 


i 2 a + 7 3a+13 5a -f 27 

a+2 a-J-3 a-|-4 

(ii) X ~ Q 5 __ A— 7 A— 4 

A —10 A — 7 A— 9 A— 6* 
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6 . Find the speed of a train if 90 minutes are saved in 
150 km when the speed is increased by 5 km an hour. 

7. Find the vertices of the triangle formed by the straight 
lines 

8 * + 5 y+ 7=0 ) 

3*4-77—23 =0 y 
5x — 2y — 11 = 0 . J 


OBJECTIVE TYPE ITEMS—IV 


1. Rewrite the following, filling up the blanks : 

(i) The abscissa of every point on 7 -axis is. 

(ii) The equation of the first degree in * and y always 

represents a . 

(iii) A ratio compounded by itself is called a. 


(iv) The square of the mean proportional is equal to 

. of the other two quantities. 

(v) A ratio of less inequality is.by adding 

the same number to both its terms. 


(vi) The rule of cross-multiplication can be used in 

solving simultaneous equations of the first degree involving 
three variables, provided . 

(vii) (2,-1) is a point on the graph of 3* — 7y= . 

2. For each question write the capital letter which stands 
by the correct answer in the given answer box. 


3p , 5/> 

(i) The mean proportional between — and ^ 


is 


A. 

3p 5q 

5q ^ 3 q 



B. 

C. 

3 'P^*P 

5 q ’ 3 q 



D. 

E. 

P+q- 





<~\ t f * 2 + ^ 2 
( n ) If a 2__b 2 

41 

9 * 

then 

a . 

b 15 

A. 

V4T 

3 • B - 

50 

32' 

C. 

5 

4' 


3 P_ 5 _P 

5 q 3 q 

?p x 5?. 

5q X 3 q 


equal to 
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(iii) The ratio p : q is the same as 


A. ap : bq 
C. p —k : q — k. 

E. p 2 : q 2 . 

(iv) The slope of the 
7x-3j>=8 is 


B. p ~\-k i q-\-k. 
D. kp : kq. 


straight line represented by 


A. 7. 


B. 


3. 


c - l 


D - I- 


(v) Any number, other than zero, raised to a power 
of zero is equal to 

A. zero. B. infinite. 

G. number itself D. one. 

3. Rewrite the following such that there is no a- in the 
numeiators of the fractions, keeping the denominators same. 

* — 1 a—2 a—5 a—6 

*—2 a—3 a —6 ~a^-7‘ 

4. Which of the following points lie on the graph of the 

,.W & - 4 ) (“) (-4, 7). 

(“*) ( 2 > 3 )- (»v) (2, 11). 

5. In the space provided against each item in column I, 
column n. C ° rreSPO g " ° f * he equal quantity from 



Column I 


Column II 

(i) 

a m -f- a n 

A. 

a m + n 



B. 

fl’NX n 

(ii) 

a m x a n 

C. 

a m+n 



D. 

a m ~ n 

(iii) 

(a m )" 

E. 

n 


a m 

(iv) 

y/a™ 

F. 

tn 

a n 










CHAPTER XVII 

INVOLUTION AND EVOLUTION 


1. Involution. 


It is the process of finding the expansion of expressions 
when raised to different powers. 

First let us study the continued product of certain expressions 
from which expansion of powers can be derived. 

By actual multiplication, 

(*-}-«) ( x-\-b) = x 2 -\-{a-'r-b) x-\-ab and 
(A-+a)(x-r-^)(x-fc) = x z -\-(a-\-b -\-c)x 2 -\-{ab — beca)x-\-abc. 
Here we observe that 

(i) the degree of the product is the same as the number 
of factors ; 

(ii) the first term is the product of the first terms of the 
factors ; 

(iii) the co-efificient of the second term is the sum of the 

second terms of the factors ; 

(iv) the co-efficient of the third term is the sum of the 
products of the second terms of the factors, taken two at 


a time : 

(v) the last term is the product of the second terms 
the factors. 

Putting 27 for ‘the sum of like terms’, we have 
(x+a) (x+i) (x+c) = x 3 +x*Za+xZab+abc. 

( x +™( x a +b)(x+c)(*+d) = x'+x’Za+x'Zab+xZabc+abcd. 

Example 1= Find the continued ( P^oduct + of ^ 

Sol. Putting a for 1, b for 2, c for 3 and d for-4. 
the product = X 4 +x 3 Za+x*£ab +xZ<ibc +abcd. 

Sa = 1+2+3-4 = 2, 

Zab = 2+3-4+6-8-12 = -13, 

Zabc= 6—8—24 —12 = 38, 


of 


abed— —24, 
the prod 


uct = x 4 + 2 a»- 13 a 2 - 38 .v- 24 . 
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Example 2: Expand (x+a) 4 . 

(x+a) 4 = (x-f< 2 )(x-fa)(x-ftf)(x-ffl) 

Sol. In this case the second term of each factor is a 

The co-efficient of x 3 in the product = aa-\-aa = 4 a, 
the co-efficient of x 2 in the product 

= a.a-\-a.a -\-a.a-\-a.a-\-a.a-\-a.a=6a 2 i 
the co-elficient of x in the product 
= a. a. a -f- a. a. a a. a. a -f- a. a. a = 4a 3 , 
the last term = a.a.a.a = a 4 . 

(x-f-tf) 4 = x 4 -}-4x 3 fl-|-6x 2 <2 2 -t-4xa 3 -ha 4 . 

EXERCISE 138. 

Find the continued product of: 

1. (* — 1)(■* —2)(* +4) . 2. (a-2)(* + 3)(a+4), 

3. (a+2) (a +3) (a +4). 4. (*—2) (at —3) (a: — 4). 

5. (x-a)(x—b)(x—c). 6. (a + 1)(a+2)(a-4)(a—5). 

7. (a—2)(a—3)(a+4)(a+5). 

8. (x—a)(x—b)(x—c)(x—d). 

Expand 

9. (x-t -a) 5 . 10. (x + fl)«. 

11. (x-a) 4 . 12. (x-a)\ 

2 . Expansion of powers of Binomials. 

We already know that 

(x+fl) 3 = x 3 +3x 2 a+3xa 2 -ffl 3 ) 

(x— rt) 3 = X 3 — 3 x 2 <2-F3x<2 2 — a 3 f 

(x+a) 4 = x 4 -b4x 3 fl+6x 2 tf 2 -f-4xa 3 + a 4 ) 

(x— a) 4 = x 4 — 4x 3 <7 + 6x 2 tf 2 — 4xa 3 +<i 4 / 

(x+a) 5 = x 5 +5x 4 o -j-1 Ox 3 ^ 2 + 10x 2 a 3 -f-5xa 4 -fa 5 1 
(x— a) 6 = x 5 — 5x 4 fl + 10x 3 a 2 — 10x*a 8 +5xa 4 — a 5 ./ 

From the above cases, we observe that: 

(*) The number of terms in the expansion is greater than 
the index of the binomial by one. 

(^) .The fiist and the last terms in the expansion are 
bmomiaT y * and raised to tlie same power as the 

t“*) - In each successive term, the index of a decreases and 
tnat ot a increases by one. 
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(iv) The sum of the indices of* and a in any term is equal 
to the index of the binomial. 

(v) The co-efficient of the first term is one, and that of 
each succeeding term is obtained by multiplying the co-effi¬ 
cient of the preceding term by the index of a in that term and 
dividing the product by the number of terms already obtained. 
The co-efficient of the last term is one. 

(vi) The co-efficients of the terms, equi-distant from the 
middle, are equal. 

(vii) If the sign between the two terms of the binomial is 
positive, all the terms in the expansion are positive, and if 
negative, then the odd terms are positive and the even terms 
are negative. 

O 


Example 3: Expand (*+a) 8 . 

Sol. The total number of terms in the expansion = 
the first term = a 8 . 


the second term 
the third term 
the fourth term 
the fifth term 


E8 
1 

8.7 


x'a = 


8a 7 <7, 


2 

28.6 

3 

56.5 


A 6 * 2 


= 28a 6 0 2 , 


A 5 a 3 


A 4 a 4 


= 56a 5 <7 3 , 


= 70a 4 g 4 . 



The numerical co-efficients of the sixth, seventh, 
and ninth terms are respectively 56, 28, 8 and 1. 


eighth 


Hence, we have 

(a- fa) 8 = A 8 -f8A 7 a-f28A 6 a 2 


4-56a 5 « 3 f-70A 4 a 4 -f 56 a 3 <z 5 -f 28A 2 a« 

-f8Art 7 -fa 8 . 


Example 4: Expand (2a—3 b) 5 . 

Sol. The total number of terms in the expansion = 6, 
the first term = (2a) 5 , 

the second term = -y-(2a) 4 (36) = 5(2a) 4 (36), 


the third term 


= ^( 2«) 3 (3 by 


10(2a) 3 (3Z>) 2 . 
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The numerical coefficients of the fourth, fifth and sixth 
terms are respectively 10, 5 and 1. 

Hence, we have 

{2a-3b)° = (2a) 5 —5(2a) 4 (36) + 10(2a) 3 (3£) 2 — 10(2a) 2 (36) 3 

+ 5(2a)(36) 4 -(3Z>) 5 

= 32a 5 - 240 a*b + 720a 3 & 2 -1080 a 2 b 3 +810 ab* -243 b s . 

EXERCISE 139. 


Expand : 




1. 

(A+1+. 2. 


3. 


4. 

(1 — a) 6 . 5. 

(2 +m) 6 . 

6. 

(3-a) 4 . 

7. 

(2v — 1 ) 5 . 8. 

(1 -3a) 6 . 

9. 

(1-A) 10 . 

10. 

(2 +3a) 6 . 11. 

(3a— 2b) 5 . 

12. 

(a + U) 4 . 

13. 

(“+-J ■ 14 - 

(* - 1 ) • 



Simplify : 




15. 

(a+ 1 ) 4 — (a — 1 ) 4 . 

16. (a- 

-i) 5 +(*+i) # . 

17. 

(A + a) 6 — (a— a) 6 . 

18. (3 p 

+4*) 4 - 

-(3/,-4 ? )«. 

3. 

Coefficients of Particular Term in the Expans 


Example 5: Find the co-efficient of a 2 in the expansion of 
(a-+2) 3 (a — 1 ) 4 . 

Sol. The given expression 

= (a 3 -f 6 a 2 +1 2a+8) (a 4 -4a 3 + 6.v 2 -4 a +1). 

The terms containing a 2 can be obtained by multiplying 

(+6**) by ( + 1), ( + 12x) by (-4x) and (+8) by (+6 a«). 
Hence, the required co-efficient 

= (+6)( + l) + ( + 12)( — 4) + (+8)(+6) 

= 6—48+48 = 6. 

Example 6: Find an approximate value of (1002) 5 . 

Sol. We have (1002) 6 = (1000+2) 5 = (1000) 5 ^1 + 

+ . 


1000 

2 

I + 


1 4 

+ Too + i 00,000 

= TO 1004.(approximately.) 
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(In the expansion of ^ 1 -f- y qqq J j we neglect the terms beyond 

the third , because their value is very small as compared with 7.) 

Hence (1002) 6 = (1000) 5 (1-01004) 

= 10 15 (1-01004) 

= 1,010,040,000,000,000 (approximately). 

EXERCISE 140. 

Find the co-efficient of: 

1. x 2 in the expansion of (2a —5) 2 (3a -f-1 ) 4 . 
a 3 in the expansion of (a* —f- 1) 5 (at —2) 3 . 


2 . 

3. 

4. 


x 4 in the expansion of (1 —a ) 6 

a 5 in the expansion of (1 -f- 3 a -J-3 a 2 -f- a 3 ) 3 . 


Find an approximate value of: 

5. (1-005) 5 . 6. (1-02) 10 . 7. (1-0003) 25 . 

8. Re. 1 at 4% per annum compound interest after 10 
years amounts to Rs. (l-f-*04) 10 . Calculate the value of this 
amount to 3 decimal places, by the above method. 

4. Evolution. 

Evolution is the process of determining that expression 
which has been expanded into the given form. It is thus the 
reverse of ‘Involution*. In other words, it is the process of 
finding the square-root, cube-root, fourth root, etc. of given 
expressions. 

We know that VT6 = 4 or —4 and that the product of two 
positive or two negative quantities can never be negative. 


Cons 


der the following : 


2 = + 1 6<2 4 a«, 

/. V + 1 6a 4 x* 

= + 4fl 2 A 3 

= —8a 3 x 6 , 

/. x/ —8a 3 x 6 

= —2ax* 

= -H6a 8 , 

vZ-f-16 a 8 

= ± 2 a 2 

= —32a 10 , 

V-32 a 10 

= —2a 2 

= +32<z 10 . 

V+32a>» 

= -j-2 a 2 . 
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It must be clear that 

(i) an even root of a positive quantity may be either 
positive or negative : 

(ii) an odd root of a quantity has the same sign as 
that of the quantity itself. 

(iii) a negative quantity cannot have a real square 

root. 



5. Square Root. 

Since a 2 -\-2ab -\-b 2 = ( a-\-b) 2 
and a 2 — 2ab-\-b 2 = (a — b) 2 

y/(a 2 +2ab+b 2 ) = V\a+b)* = a+b 
and x /( a 2_2a6+^ 2 ) = V(a—b) 2 = a— b. 

Thus, we can write down the square root of a trinomial 
when it can be put in the form of 
a 2 -\-2ab -\-b 2 or a 2 — 2ab-\-b 2 . 


Example 7: Find the square root of 25* 12 —30 a^»+9>> 2 . 

Sol. Reducing the expression to the standard form, we have 
V(25x 2 -30x>+9y) = v (5ijia -2 (5*) (3j>) + ( 3v) * 

= V(5x-3y)* = ± (5a; — 3y). 
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X ^ 

Example 8: Find the square root of — 3x 2 v-\-9j> 2 . 

Sol. Reducing the expression to the standard form, we have 

V ( 7 -(f-)"- 2 ' (f-)(4r)+<W 

=v(i^y= ± CH,> 


Find 

the square root of the 

following : 

1 . 

4a 2 — \2ab+9b 2 . 

2. 16a 4 +40a 2 +25. 

3. 

9a 4 + 30a:^>' 2 +2 by *. 

4. 81a 2 — 18aZ> 2 + b 4 

5. 

a 6 — 2 a 3 + l. 

6 . 1—12a + 36a 2 . 

7. 

A 2 —A" + 4 . 

8. A 4 /-fA 2 7 + |. 



A a 2 46 2 

9. 

m4 T> m2 “T-gr- 

10 - 46 

11 . 

a - 4 j y 

y ' 4 a 4 

12 . A 4 - + -yg. 



1 1 * 2 

13. 

-g< 2 2 -^a£ 

14-1_!_ 

4x 2 ‘ 3y ' 9j> 2 

15. 

a 4 —a 3 £ + \a 2 b 2 . 


6. Square Root of Reciprocal Expressions 

9 : Find the square root of 


* 2 +r 2 +i2 


Sol. The expression 


H) 


+38. 


= (*2+2 + ^) +2.6^* + +36 [ V 38 = 2+36.] 


=(*+0 2+2 - 6 ( a+ 0 +62= K 


*/ 
6 2 


*+{M 


the square root = ±^a + 6+ — 
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Example 10 : Find the square root of 


(* 2 +i ) 2 ~ 6 (*+ 



21 


Sol. The expression = ^* 2 + — 6^x a + + 21 

= (* 2+ r*) ~ 6 ( x *+r*)-'2+2i 

= (^+i 2 )-4 a+ i)+ 9 

= (* s +i) s -2.3(x*+i) +3S 

-fKJH’ 

the sq. root = ± (* 2 — 3 -f- -Q. 

EXERCISE 143. 

Find the square root of: 


1 . *’+1 + 8 (,+ i ) 

2. -+i+4(,+ J) 


+ 18. 


+ 6 . 


3. 


4. x 2 


4 +i+ 2 (* 2 +i)+ 3 - 

+ i+ 2 (*-i)- 1 - 


5. (, + I S )_ 4 (,_l). 

6 - ( x2+ i)*- 4 ( jc +J) a + i 2. 
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7. Square Root of Miscellaneous Expressions. 

Example 11 : Find the square root of 

4(a+6) 2 -4(* 2 -Z> 2 ) +(a-6) 2 . 
Sol. Reducing the expression to the standard form, we have 
{ 2 (a + b) } 2 —2 { 2(a + b)(a-b) } + (a-b) 2 . 
the square root = + {2 (a-\-b)—(a — b) } 

= + ( a-\-3b ). 

Example 12 : Find the square root of 

^ —xy +a 2 —4a 4-4 +2>-. 


Sol. Arranging the 
of a we have 


terms according to descending powers 

y 2 

a 2 —4.v — xy +4 -\-2y + 



= a 2 —2a( 2 + 


H)+H)’4-H-)r 


the required square root= + ^x—2 


Example 13: Find the square 1 ^ 4 t ^ 3 + i 9 A 2 -30A+25. 

Sol. Here, break up 19a 2 into two parts, such that one of 
them and the first two terms may be a perfect squaie. 


Thus, the expression 

= x 4 —6a 3 4-9a 2 +10* 2 —30a 4-25 

= (a 2 —3a) 2 4-2.5(a 2 —3a)4-5 2 ={(a 

the required square root = = h( A ' 


A 

2 


2 _ 


3a) -f 3} 2 
3 a + 5). 


EXERCISE 144. 


Find the square root of: 

1. 4(x 2 + l) 2 -b4(x 2 4-l)-M. 

2. (3a 2 + l) 2 + 14(3« 2 4-l)+49. 
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3. 

4. 

5. 


(!- 2 )’+ 4 C-- 2 ) + ‘- 

4(a+A)*-12(a 1! -A 2 ) +9 (a-A) 2 . 

( a 4 + l)2_( a 4_ 1)2 6 . / 


a -\-b 
a —b 


7. 9(a +b ) 2 +6(0 -f b) (a +y) +a 2 +2 xy -\-y 2 . 

Find the square root of: 



2 + 



-b 


+b 


8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 


* 4 —4*3 +6a 2 —4a: -f- 1 . 

4a 4 +1 2a- 3 -11 a 2 - 30a+25. 
a 4 +2a»j>+3a 2 _>- 2 +2a? 3 -\- y *. 

9a 4 —30a 3 _>- +49a 2 _>> 2 —40a^ 3 + 16 y 4 . 

£+■£+3 + 2 ^ 2 , 

y + *« +J +7 +7- 

* a+ fs+*’+f- 2 ^-f. 

jI+^+r^ + 


*■ 2 * ^ , 2j> <* 2 z 

+ ^2+J 


Z Z* A 

15. (06 +£c 4-rc) 2 — 4060 ( 0 -f-c). 

4060(0+0) =400(06 +60). Pw/ a /or (a6+fc)]. 

16 . (2 a 2 + 5a>>+ 2j> 2 ) (6 a 2 4- 5 a? +? 2 ) ( 3a 2 + 7a? + 2? 2 ). 

17. (y±£) 2 + x ±*-y-z) 

Y } 9 

18. * 2 + 2 * + M-^-r + 


1 


x—i ^x*— 2* 2 +r 

19. (<*-A)4_2(a*+A*)(a-A)2+2(a4+A4). 

Find the fourth root of: 

20. x* —4a 3 + 6a 2 —4a + 1 . 

square. Sh ° W that (*+l)(*+2)(*+3)(,+4) + l is a perfect 
square. Sh ° W ^ (*+ 3 )(*+4)(*+5)(*+6)+l is a perfect 
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Example 14: Find the square root of 4 m 4- 9" — 2"' 1 .3“ . 
Sol. The expression = (2 2 )”* + (3 2 )" - 2.2”*.3" 

= (2 m ) 2 + (3 n ) 2 —2.2 m .3 n 
= (2 m — 3 n ) 2 

the sq. root = + (2 m —3”). 


2. 16"*+9"+2 2m * 1 .3 n 


Find the square root of: 

1. x^ m _ 4x mrn -p4\x 2w 

3 . 25a 2 »‘ — 20x m+n +4x 2n . 

8 . General Method for finding the Square Rcjt. 

It is not always possible to find the square root of expressions 
by factorisation. So we require a method which is app i- 
cable to all cases. This is the method of division and it is 

based on the formulae : ... 

r a +b) 2 —a 2 = {2a-\-b)xb ... ••• K l ) 

(a-\-b-\-c) 2 — (a-\-b) 2 ={2(^ -r-b) + c ) XJ 

(a+b -+-c -\-d) 2 — (a+b-{-c) 2 ={2{a+b-{-c) +</} xd 
and the like. 

Suppose the first one or more terms of the squaie.ro 
have been obtained by trial division. Then the remainder 
at that stage must be equated to (twice the portion of the 
square root so obtained new term) X that new term. 

This principle governs the extraction of the squaie loot 

by the division method. 

For example, let us obtain the square-root of 

9x 2 —24 xy 4-1 6j> 2 


\ / 

(«) 

(hi) 


The first term of the root is 
obviously 3x. 

The remainder = —24 xy + 

\6j> 2 . 

Twice the portion of the 
root found out =2 X 3v=6x. 

To this add a new term, say 
(—4 y). It becomes 6a— 4 y. 

Then the remainder must 
be equated to (6a— 4 y ) x4 y 
Then subtract. If there is 
a further remainder, repeat 
the same process. 



3a— 4y 

3a 

9 a 2 —24a y 4- 16>' 2 
9a 2 

1 

X 

to 

— 24xy-r lb4’ 2 
—24 xy 4-1 fy 2 

x x 


The 
root is 


required square 

-+- (3a— 4y). 
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Example 15: Find the square root of* 4 -6**>+4-12*+ 13**. 

Sol The expression when arranged in descending powers o 
x is x 4 _6x 3 +13* a -12*+4. 

| X 4 —6* 3 + 13*2 -12*+ 4 /* 2 — 3*+2 


2*2—3* 


—6*3 +13* 2 —12*+4 
—6*3+9* 2 _ 


2 * 2 — 6*+2 


+ 4*2 —12*+4 

4- 4*2 —12*+4 


X 


(i) Here the 1st term = V* 4 =* 2 . 

(ii) When (* 2 ) 2 or * 4 is subtracted from the expression, 

the first remainder=—6*3+13* 2 12*+4. 

(iii) _6 x 3 -±-twice * 2 = —3*, which is the 2nd term ot 

the square root. 

(iv) Multiply (twice * 2 — 3*) by— 3* and subtract the 
product from the first remainder ; the result 
_^_4*2_12 x+ 4 is the second remainder. 

(v) +4 twice * 2 =2, which is the 3rd term of the 

square root. 

(vi) Multiply [twice * 2 + twice (—3*)+2] by 2; the 
product is equal to the second remainder. 

±(* 2 —3*+2) is the required sq. root. 


EXERCISE 146. 

Find the square root of: 

1. 1 6*2 —56*y +49y 2 . 2. * 4 +6*3 + 15* 2 + 18*+9. 

3. 16* 4 —24*3+25* 2 —12*+4. 

4. * 4 —2a*3 + 5a 2 * 2 —4a 3 *+4a 4 . 

5. * 6 -12** +60* 4 -160* 3 _|_240* 2 -192* +64. 

6 . a 2 * 4 +4**3 +2 (3a 2 +2)* 2 +12a*+9a 2 . 

7. ^+~*+l. «• 9** -18** +9* +|. 

9. 4* 4 +* 3 +S|**+#*+i- 

4- 1 v 1 

10. 9 * 2 —24* + 19 — ^ + 4 ^ 2 * 1]L - A; 4 “ 2 x 3 + "2'-2 4 “r6* 

12. -V- +16a 2 ^ 2 +9a 4 6 4 —5 ab —6 a 3 fc 3 . 

20 
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9. Square Root of Non-integral Expressions having 
* in the Denominators. 

Example 16 : Find the square root of 

V 


* 4 +-a —2 + 4 x —+-4. 


Sol. In arranging the terms in descending powers of x, 

4 

_2 must be placed before -g, apart from other changes. 

Arranging the terms in descending powers of* and proceed¬ 
ing as usual, we have 


2 a. 2 


X 4 —X 3 -\—j +4x 


- 2 +j( 


2 _ 


+ 


+- +4x 


X 2 

. v 3 + — 


2a 2 —a 


+4x — 
+4x — 


2+ ^ 

2-4-i 


X 


7 2 

the square root = ± l a: — 2^x) 


EXERCISE 147. 


1. 


3. 


the 

square 

root of 

a 2 

a 

, 4b 2 

, 4b 
— 1 -\ -• 

4b 2 ' 

~b 

a 2 

a 

9a 2 


^y* 

3a y 

4y 2 ' 

' 2 

' 4a 2 

y * 

V 

4a 4 - 

h9 

(** + 



A 2 J 2 

2 . ^ + 

_>’ 2 A 2 


y z 


7 

4' 


H) 


+ 18. 


X [ K5 
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rfi+ 45» +2 ~ 2 ( al + 2fl 3 ). 

5+|-4(S + 5)+ 6 ' 

x 2 y~ 2 -\-2xy~ 1 +a" ay + 3 + 2 a“ *j». 


Find the fourth root of: 

Q 1 _4v_l_fiv2_4v3_l_v4 

9! 1 6a: 4 -96a 3 _>> -f216x*y -216 a> 3 +8 ly 4 . 


Example 17 : Find the square root of 1 —Ax up to 4 terms. 


Sol. 


1 


2 -2x 


1 —4* 

1 


( 


1 — 2a:— 2a 2 —4a- 3 


—4a: 

—4 a-+ 4a: 2 


2 —4a —2a 2 


—4 a 2 

—4a 2 -}-8a 3 -F4a 4 


2 —4a —4a 2 —4a 3 


—8a 3 — 4a- 4 

—8a 3 +1 6a 4 +1 6a 6 +1 6a 6 . 


the square root up to 4 terms = 1 —2a —2a 2 —4a 3 , 


Example 18 : Find (i) what may be added to, (ii) what may 
be subtracted from, or (iii) what value may be given to m, so 
that the expression 16a 4 — 16a 3 — 20a 2 + 12a -fm may be a 
perfect square. 


Sol. 

4a 2 

1 6a 4 — 1 6a 3 —20a 2 +1 2a +m / 4a 2 —2a —3 
16a 4 \ 

8a 2 —2a 

— 16a 3 — 20a 2 

— 16a 3 4- 4a 2 

1 

1 

0 

* 

CO 

3 

— 24A 2 4-12A4-m 

—24a 2 4-12a+9 


m — 9 


Obviously, the given expression will be a perfect square 
if the remainder is 0 ; i.e. 

(i) if —m+9 is added to it, or 

(ii) if m—9 is subtract from it, or 

(iii) if m —9 = 0, or m = 9. 
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EXERCISE 148. 

1. Find the square root of 4a 4 -{-8x 3 +8x 2 +4a-: + l, and 
hence extract the square root of 48841. 

2. Find the square root of x 4 +2x 3 -\-lx 2 +€>* +9, and 
hence extract the square root of 12769. 

Find up to 4 terms the square root of: 

3. a 2 +x 2 . 4. \+x—x 2 . 

5. What may be added to, or subtracted from 9x 4 + \2x 3 
_q_ 7^2 _|_ 2 x-t-tf, so that it may be a perfect square ? 

6. For what value of x will x 4 — 12a 3 4-38x 2 — 9x — 5 be a 
perfect square ? 

7. Find the condition so that x 2 +px+q may be a perfect 

square. „ 

8 . Find the values of a and b for which * 4 +4x 3 4-lUx 

-\-ax-\-b is a perfect square. 


SELECTED QUESTIONS 

Find the square root of: 

1 . 


—I 


2 . 


6 . 


7. 


« 3 + 4 ^ + 2 «- ~ a - 


3. * 4 +I+4(*+l)(*-i)+2. 


4. x 4 + 




ax 2 a 2 


v 4 /7Y- 4 a* ^ o 4tfX 

5. ’ T +4** + -j+ ¥ -2x*— g-. 




V 2 6 2 9 a - 4 3 3bx 2 2abx 

9 ^ 25^ 4 5 


15 


+ ^+ 4 + 2x + 4a ' 2 + \ 


4 1 

8. a- 6 —4x 3 +6 —+ 
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9. x *+2 x +i-?- x +T 

10. 4 * 2 -6* + y2 — -+9^ 


11 . 

12 . 

13. 

14. 

15. 


* 4 + jS—* 2 + 4 *+l — ^- 

4**+2* 3 +^* 2 -3*-?+i. 

£ , > 2 , 

1.2 v2 ,, V * 



x 2~v 4j) 2 ~T 2y 4 - 


16. For what value of x will x 4 — 12 a. 3 +217*-{-320 be a 
perfect square ? 

17. For what value of x will the expression 16X 4 —24*® 
—7a: 2 + 18*— 8 become a perfect square ? 

18. For what value of m is the expression 4x 4 — 12* 3 +25x 2 
—24*+m a perfect square ? 



CHAPTER XVIII 


SURDS 

1. When a root of a number cannot be exactly obtained , it 
is said to be irrational. If the root of an algebraical expression 
cannot be denoted without the use of a fractional index, it is 
also called an irrational quantity. All irrational quantities 
are otherwise called surds. Thus, y/2, ^4, a /* 2 -f- xy 2 -f y\ 

\Zx 3 -\-y 3 , ^ y are all surds. 

Some numbers and expressions may be in the form of surds, 

but may not be really surds. \/25, \/ x 2 -\-2xy-\-y 2 are in surd 
form , but they are not really surds for they are equal to 5 and 
x-j-y respectively. 

Some quantities may be partly rationa and partly surd. 
They can be expressed as complete surds as shown below. 

3V5 may be expressed as (3 2 )^x5“ = (3 2 x 5) 2 = (45)- 

4 \/6 =(4 3 )^.6^ = (64 x 6)^ =^384 

By reversing this process, a complete surd can also be put 
in the form of a mixed surd. Thus 

V50 = V25l<2 = (5*x2)* = (5 s ) i x2 i =5 v '2 

•v^56 — ^8x7 = (2 3 )^ X 7 3 = (2 3 )*x7* 

= 2 y/T. 


Express as a complete surd : 


1 . 

4V6. 

2. 

4. 

3^5. 

5. 

7. 


8. 

Simplify : 


10. 

V 48. 

11. 

13. 

v / 250. 

14. 


5 v / 4. 

3. 

2 v 6. 

2(/3. 

6. 

3^4. 

a 2 Vy. 

9. 

a 3 y/y 2 . 

y/ 63. 

12. 

y/ 44. 

v"567. 

15. 

^/80. 


SURDS 


311 


16. \/x«y. 17. Vx* ".a. 18. Vx 4a y 2 . 

19. \/ —5120. 20. \/250x 7 y 4 . 

2. Similar Surds. 

Surds are said to be similar when they have, or can be 
reduced so as to have the same irrational factors. 

Thus, 3V5, 7\/5 are similar surds, and 3V125 and 7\/5 
are also similar surds, for 3V 125= 15V5. 

For addition and subtraction, the surds have to be similar. 

Example Is Simplify V 128 -f- V54. 

Sol. Vi28"+ ^54= V64 x 2 -f ^27x2 

= V^T^2 + ^ 3 3 X 2 
= 4V2+3V2 
= (4 + 3) \f2 = 7\/2. 

Example 2: Simplify \/76$ — \ / 243. 

Sol. ^768- v / 243== ^256x3- \ZoVx3 

= V / 4^-^3*"^3 

= 4 ^3-3^3 

= ^3(4-3) 

= </3. 


EXERCISE 150. 

Reduce to the simplest form: 

1. 4V5+3V20-V45. 2. V72-2V32+V8. 

3. V12-V27+V75. 4. 2v , 4+5-^32-^rM. 

5. 2 v' , 40+3-v / 625—4-^320. 

6. 4-^^27 + v^=8+5v^64. 

7. V20?+V80^— 45V*5\ 

8. V a¥— V a*x — V 9a*x. 

9. 3v^8^ —v'l25l 4 + -S / 277 1 . 
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3. Surds of the same order. 

Surds are said to be of the same order when they have 

all got the same root-symbol. Thus, \/7, y/x —y, \/5 3 > y/a 5 
are all surds of the same (the second) order. 

\/2, \/5, \/< 2 2 , y/x-\-y are all surds of the third order. 

V7, V* —y 2 are all surds of the nth order. 

Surds of the second order are called quadratic surds and 
those of the third order are called cubic surds. 

Example 3: Express v/*z 3 , y/a* and v / a 5 as surds of the 
same order. 

Sol. The given surds are of the 2nd, 3rd and 4th orders. The 
required order will be indicated by the L.C.M. of 2, 3, 4, or 
it will be of the 12th order. Thus, 

V7* = a* = a ** = 

3 /^4 = a * = a ii = 1 */£? 

and 4/JT = a i = a T* == 

Hence the required surds are 

l y/^ T > 1 \/7^~ and l y/a^. 

Example 4: Which is greater v5 or \/4 ? 

Sol. The common order being 12 th 

^5 = 5* = 5* = 1 “/5 3 = *^125 

and ^4 = 4 * = 4 T ^ = 'v^ = ‘V256. 

\/4 is greater than y/b. 

Example 5: Arrange y/2, and \/6 in descending order 
of magnitude. 

Sol. The common order being 12//* 

VI = 2* = 2 T< ^ = 'y/2 5 = '{/Ml 
4/4 = 4* = 4^ = '{/T* = ‘V2567 

^/ 6 " = 6 * = 6 = '{/& = '{/ 2167 _ 

Hence the required arrangement is v^4, v'G and V2. 
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EXERCISE 151. 


Reduce to surds of the same order : 


1. ve; VT, #2. 

2. 

\/2, ^4, VS. 

3. Vi 2 , &F, \/x. 



Which is greater : 



4. v^5 or ^6 ? 

5. 

V 2 or #3 ? 

6. #4 or \/5 ? 

7. 

V 6 or #10 ? 


Arrange according to descending order of magnitude 

8. V 27 x/4, # 5 ". 9. VT, \/5> V 6. 

10. 2V3: 3#2, VT. 11. #6, Vs, Vl2 

4. Multiplication and division of surds. 

Case 1. When the surds are of the same order: 

Example 6 : #8 x K/15 = 8* x 15* = (8 x 15)* 

= ( 120 ) ® = \Z\2Q. 

Example 7: v'TO-H V^4 = 10*-^4* 


-(v°)*=v| 


Case II. When the surds are of different orders : 
Example 8 : Wx^3= 8* x3*= 8 T * x3* 

= (8 2 )™ x (3 3 )T^= (8 2 x 3 2 )* 
= (64x 27) t ’ ? = ,2/ 1728. 
Example 9 : = 8^ ~6* = 8 TB 4-6 T * B 


= (8 2 ) T ' B -^(6 2 )' lJ 8 
= (64)* H-(216)™ 

-(£)* - ‘VI 
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Case III. When the given surds have the same quantity 
under the radical sign. 

Example 10: ^3x^3= 3^ x3 J = = 3 T * 

= ^ = x i/ 243. 

Example 11 : v / 5-Hv / 5 = 5^—5* 

= 5 ^-i = 5 tV = x V5: 

Case IV. When simplification of surds is a necessary step 
before multiplication or division. 

Example 12: 4.V72 x 2.V45 

= 4.V6 2 .2x2.\/3 2 3 

= 4.6V2X2.3V5 

= 24V2x6\/5 

= 144V2 x V5 = \AWTo. 

Example 13: 6\/75 4-2\/63 

= 6\/52“x3-f-2V3 2 x7 

= 6.5 V3 4-2.3 \/7 
= 30\/3^-6V7 
_ 30V/3 _ 5V t 
6\/7 


Simplify :— 


1 . 

y/l x v^9. 

4. 

VT2 4-V8. 

7. 

v / 6" X 1/9. 

10. 

v^o-^is. 

13. 

V 36 X V54. 

16. 

5^49 xv 7 lT. 

19. 



EXERCISE 152. 

2. ^5x^12. 

5. Vw+VvL 
8. VT5xVl2. 
11. Vi8-V24. 
14. V96xV88. 
17. V18+V200. 

20. V8. \/3. v'T. 


3. 

\/8x 

i/18. 

6. 

1 / 20 4 

-v'B. 

9. 

v / 21 x\/6. 

12. 

v'ifSH 

-t/72. 

15. 

-^128 

X^ 

18. 

5^6 4 

-3-XlO. 

21. 

V2.yjX/5. 

24. 

X. V 


22. 5\/l2 4-10V27.23. ^/56^\/48. 
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5. Compound Surds. 

An expression consisting of two or more simple surds con¬ 
nected by the signs + or — is called a compound surd. 

Thus, SVT and 2 V8 being simple surds, 6^7+2^8 and 

6^/7— 2y/8 are compound surds. 

The process of multiplication of compound surds is similar 
to that of compound algebraic expressions. 

Example 14: Multiply 4\/3+3\/2 by 2V5—5V3. 

Sol. (4\/3+3\/2)(2V5-5V3). _ _ 

= 4V3 x2V5—4\/3 X5V3+3V2 x2V5—3\/^x5\/3. 

= 8 Vl5-60+6\/T0 — 15 V6T 

Example 15: Find the square of (5y/3 — 6\/2). 

Sol. (5v'3-6\/2) 2 = (5v / 3) 1! -2.5V3'. 6a/2 + (6V2) 2 

= 75—60V6+72 
= 147 —605/67 

EXERCISE 153. 

Multiply :— 

1. V 2 + V 3 by VJ+VT. 2. 5/5+5/6 by 5/3-5/27 

3. 45/2-55/3 by 25/2+35/3. 

4. 35/5+65/3 by 45/7-25/5. 

5. 6-25/6 by 5-25/6. 6. 55/2—25/3 by 5V2—2V3. 

Find the continued product of: 

7. (2—5/3), (5/3+2), (3-5/2). 

8. (4 + 5/6), (5/3 + 1), ( 5/6 — 5 / 3 ). 

Find the square of: 

9 . 25 / 6 + 35/57 10 . 35 / 7 "— 45 /g. 

II. 35 / 3 — 4 . 12. x —5/x 2 -~T. 

13. ++ 5 /+-A 2 . 14. 5 / a 2 +2A 2 — 5 / a 2 — 26 2 . 

15. 2 5 / 8* -1+35/1— 4a-. 16. 35 /n 2 +4 2 +45/ a-—b 2 . 
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6. Rationalising Factor. 

When the product of two irrational expressions or surds 
is rational, each is said to be the rationalising factor of 
the other. 

Thus is the rationalising factor of *v^25, and \/25 is the 
rationalising factor of ^5, for *5^25 XV^5 = ^125 = 5, and 
(V5 + V3) is the rationalising factor of (V5—V^), and 
(\/5—\/3) is the rationalising factor of (\/5 + \/3), for 

(V5+V3)(\/5—V3) = 5-3 = 2. 

The rationalising factor of a monomial surd can be found 
easily, as illustrated below : 

The rationalising factor of y/a 2 or cfi is obviously eft or 

y/a, for y/a 2 Xy/a = a^ xa :i = a 1 + '* = a. 

Similarly, the rationalising factor of y/a 2 . ‘V b. y/c 

a*b~ is a :i b- or y/a. 's/b. K^c 2 , for 

{/A VT. Vr* Va. VT 

= J +i b 

= a.b.c. 


or 


,i + i 


Example 16 : Find the rationalising factor of 7\/2 2 . ^3 5 . V4*7 

Sol Putting the given expression in the index form, we have 

3 ® 

7. 2 Z . 3*. 4^ 

The fractional indices f, *, * will become integers by adding 

■§> t> ^ respectively. 

The required rationalising factor is 

2 I.3^4^ or V2 2 . V / 3 3 . \/4. 

The rationalising factor of a binomial quadratic surd can 
be found by merely changing the sign of the irrational term from 

4 - to — and from — to -+-• 

The rationalising factor of a binomial quadratic surd is 
called its conjugate. 
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Example 17: Find the rationalising factor of ay/x-\-by/y. 

Sol. Since {ay/x+by/y) {ay/x—,by/y) = (aV x) 2 — (bVy) 2 

= a 2 x — b 2 y y 

( ay/x—by/y) is the rationalising factor of {ay/x-\-by/y)~ 

EXERCISE 154. 


Write down the rationalising factor of: 


1. 

2 V 2 , V 45 , 

V54, 

Va 3 b, V(l, V x — 1, \ 'a~h :i . 

2. 

V 3 .V 2 . 

3. 

VF.VF. 4. V2.V3.V6. 

5. 

V 3 +V 2 . 

6. 

VI-V3 7. Vc—VF. 

8. 

a + V b. 

9. 

V5.V6.Vt*. 10 . VF.V1V.Vt*. 

11. 

ay/ x — by/y. 

12. 

4V3+2V5. 13. 3-v/2—2\/3. 

14. 

Va+x — Va 

—AT. 

15. x + Vx 2 — 1. 


Example 18: Simplify 5\/3-^4\/2. 

Sol. 5\/3H-4\/2 = 

W2 

Rationalising the denominator, we get 

5\/3 _ 5V3xjv/2 _ 5V6 _ 5\Z<5 
4V2 4-^/2 x y/2 4.2 ~ 8 

^ 8 

Example 19 : Given V3 = 1*732, find the value of’ /0 up to 

ly/3 

3 places of decimals. 

Sol. Rationalising the denominator of this fraction, we have 


8 

8 x V3 

8V3 _8\/3 

2^3 

*ly/3 X y/3 

2.3 6 


8x1*732 

13*856 0 


6 

= —~— = 2*309. 

O 

1 _ y/3 

1 V5 

1 v; 

y/3 3 ’ 

V5 5 * 

V X X 


Note: 
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EXERCISE 155. 

Simplify : 

1. 5VT+7V5. 2. 7V4+5V2. 

3. 4V3+4V2. 4. 2v / 5+6^ / T. 

Given V 2 = 1*414, V 3 = !* 732 and V 5 = 2 ‘ 236 find the 

value of the following fractions up to 3 places of decimals : 


5. 

4 

5V3- 

3 

2 v" 2 

7. 

7 

4V 3 * 

8. 

1 9. 

3V 3 * 

3 

2 \/ 5 ‘ 

10. 

6 

5V 3 * 

7. 

Fractions with Iri 

-ational 

L Denominators. 


Example 20 : Given V 3 = 1*732, find the value of ^ 3 ^ 3 • 


Sol. 


Rationalising the denominator of ^ ^^ 3 ’ we have 


Example 

Sol. The 


the fraction = 


(2 + V3)(2 + V3) 
(2-V3)(2 + V3) 


= 4+3+4V 3 =7 4V3 - 

4 —3 


= 7 4-4 x 1 -732 = 7 +6-928 
= 13-928. 


_ g +V a 2 — 1 

21: Rationalise the denominator ol ^_-y/fl 2 _1* 

(a + VV — MCfl+A/fl 2 — 1) 

fract!on = (a _Va*-i)(«+v«*^T) 

a 2_|_ a 2_l+2a\/a 2 —1 

= a*-(a 2 -1) 

2 a 2 — 1 +2aV a 2 —1 
= a 2 —a 2 + l 

== 2 a 2 -\-2aV a 2 — 1— 1. 
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EXERCISE 156. 

Given y/2 = 1*414, VJ = 1*732, 


VJ = 2*236 and 


12 . 


V6 = 2*449, find the value of: 

1 . ^±1 2 . —!—. 3 . ^!± 2 . 

a/2 — 1 _ a/3—2 V 5 —2 

4. 5. 7 6 15 

VS — y/2 ' 3 v / 3-2v'2‘ ‘ 4^/3 —3^/2 

7. Evaluate + 4^ if x=a/3 —a/2. 

8. Evaluate x 4 -f--L when * = 3 4"v/8. 

X 

Reduce to an equivalent fraction with a rational denominator : 

9 2+3/2 1(( 4/2 + V5 a + 

3—2\/2 ‘ 3a/3-2V3' ' 

V7+i + Vx-i Vx*+i+V^\ 

VAT-f-1 — V x — 1 V* 2 +l — V* 2 —1 

a 8 - Rationalising Factors of Expressions of the Form 

a n -f- fan. 

(i) (a±b)(a*+ab+b*) = a 3 ±b 3 . 

(ii) (a—6)(a"-«+a»-2A +.+6"- 1 ) = a"-b n for all 

values oi n. 

.^ = a n —b n , when w is even. 

(iy) (a+£)(a —a” £ +.) = a n -\-b n y when n is odd. 

Making use of the above identities the rationalising factors 
of certain binomial surds can be found. 

Example 22: Find the rationalising factor of Va+Vb. 

Va+Vb=a*+&. 

Sol. Since + {(a*) 2 —ah*+(b*yi 

-(“*)•+(* *)■—+*. 

" + or V&~~Vrt+VP is (he 

required rationalising factor. 
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Example 23: Find the rationalising factor of \Za—\/b. 

Sol. \/a —fyb =a* —b z . 

In (x — y) (* 4 +x 3 y -j-x 2 y 2 +xy* +J 4 ) =* 5 — y 5 , 

if we put a" for x and b 7 ' for y , we get 

1 1 4 31 2 2 13 4 

( a 5 — b z )(a 5 4 -a*b z -{-a 7> b 1> -{-c 3 £ 3 

= (a 3 ) 6 — (b z ) 6 =a— b. 

4 31 22 1 3 4 

( a?-r-a z b^-\-a°b^-{-a^b*-\-b z ), or 
tya* -f \/a 2 b 2 -f \/ab ® + is the required rationa¬ 

lising factor. 


3. 

6 . 


V6 — V 3 - 

V* + Vy- 


9. 

11 . 


Sol. 


Write down the rationalising factor of: 

1. V5-V2. 2 - V4+V3. 

4. ^/6+V 3 - 5 * V*“ V> 

Write down the rationalising factor of: 

7. ^3-^/2. 8. ^3-^2. 

X 5 -^/3. 10. ^3+^/2. 

^/3+'v / 2. 12. V^ + V 3 - 

e 24: Find the rationalising factor of l+V^ + V 3 * 

x . 1 +\/2 +\/ 3::= (0 + V 2 ) -t-V 3 )* 

Multiplying the expression by (}+V 2 ) — V 3 , we get 

{(1 +V2)+V3} {(1 + V2) -V3} = (1+ 2 V2 2 )^-W 3) 

= 2^/2- 

Again, multiplying 2\/2 by \/ 2 > we S et 

2V2X\/2 = 4 

the rationalising factor is (l -\-y/2 'v/ 3 )v /, 2* 



Find the rationalising 

1. 1— \/2-h\/3- 

3. \/3—'v/ 2 +V , °* 

5. 3\/5—2\/3 + l* 


factor of: 

2 . \/ 3 + V 2 1 * 

4. V 2 +V' 3 -V' 3 * 

6. 3V 2 + 2 V 3 - 3 V 6 * 
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Example 25: Simplify 
Sol. The expression 


1 


1 


+ 


2-V3 V3 + \/2 1 3-V3* 


2 + V3 


3-V2 


4 


(2-V3)(2 + V3) 

4(3 + \/5) 2 + V3 


+ 

v /3-V? + 4(3+V5) 


(3-V 5 )(3+V 5 ) 4—3 3-2 ' 9-5 

= 2 + -\/3 —\/ 3 -}- -y/2 3 5 

= 5-r\/2-f-\/3. 


Simplify : 


1. 


2 . 


3. 


5. 


8 

9 


1 


4- 


EXERCISE 159. 


1 


a-\-y/a 2 — 1 a — y/a 2 — 1 

1 1 


a — y/ a 2 — b 2 a-\-y/a 2 — b 2 

_5_ 

3 V8 4 V^2 - V27 - V32‘ 


V 3 


4. _ 


V5 


1 


4 ,-=■ 


V541 2(^/3 — 1) V5-V3. 


2V6 


4 


3y/2 _ 4y/3 


V2 + \/3 V3 4 \/6 4\/2 

a-r\/<2 2 — 1 a — y/a 2 — 1 


a 


■v/^ 2 — 1 4 \/ o 2 — 1 


y/* + \+y/x*-\ \/x 2 + l-y/x 2 -l 

VX 2 + \-y/x 2 -\ 

Find the value of (2 4\/3)“ 3 — (2 — \/3)~ 3 . 

Properties of Quadratic Surds. 

Theorem. 1. The square root of a rational quantity cannot be 
partly rational and partly irrational. 

For, if possible, let 

V* = a + Vb ; where y/b is a true surd. 
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Squaring both sides, we get 

x = a 2 -\-b -\-2ay/b. 

_ ^2 __^ 

Hence y/b =-—- ? i.e. y a surd becomes equal to a 

rational quantity, which is impossible. 

Theorem II. If x-\-y/y = a-\-y/b , where x and a are both 
rational and y/y and y/b are true surds , then x = a and y = b. 

For, if x is not equal to a than let x be greater than a and 
be equal to a-fh. 

Then (a-\-h) -fy/y = a-\-y/b 

h + y/y = \/b 

or y/b = hf-y/y. . . _ . . 

Thus, the square root of a rational quantity is partly rational 
and partly irrational, which is impossible by theorem 1. 
Hence x = a and consequently y/y = y/b. 

Ex. Point out the flaw in the following process : 

Since 3-\-y/25 = 6-fy/4 

• 3=6 and 25 = 4. 


Note : It is important to remember that theorem II holds S 00 4 or ljy 
when y and v 'b are true surds and not merely in surd form, as in tiie 

above example. 

The method for finding the square root of expressions 
of the form a + y/b, where y/b is a true surd is based upon 
theorem II and is illustrated below by means of a few examples. 


Example 26 : Find the square root of 31 -\-Ay/2\. 

Sol. Let v^C^l -f-4\/21) =y/a-\-y/b. 

Squaring both sides, we get _ 

31+4V21 = a + b+2Vab 
by theorem II, a -\-b =31 


and 


2 y/ ab = 4\/21 


dilLA V ~~ I_ 

Using the identity a-b = V(a + b)*~4ab, we have 


(>) 

(ii) 


(iii) 


a-b = y/(3l)*-(4.V2iy _ 

= y /961 —336 = V625 

By adding (i) and (Hi)‘v^ get 2a = 56 or a ^ 28 and 
by substituting th e value of a in ( 1 ), we get o o. 

^/31_j_4V2l = V 28-\-y/3 = 2y/l-\-y/?>. 
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Example 27: Find the square root of 21—8V5. 

Sol. Let VzT^/5 = V a—y/b . 

Squaring both sides, we get _ 

21— 8\/5 = a+b— 2Vab 

a -f - b === 21 ... ... ... (i) 

and 2 V^b = 8VE ... ... (ii) 

a—b = V (a -\-b) 2 —4 a 6 

= \/(21) 2 — (8\/5) 2 

= V441 —320 = Vl21 

a — b = 11. ... ... ... (iii) 

From equations (i) and (iii), we get 
a = 16 and b = 5 

V2\ -8V5 = Vl6— a/5 

= 4—V5. 

Note: In most cases the square root of expressions of the form a+ Vb 
can be found by inspection, as illustrated below. 

Example 28: Find the square root of 1-\-2VT0. 

Sol. Here, we have to find two numbers which when added 
give 7 and when multiplied give 10. 

They are obviously 2 and 5. 

Thus, \/ 7 +2V10 = V5 + \/2i 


EXERCISE 160. 


Find 

the square 

root of: 



1. 

52 + 14^3. 

2. 17-12V2. 

3. 

41+12V5. 

4. 

19+\/83. 

5. 14-3V20. 

6. 

94+6\/245T 

7. 

43—30V2. 

8. 27 — 10^/2. 

9. 

87-12\/42. 


Find by inspection the square root of:— 

10 . 12+2V35. 11 . 8+2VT5. 12 . 5+2^6. 

13. 7+4V3. 14. 21-8 a /5. 15. S-2VJ. 

16. If y(21 —6^/10) = y/x — y/y find the value of 
and y. 


x 
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Example 29: Find the square root of "\/32—\/24. 

Sol. V32— V24 = v / 2(v / l6 — VT2) 

= V2(4-2V3) 

V(32 — v/24) = V(4-2V3). 

Now proceeding as in example 27 we find that 

\/4—2V3 = V5T—1 

V (\/32 — a /24) = ^2(V3 —1). 


Find 

the square root of : 



1. 

\/ 18 + \/ fo. 

2. 

\/27 — V24. 

3. 

V75 + -/72. 

4. 

V 128 — V 120. 

5. 

5V3+2VT8’. 

6. 

6^/5 — y/ 175. 

Find 

the fourth root of: 



7. 

68 + 48^/2. 

8. 

7 —4-V3. 

9. 

28-16V3- 

10. 

124—32\/l5. 



Sol 


1^30. Simplify V2(l + V3) V{2 —y/3). 

Extracting the square root of 2— X^3 f we 

V2^V3 =^(\/3-l) 


the expression = \^2(1 +\/3) 

= (V3 + 1)(V3-1) =3-1 =2 

Example 31: Find the square root of 124-4^3—4 v / 5*—2\/15. 

Sol. Let V(12 +4V3 -4^5 -2 t/ 15) = VZ+Vy-Vz. 
Squaring both sides, we have _ 

19 4-4\/3 —4 \/5 —2 VT5 = x-\-y+z +2 V™ — 9x/ — 9 V 


-v+>’+^ = 12 
2\^xy — 4\/3 
2Vxi = 4v / 5 

2v5c =*2VT5 


(i) 

(“) 

(iii) 

(iv) 



SURDS 


325 


From (ii) and (iii), we get 

4xVyz = 16 Vl5 ... ... ••• ( v ) 

But 2Vyz =2V\5 2a: = 8, or x = 4. 

From (ii) y = 3, and from (iii), £ = 5. 

Also x4-y-\-z = 4 + 3 + 5 = 12. 

A V(12+4\/3—4+5—2 yd 5) = 2 + -/3 - x/5. 


Simplify : 

1. 


EXERCISE 162 


3. 

4. 


5. 


6 . 


7. 


8 . 


[ 


v'6-V(17 + 12 v / 2). 2. 

(1+V3HV2 — V3)(V(5+2V6). 

V (9-j-2V 20) + V (9 —2 V 20) 

V (9+2V20) —V (9 — 2 V 20 )" 
■^(5+2x76) + V (5- 2 % /6) 
V(5+2 v '6) —V (5 —2\/6) 


2—v/3 

v/(7-4V3)- 


5/(7+2 v 'I0} + V(8-2VIT) ^(7+2^6)- 

Evaluate \/*——when a- = 3+2\/2. 

Find the value of , . * ^7* . — r + * —v 


\ / (5+2V6) —V(5-2\/6) 

^ (5+2\/6) + V (5-2V6) 
2 5 


+ 


i+VO-F*) 


: 1 +.v = 1 +A-1 = 


V3 _ 2 + V3 


or 


1 -V(1—•*) 

when a = 

4 + 2V3 


V3 




VT+* = V( 4+ ^ V3 A = > /3 + 1 . 


Similarly, 1 -,v= or ~ V3 , and VF=T= ++ 


] 
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Find the square root of: 

9. 6 + V8 + VI2 + V24. 

10. 10—V24+2VT0—2VT5. 

11 . 9+2V3-2V5-2V\5. 

12 . 15—4a/ 5—4\/6“—2\/3a 


SELECTED QUESTIONS—J 

1. Find the value of 

6 y/G 4^3 


2V3-V6 ' V3 + V2 V^~V2 m 
2 ■ U a = V3-V2 and * = V3 + V2 ' 611(1 thC V3lue ° f 

<Z 2 +6 2 . 

3. If a — and ^ = 2 eva ^ uate —^ 2 * 

4. If x = and _>> = -j-, find the value of 

V 5 — 1 v 5 -f- A 

* 2 +j> 2 . 

c Tr V3 + V2 J \/3 —\/2 u ^ . 

5 - If * = V 3-V2 and y = V3 + V2’ SW tha ‘ 

* 2 +y - 3 +- 


y 


2* 


6. Given m = y/l -}-\/5 and « = y/1 — \/3, find the 
value of m 4 +/ 2 4 . 

7. Evaluate a 3 — —, when a- = 2 + ^5. 

8. If x = 3 + \/ 8 > find the value of a 4 + ^j. 

9. If x = 3 — \/8, find the value of x e + -^. 

A 


CHAPTER XIX 

ELIMINATION 


1. Let us solve the equations (i) x + 5 = 9 1 

(ii) * + 3 = 8. f 

Obviously, the first equation is true when x=4 and the 
second is true when x = 5, but both of them are never true 

simultaneously for any value of x. 

Thus, these two equations are not consistent for one and 

the same value of x. 

Now, let us solve the equations (i) * + <2=9 1 

(ii) x + b= 8. f 

The first equation is true when x = 9 — a and the second 
is true when x = 8 — b and both are simultaneously true for 
the same value of X if 9 — a = 8 — b or if a —b = 1 . 

Thus, these two equations are consistent for one and the 
same value of x if a—b = 1. The condition discovered here 
is general and helps us in constructing pairs of consistent 

here 3 —2 = 1 and x = 6, 
here 4—3 = 1 and x = 5, 
here 5—4 = 1 and x = 4, 

ana so on. 

It is by removing x from the equations x-\-a =9 and x+b 
=8 that we have arrived at the condition a— b = 1, which is 
necessary for the consistency of these two equations. 

The process involved in throwing off the unknown from 
the given equations and arriving at a condition or relation 
necessary for their consistency is called elimination and the 
relation thus obtained is called an eliminant. 

Note : Since, to find the value of n unknown quantities, we require n 
equations, for their elimination we generally require one more equation or in 
all n+ 1 equations. 

Now we shall discuss a few methods of elimination. 


equations, for example : 

x + 3 = 91 
*4-2 = 8J 

*4-4 = 91 
*4-3 = 8/ 

x+5 = 91 
*4-4 = 8/ 
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2 . Method of* Substitution. 

Find the value of the variable to be eliminated from one of 
the equations—preferably from the linear equation—and 
substitute this value in the second equation. 


Example 1 : Eliminate * from the equations 

mx+n = 0 
ax 2 -^bx+c = 0 


Sol. 


n 


From (i), we get x= - 

m 


Substituting- for a* in (ii), we get 

+ b - (~£) +c =° 

or an 2 — bmn-\-cm 2 = 0, which is the required eliminant. 
Example 2 : Eliminate t from the equations 


x = at 


y = b\' 1 —< 2 


x 

Sol. From (i), we get t =_ 

a 

Substituting this value of t in (ii), we have 

b V 1 ^2 


y 




2 


or 


y 2 x 

Squaring, a 

which is the required eliminant. 


x 2 V 2 
_ -y<-= i 

z-y b 2 


(i) 

(ii) 


(i) 

(ii) 


Eliminate a- from the equations : 


1 . 

A = 2 1 

2 . ax = b \ 


nix = n. ) 

x 2 = m 2 . / 

3 . 

ax -f - b = 0 ) 

4 . a -f- m = 0 


a' x +b’= 0 ./ 

ax 2 -j- bx -\~c = 

5 . 

ax-\~b = 0 1 

6 . px-\-q = 0 


px 2 -\-qx —h r = 0 . / 

ax z -\-bx 2 -\-cx 

* 


Eliminate t from the equations : 
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7. 

A’ = <lt Z \ 


8. 

v = 

u+ft 


y = 2 at. / 

* 


s = 


9. 

Eliminate 

r from 

the equations : 



l(r—a) = 

m{r — b) 

l 




t( r -c) = 

m{r — d). 

r 



10. 

Eliminate 

x and y from the 

equations : 


ax + by = 1 

0 

i 




lx 2 + mxy 4 

-nf- = 0. 

/ 






Hint 


Take — 

y 


as the variable 



3. Method of comparison. 

Find the values of the variable from each equation and then 
equate them. 


Example 3 : Eliminate a: from the equations : 

ax'" — b = 0 ... 
cx n — d = 0 ... 

Sol. From (i), x m =- and from (ii), x u = — 

M = (^)' and = (0 




-ay 


and 


A 


-tmi 


-(0 


tn 


(i) 

(ii) 


eliminant. 


( b \ tl / d\ m 

— ) = ( — ) y or a"d m =b u c m is the required 


EXERCISE 164. 


Eliminate .v from the equations : 


1. 

ax-\-b = 0 

2. in = 2 ax 


px+q =0. 

n = ax 3 . 

3. 

ax 2 -\-b =0 

4. p x *—q = 0 


cx*+d = 0. 

m.v 4 —n = 0. 

5. 

ax 4 +b = 0, cx 5 -\-d = 0. 
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4. Application of Formulae. 

Example 4 s Eliminate * from the equations a 2 -f- -i = a 2 ) 


a + - = b. 

X 


Sol. Since x -\— = 


; = *• ••• (*+ i ) 2 =* 2 


Or 


('•+?) 


+2 =b 2 . 


1 


Substituting the value of x 2 -\—we get 

a 2 -\-2=b 2 

a 2 — b 2 -\-2 = 0, which is the required eliminant. 


or 


EXERCISE 165. 


Eliminate x from the equations : 


1. 

* 2 +-^ =P° 

2. 

A 3 

= fi 3 


1 

x -= a. 

x 3 i 

_ 


= 

3. 

a 3 — K=P 3 

A 3 ! 

4. 

x, +h 

II 


1 

A-7“*, 


x2 +t* 

= ? 2 

5. 

* 4 +i=* 4 

6. 

xt +h 

= /> 4 


1 

x+—=q. 

X 

» 

1 

A 

= q- 

t 


Example 5 : Eliminate a from the equations ax-\- — - m 

b 

ax -= n. 


Sol. 


b 

ax A- — = m 
x 
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By adding (i) and (ii), we get 


2 ax = m+/z. 
2b 

By subtracting (ii) from (i), we get — —m—n. 

Multiplying these results, we get the eliminant 

4 ab = rn 2 — n 2 . 

Example 6: Eliminate t from the equations 

«(!+<*) (i) y=™L 


X = 


1—/ 


1 - 1 2 


Sol. 


X 1 4-/ 2 

From (i), we have — = -r—^—o 
v ' a 1 —T 

2t 


y At 

From (ii), we have — = j — (2 
Adding (iii) and (iv), we get 

X_ y_ = l +< 2 , _2 1_ = 1 -\-t 2 +2t 

a ' b 1 —t 2 ^\—t 2 1 —t 2 

_(i+0 2 * 

1 -t 2 

Subtracting (iv) from (iii), we get 

1+* 2 2 1 l+l a —2f 

a b 


y 


i+/ 


T + ~b -!=/• 


1 —/* 


X 

a 




y 

b 


1 -/ 2 1 -/ 2 
(l-O 2 

1 —l 2 

Multiplying these results, we get 

(h)(hM^)(£) 

or — — = 1, which is the required eliminant. 


1 —t 

1-M 


(ii) 

(iii) 

(iv) 


Eliminate x from 
1. *+- = a ) 



x 


EXERCISE 166. 

2. 2a— j-- = m 

* J-., 

AT 


\ 
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Eliminate m from the equations : 


a m __ 

i — p 
m a 

a m _ 

in a ^ 


4. 


2m -j— = 4 a —5 b 
m 

2m —— = 4a+56 
m 


Eliminate t from the equations : 

5. 6. t* + }=2at,t*-\ = 2bt. 


7. 

9. 

2a 


1 +< 2 ! — /2 
* = —, y = 


x = 


of — and - 
u x y 


2at ’ 
2at 
1 + * 2 ’ 
2b 


2 bt 
2bt 


8 . 


= *(t 


—^ __ 2 bt 


1 + / 2 ' 


y= 


1 [ Hint : Add and subtract the values 


Multiply the results .] 

10. Eliminate x from 

3 . 1 

3 


**> + -= 14 «*, 

X 


3a 


= 13 a 3 . 


[Hint: Add and subtract these equations.'] 

Example 7 : Eliminate a-, y from the equations ax-\-by = c 
r bx—ay = a 

x 2 +y 


=o 


* T/ — 

Sol. Squaring the first and the second equations and adding 

the results, we have „ , « . , 2 

a * x 2 -\-b 2 y 2 -\-2abxy + b 2 x 2 +a 2 y 2 — 2abxy — c -\-d 

a 2 (x 2 +y 2 )+b 2 (x 2 +y 2 ) = . 

Substituting the value of a* 2 we have . 

a?-y-b 2 = c 2 y-d 2 , which is the required eliminant. 

Example 8: Eliminate a, y from the equations : 
x-y = a, x 2 -y 2 = b 2 and a- 3 -y 3 = c*. 

Sol. Dividing the second equation by the first, we get 

b 2 

x +y = — 


(x+y)* — {x-y) 


or 


4a y 


- (?)■- 
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Also 


xy 

A 3 -J 3 
C 3 


(x—yy+3xy(x-y) 


= a3 +i(^) a 

a 1 — Aac*-^Sb* = 0 is the required eliminant 


EXERCISE 167. 

Eliminate a, y from the equations : 

1. ax+y = m "I 2. ax—by = 0 

x ay = n V bx-\-ay 

x 2 +y 2 = 1. J a-2+jv 2 

Eliminate a and y from the equations : 


3. 

A-h y = a , 

* 

to 

i 

to 

II 

O 

to 

A 3 -h>' 3 

4. 

A +y = 

a 2 -y* = 6 2 , 

A 3 — 

5. 

x+y = a, 

x 3 +y 3 = 6 3 , 

a 4 +y 4 

6. 

x+y+m 

= a \ 


xy -f Am -\-ym 
xym 

C Hint . (i) From the first equation find the value ofx-\-y and 

from the third the value of xy> and substitute them in the second equation. 

(ii) (m — a) (m —y) (m — m) = 0 

or m* (x+y-\-m)m 2 -\-(xy+xm-\-ym)m — xym = 0.], 

5. Method of Cross-multiplication. 

Example 9: Eliminate a and y from the equations 
a iX-\-b x y-{-c x = 0 ... ... 

a 2 y-\-b 2 y -\-c 2 =0 ... ... 

a *»+b 3 y+c 3 = o ... ... ;;; 

From (i) and (ii), by the method of cross-multiplication, 

* = y = l 

b\Ci b 2 c x c x a 2 —c 2 a x a x b 2 —a 2 b x 

x = b\c 2 —b 2 c x _ c x a 2 —c 2 a x 

a x b 2 — a 2 b x ^ a x b 2 — a 2 b x ' 


Sol. 
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Substituting these values of* and y in (iii), we have 

/ Vs ~ b * c A + h 3 ( c * a * +c „=°, 

s \a 1 b 2 —a 2 b l / \a 1 b- 5 —a 2 b 1 / 

or ^ 3 1 ^2 - ^ 2 C l) ~)~b 9 (c i a 2 - C 2 ° l) + C 3( fl 1^2 ° 2 ^l) = ^> 

which is the required eliminant. 

Example 10 : Eliminate * from the equations 

ax 2, -\-bx-\-c =0 ... • •• (i) 

a'x*+b'x+c' =0 ... ... (ii) 

From (i) and (ii), by the method of cross-multiplication, 


Sol. 


1 


be' — b' c 


J_ = ( x —) 

/ — a'b \ca — c'a) 


ca — c'a ab' — a'b 

2 


• • bc'—b'c ab 
... (be' —b'c)(ab' —a'b) =(ca' —c'a) 2 , which is the required 

eliminant. 

Example 11 : Eliminate x from the equations 

ax*-\-bx-\-c = 0 ... ••• ••• w 

x*-\-px+q= 0 ... ... ••• W 

Sol. Multiplying (ii) by a* and subtracting the resulting 

equation from (i)> 

— apx 2 -\-(b— aq)x-rc— 0 

or apx 2 -\-{aq — b)x —c=0 . \ 

Now, taking (ii) and (iii) and proceeding as in example , 

we find the required eliminant. 


2 . 


Elimin?*e * and y from : 

1. ax+oy+c = 0 
px-\-qy-\-r = 0 

at -1-1=0 

Eliminate t from the equations : 

3 . t 2 +ft+x=0 1 

t 2 +gt-\-y = °* i 

Eliminate l from the equations : 

A. xl 2 -\-yl +z =° l 


ax -\-hy -\-g 
hx-\-by-\-f 

gx+fy+c 


0 

0 

0 
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6 . 


8 . 


: =0 1 
' = 0. f 


Eliminate x from the equations : 

5. x 2 -\-d = 0 1 {Hint. Put the first equation 

ax 2 -\-bx-{-c = 0. J in the form of x 2 -\~0x-\-d = 0.) 

ax 3 -\-bx +c =0 ) 7. ax 3 4-6x 2 -fc = 0 

=0. f a'x*+b'x 2 +c 

x 2 +px+q = 0 1 9. ax 2 +bx+c = 0 1 

x 3 -f-?* + r = 0. / * 3 -{-3* 2 -F4 = 0. f 

Example 12 : Eliminate *, y , £ from the equations : 

x+y+z =0 

/AT+mj»+n^ = 0 

(/+m>+("i+«);+(«+^ = o ... . 

Sol. From (i) and (ii), by the method of cross-multiplication, 

z ' ( sa y) 


(i) 

(ii) 

(iii) 


n—m 


_ y __ 

l—n m—l 


= k 


x —k ( n—m ), y = k ( l—n ), z =k (m —/) 

Substituting the values of*,_y, ^ in (iii), we get 

(l+m) k(n — m) + (m+«) k (/—«)+(«+/) k ( m—l ) =0 
or (/+ot) («— m) 4- (m+w) (/— n) + (/*+/) (m—/) = 0 

or nl—lm-\-mn—m 2 +lm—mn+nl—n 2 +mn— n l+l m —l* =0 

or ~ L —m 2 —n 2 -f-/m +mn = 0 

or Z 2 —m 2 —}-/ 2 2 — lm — mn—In = 0 
which is the required eliminant. 

EXERCISE 169. 

Eliminate x 3 y, z from the equations : 

i. ax+by+cz r 0 1 2 . «*+*, 

^+^+^ = 0 l bv+cz 

a'x+b'y+c'z- 0 . / 

Eliminate /, to, n from the equations: 

3. TO^-f-ny s l 
nx -\-l z 
ly-\-mx 

Eliminate x, y f z from the equations : 

* y . z 



-4 

= «• I 


4 . 


y—z 


= a, 


Z—x 


= *> 


x—y 


= c. 
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5. 


x 


= a 


y 


= b. 


= c. 


y+z ' ' x ^-y 

6. Miscellaneous Methods. 

Example 13 : Eliminate x, y, z from 


y . z z x 


+ y = b, 

x Z 


1,1 


+ — =«, 

z y - 

Sol. Multiplying all the three equations, we get 

* v * \ 


abc =(f + 7)Gr + f)(7 + ^) 


_ y 

. £. 


• y. 

\ 

_(y_ 

z 

~U 

' y 

-U 



+ 


y 


\ ,y£ , ifl 

7 +x* + yz I 

j) + V V 


/ y , zy + ^ + ±yjjL+y) -4 



y , £ 

« r j> 


ny^ 



or aic " 2 +* 2 +^ = a6c+4 which is the required eliminant 

EXERCISE 170. 


Eliminate x, y, Z from the equations : 
1. x- y=a, y—Z = b, z-x-c. 

* -y-S- Z 

p+< 7 ’ ?+ r 

x x— 


2 . 


y _— z —^— = x. 

r-yp 


3 . y+s = a ,^ = b. 


[Hint: Apply, componendo-dividendo and 

rc t^+y+ z =«. *-&+* = i2 > *+*+*" 


multiply the 


c 2 . 
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5. Eliminate x from the equations : 
a—x b a-\-x 

1 -\-c 1 -\-x *(1 -fc)’ 

f Hint : («-*)+(«+*) 

L (i+o+x(i+f) i+aJ 

6. Eliminate x and from the equations : 
3 x+y _ x+y _ 3y+x 

P q r 

[Hint : Proceed as in 5.] 


7. Eliminate x from the equations : 

x-\-x 2 = A X 3 = 

m m 

[Hint : Add these two equations, take out * common and 
substitute the value of x+x 2 .] 

8 . Eliminate m and n from the equations : 


y — mx -f- 


y — nx 


a 


mn= —1. 


. m ' n 

\ M a Ja _ _ - - i 1 1 V « a equation from the first, fac- 

tonsmg the results and substituting the value of mn, we get 
the elimmant.] * 5 

9. Eliminate a; and y from the equations : 

x-y *- 1 =P, xyp-' =q, X yc-i = r . 

the^3rd.1 Divide the first ec l uati on by the 2nd, the 2nd by 


10. Eliminate a;, y } z from the equations : 

r **(y+z) = *\y*(z+x) = b\ z 2 (x+y) = c 3 and xyz == abc. 
[Hint : Multiply the first three equations.] 


SELECTED QUESTIONS — K 


Eliminate x from the equations : 

1. ax*+bx 2 +cx+d = 0, lx+m = 0. 



22 
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3 . x + -L = a, ** + = b 3 + 3b. 

Eliminate t from the equations : 

4. mf = l-H 2 and t 2 —nt = l. 

_ 1 — 1 
5# *“1 y 1 -* 2 ' 

Eliminate a:, y from : 

6. ax+by+c = 0, a'x+b'y+c' =0 and x 2 +y 2 = 1 

7. < 2 x* -f“4? == a ' x -\-c = 0 and x 1 -\-xy -\-y 

8. Eliminate from x ^~ ~ — a > yAr ~ z = 

9. Eliminate at from the equations : 

b d , 

a-\-c =- dx, a—c = - ox. 

X * 


CHAPTER XX 


INTEGRAL FUNCTION, DETACHED CO-EFFICIENTS, 

INDETERMINATE CO-EFFICIENTS 


1. Variables and constants. 

Consider the expression 2p 2 + 3p+5. In it, if p is given the 
values 1, 2, 3, etc., then the expression has the values 10, 19, 
32, etc. Thus the value of the expression 2/> 2 -f 3/>-f-5 varies 
as p varies, p is the variable in this expression. Similarly, 
in the expression 3x 2 —4x-}-6, at is the variable. 

In each of these expressions, only one letter occurs. Now, 
let us consider the expression a 2 x 2 —abxy -\-b 2 y 2 . There are 
four letters in it. If the value of the expression is supposed 
to depend upon * only, then x is the variable ; a, b and y are 
constants. If its value is supposed to depend upon * and y 
then x and^> are the variables ; a and b are constants. 

In a combination of a , b , c, x, y, z, it is usual to treat x, y. z 
as variables and a, b , c as constants or literal coefficients. 

2. Function. 


An algebraical expression which contains x as the variable 
is called a function of x, and is denoted as/(x), F(x), <j>(x) y 

&c. If it contains x and y both as the variables, it is called a 
Junction of x and y and is denoted as /(x,_y), F(x y) etc 

For instance x 8 -f4x 2 -5x+7 is a function of x’ and may 
be denoted by/(x) and 3x 2 +4x_y+2>> 2 is a function ofx and y 
and may be denoted by/(x,^). 

A function is said to be integral when none of the variables 
appears m any denominator. It is said to be fractional 
if any variable occurs in any denominator. 

Thus, when x, y, z are variables and a , b } c are constants 
ax 2 -f- bz 2 — cz 2 -\-dxy and 


- — y l _u 

ab be abc 


an< ^ ^2 and 

functions. 


are integral functions; 
°* ~ 7? + c *?+dxyz are fractional 
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A function is said to be rational if it contains no roots of 
the variables, and irrational if it contains their roots; 
for instance, ax 2 -\-2bxy-\-cy 2 is rational and ax+2bVxy-\-(y is 
irrational. 

Here we shall consider only rational, integral functions. 

In a particular discussion, if/ (x) stands for, say, 3x 2 —4*+5, 
then / ( y) would stand for 3y 2 — 

/ ( -m) 11 11 11 3 ( •- 4 *- 4 -«») + 5 , 

hJ+d ;; „ s^+d^-^+d+s. 

Example Is If/ W =*»-3**+3*-l, find the value of 

(i) / (—*)> (n) / (/>—!)• 

Sol. /(*) =x 8 -3x*+3*-l. 

(ft Putting—X for X in the given expression, we have 

/ (-*)=( -x) 3 -3( -x) 2 +3( x) 1. 

(in Putting (0-1) for x in the given expression, we have 

f (p — !) = (/? — l) 3 —3 (p — 1) 2 -r3(/> 1)“^ Q . 

^ P =p 3 —3/> 2 -f-3/>— 1—3(/> 2 2p + l)+3p—-3 1 

= 6 3 —3/> 2 +3/> — 1 —3/> 2 +6/? — 3 -\-3p — 3 — 1 
= /> 3 — 6/> 2 + 12 />— 8 . 

EXERCISES 171. 

Taking a, g, g as the variables, stale which of the following 

^ri^al^rration.., <U> in.egra. and 

(ill) fractional and rational, (iv) fractional^ and trrattonal. 

1. aVx+^+K- 2 ‘ ax ' + i + ~c 


3. pVx*-\-qx. 


• (* + ;)( J ' + ))G + *) 


• (* + 0 


+ (.? + 


0'4 + 0’- 


jA t+ j 

ax—bVx 3 
cy/x 




INTEGRAL FUNCTION 


341 


7. If / (x) =3x 2 —4*+5, find the value of 

W/(l). (ii)/(2), (iii)/(-l), (iv)/(0), (v)2/(*), 

(vi) 3/(-A), (vii) /(m +1). 

8. if /(x) =2x 3 —x 2 +3x + l, find the value of 

(i) /(2) -/(l), (n) /(l) +/(0), (iii) f(p) +/(-/>)• 

9. if/(x) =ax 2 -\-bx-\- c, find the value of/(x + l) —/(x — 1) 

10. If/(x) = find the value of 3/(2) -2/(0). 


11. If y=J{x) 

12. If j v = <f>(x) 


2x—3 
3x —2 

<zx+6 
cx —a 


, find f(y) in terms of x. 
, find <f>(y) in terms of x. 


3. Degree of Function. 

The degree or dimension of an integral function is the same 
as the degree of the highest term in it. Thus, when x is the 
variable, the degree of 2x 3 —5x«+4x—7x 2 +8 is 6, and the 
degree of ax 2 -\-abx s +c 6 x+9 is 5. 

Functions of the second and third degree are also called 
quadratic and cubic functions respectively. 

Examples of general expressions in x, of various degrees, are 
given below. In them, a x , a 2 , a 3 , etc. are coefficients. 

a i*+ a * ••• (1st degree) 2 terms 

a i x ~i~ a 2 x ~h^3 ... (2nd degree) 3 terms 

a t x + a 2 Ar3 +tf3* 2 + a 4*+ a 6 ••• (4th degree) 5 terms. 

Similarly, the general expression in x, y of various decrees 

are as follows : 


1st degree a lX +a 2 y+a 3 ... (3 terms) 

degree Ql x 2 + a 2 xy +,a 3 ^ 2 -f <z 4 x -f a s y -f a 6 ... (6 terms) 
3rd degree ^x 3 +a 2 x 2 y + 0 ^+ 0 ^ -\- Qs x 2 

~\~ a Q x y-\~ a iy 2 asxa$y-\-a\o ... (10 terms) 
If an expression of the 3rd degree is multiplied/divided bv 
an expression of the 2nd degree, the result is an expression of 
(3+2) or (3—2) th degree. 


If an expression of the m th degree 
expression of the n th degree , the result 
or ( m — n) th degree. 


is multiplied!divided by another 
is an expression of the (m +«) th 
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4. Method of Detached Co-efficients. 


When two integral functions of the same variable (.r) are 
to be multiplied together or one is to be divided by another, 
the process may be abbreviated, by taking the following steps. 

(1) Arrange the integral functions in descending or 
ascending powers of the variable. 

(2) Supply the missing terms, if any, by introducing a 
zero to each such term as its co-efficient. 

(3) Drop out the variable and copy down only the co¬ 
efficients without changing the order. 

(4) Perform the multiplication or division. 

(5) To the terms of the product or the quotient, affix the 

variable with proper degree. 


Example 2: Multiply * 3 + 3*— 1 by * 2 4 * 4 - 2 . 

Sol. The first expression when completed +0* 

As both the expressions are already arranged in descending 
powers of *, we take their co-efficients in the given order. 

14-04-3- 1 
1 -4 4-2 

14-04-3- 1 


_4_0 —124- 4 
4-2 4- 04- 6-2 
1 — 4+5 —13 4 - 10—2 

As the given expressions arc of the 3rd and 2nd degrees 
respectively, their product must be of the 5th degree, 
the product =* 5 —4* 4 +5* 3 13* 2 4-10* 2. 


Example 3: Divide *<-2* 3 -f6*-9 by * 2 -3. 

Sol. The dividend when completed = x 4 —2x 4-0* + A 

and the divisor is * 2 4-0*—3. 

Taking the co-efficients in order, we have 


1+0-3 )l^±i +6 “ 9 (l-2+3 

-2 4-3+6 
- 2 - 0+6 
+3+0—9 
+ 3+0-9 
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It is obvious that the quotient must be of the 2nd degree. 
Hence the quotient =x 2 —2x+3. 

The method employed in these examples is called the 

method of detached co-efficients. 


EXERCISE 172. 


1. Write down a general expression in .v of the 8th degree. 

2. Write down a general expression in x,y of the 4th degree. 
Multiply, using the method of detached co-efficients : 

3. x 2 — 3x +2 by 2x 2 +x — 3. 

4. x 2 —5x+3 by 2x 3 —3x + l. 

5. 5x 3 — 2x — 1 by 3x 3 -fx 2 +1. 

6. 6x 4 +x 3 — 1 by 2x 4 —3x 2 +4. 

7. Expand using detached co-efficients : 

(x 2 +2x +1) (x 3 —3x +1) (2x 3 +x 2 + 3). 

8. Expand (2x—3)(3x+2)(x— a) and find the value of a 
for which the co-efficient of x 2 vanishes. 


Divide, using the method of detached co-efficients : 

9. x 5 —2x—x 4 +6x 2 —4x 3 by 2+x 3 —4x. 

10. 8x 3 — 1 by 4x 2 +2x + l. 

11 . x 4 — 1 by x + 1. 

12. Find the expression of the 4th degree which multiplied 
by x 3 +x 2 +x + l gives x 7 +x®+x + l as the product. 


5. Principle of Indeterminate Co-efficients. 

Let us consider the following statements : 

x +3 =8 
2x — 1 = 7 

2(x-2)+(3x—2) = 5x —6 

(x + l)(x —1) =x 2 —1 

2 * a+3 *+Z = (2 , +1)+6 


(i) 

(ii) 

(iii) 

(iv) 

(v) 


* + l 


(i) 

(ii) 

(iii) 

(iv) 
(V) 


is true for x = 5 and for no other value of x, 
is true for x = 4 and for no other value of x, 

is true for any value of x, say 0, 1,2, 3, 4, 5, 6, &c. 

is true for any value ofx, say 0, 1,2, 3, 4, 5, 6, &c. 

is true for any value ofx, say 0, 1,2, 3, 4, 5, 6, &c. 

(ii) are true for particular values of x. 
They are ordinary equations. 
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Equalities (iii), (iv) and (v) are true for any value of the 
variable. These are called Identities. 

Symbol = is used for *identically equal to*. 

If two expressions are identically equal, then it follows that 
the co-efficients of the like powers of the variable in both are 
equal. 

This is known as the principle of indeterminate 
co-e fficients. 


A formal proof is given below. 

Let a 0 a l x-\-a 2 x 2 -\-...=A 0 -\-A 1 x-\-A 2 x 2 -\-A 3 x 3 + ••• 

be an identify and hence true for any value of x. 

Put x = 0, then a 0 = A 0 . 

Since a 0 = A 0 , 

a 1 x-{-a 9 x 2 -M 3* 3 + ••• = A t x-\-A 2 x* -j-A 3 x +. 

Dividing both sides by x , we get 

a 1 -b a 2*+ a 3* 2 + ••• = A~A 2 x +-^3* 2 + ••• 

Put x=0, then = A L . 

Similarly, a 2 = A s , a 3 = A s , &c. 

Hence the co-efficients of like powers of x are equal. 

The principle established here is of great importance. 

Example 4 s If a 0 x 3 +a t x* +a s x+a a = (x 2 -3*+2)(*+3), 


find the values of a Q , a 19 a 2 , a 3 . 

Sol. a 0 x 3 +fli** +*2*+ fl 3 = ( x2 r?*t 2) i X ±Z } 
i.e. a Q x 3 -ha t x 2 -\-a 2 x-\-a 3 = x +0x 7* + 6. 

Equating the co-efficients of terms of the same degree, we 

get a 0 = l,a 1 =0, a 2 = ?, = 6. 

The co-efficient of the missing term is taken to be . 

Example 5: If 2x 2 H-9x-|-6 = Ax(xA-Bx(x_ 


find the values of A , B and C. 


Sol ‘ Oy2 _l_ 9 v 4-6 = ^(x 2 +x)+^(^ 2 + 2 ^)+ G ( ;c2 + 3x +?^ 

or 2x 2 -f9x-b6 = (^4- J BH-C)x 2 -f(^4-2^+3C)x-|-2C. 

Equating the co-efficients of terms of equal powers, we get 

a+b+c = 2 - - (i 

~ ^ A ... ••• 


A+B+C = 2 
A+2B+3C = 9 
2C = 6 


(iii) 


Solving these simultaneous equations, we get 

A = —2, B = 1 and G = o. 
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Alternative Method 

Instead of equating the co-efficients of terms of equal 
powers, it is sometimes more convenient to find the values 
of the constants, by assigning suitable values to x, as illustrated 
below: 

In 2x 2 +9*+6 = Ax(x + l)+Bx(x+2)+C(x + l)(x+2), 
put x = 0 ; then 2x0 +9 x 0 +6 = A x 0 +B x 0 +C x 1 X 2 

or 6=2 C 

C = 3. 

Again, by putting —1 for x in the above identity, we get 

2( —l) 2 +9(-l)+6 = d(-l)(0)+B(-l)(-l+2) 

+C(0)(-l+2) 

or 2—9+6 = —B 

B = 1. 

Again, by putting — 2 for x in the above identity, we get 

2(—2) 2 +9(—2) +6 = d(-2)(-2 + l)+S(-2)(0) + 

C(-2 + l)(0) 

or 8 — 18+6=2 A 

A = -2. 

A = —2, B = 1 and C = 3. 

Sometimes the first method is convenient and sometimes 
the second. It is only by practice that we can find out 
which method is to be employed in a particular case. 

Example 6 = Express ( - j.*+* +2) in the form -A. + 

Sol. 

Puttin S fTXTTTTIZoT = ITT? + ITT6> we § et 


(x + l)(*+2) ~* + l ^ *+2’ ° 

*+4 = A(x +2) +-#(.*; +1) 
or at+4 = Ax+2A+Bx+B 

or x +4 = x(A-\-B)+(2A+B). 

Comparing the co-efficients, we have 

A+B = 1 
and 2A-\-B =4 

From (i) and (ii), A = 3 and B = —2. 

Hanea -_J C _ • 3 2 


(i) 

(ii) 


Hence the required form is 


a + 1 *+2* 
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EXERCISE 173 

1. If ax 2 +bx+c = 2(x-}-3)(*-f-l) — 9, find the values of 
a , b and c. 

2. If ax*+bx 2 +cx+d = 3(*-}-l)(* — 2) 2 +3, find the values 
of a , b , c and d. 

3. If lx*-\-mx 2 +nx+k = (x-\-2){x+3){x—‘ 4)+3x + l, find 

the values of /, m, n and k. 

4. If ax*-\-bx 2 +cx 2 -\-dx+e = (x + l)* + (x — i) 4 , find the 
values of a , b, c , ^ and e. 

5. For what value of m will a: —f—3 be a factor of a: 2 —j—9-v —{—m • 

6. If*3_6*2 + i2 x +k = (x— a) 2 , find the values of A: and a , 
Find the numerical values of A, B, C and D in the follow¬ 


ing identities : 

7. 9x —7 = A(x — l)+£(4x—3). 

8. 12*+5 = ,4(3*+4)-£(2x-l). 

9. 2(3x 3 — 13x + 13) = A(x — 1)(*—2) +-B(at — 1) (jc ——3) 

+C(x — 2)(x — 3). 

10 . 2x 3 -x*+x-2 = A(x 2 -\)(x+2)+B(x-l)(x*-4) 

+C(* + l)(* 3 -4)+.D(* 3 -l)(*-2). 

11. Express 3* 3 -4*+8 in the _ 1)2+B(x+2)+C . 

12. Express-3* 3 +9* 3 + 7*+2 in the J°™l )3+B(x + i)+C . 

13. Express *W-4*-6 in + 

14. Express , + ^r^ ' ^6) in the form ° f 

^ B C 

* + 1 + B*+C 

15. Express g*TW in the form of 27+1 + 4x 2 -2* +1' 

Q r* C A \ Bx -\-C 

16. Express ( x _ 2 )( x + \ ) i in the f ° rm ° f ^2 + (^ + l) 2 ' 

2a* 2 — x — 3 A B _the 

17. If (< _ 1)a(x _ - 2) ^ 7=2 +x-l + (*-!)* 


values of A, B and C ^ R Cx+D 

18. If ^ + x + *) (* + Tf 2 = (*■+ 1) + (x + I) 2 x*+x + l’ 

find the values of A , B , C and £>. 


CHAPTER XXI 

HOMOGENEITY, SYMMETRY, CYCLIC ORDER 


1. Homogeneous expression 

An expression is said to be homogeneous when all its terms 
are of the same degree. Thus, 

x* _y 2 _i_ 3 X y i s a homogeneous expression of the 2nd degree 
in a: and y. 

x 2 —y 2 -\-Z 2 —2\}'-r 3xz —yz is a homogeneous expression of 
the 2nd degree in *, y and z- 

ax 3 -f by 2 -\-cz 3 —dxyz is a homogeneous expression of the 
3rd degree in x, y and £. 


2. Complete Homogeneous Expression. 

5x 3 -r4x 2 y-\-3xy 2 -\-y 3 is a homogeneous expression of the 
3rd degree in x andy and is complete in itself, for no term 
is missing ; whereas 5x 3 -}-3 xy 2 -\-y 3 is also a homogeneous 
expression of the 3rd degree in * andy but is incomplete, for 
a term of the type x 2 y is missing. It can be made complete 
by inserting -}-0 x 2 y in it. The insertion of -fO x 2 y docs not 
change its value, for 0x^=0. 

Similarly, any incomplete expression can be put in the 
form of a complete expression by inserting the missing terms 
with zero as the co-efficient of each such term. 


Let us examine the forms of terms in a few complete homo¬ 
geneous expressions in x and y : 

^0x~x~Q\y ••• ••• ... ... / (i) 

a 0 x 2 +a x xy+a 2 y 2 ... ... ... (ii) 

G 0 x 3 -\-a 1 x 2 y+a 2 xy 3 -{-a z y^... ... ... (iii) 

a 0 x*+a x x 3 y+a 2 x 2 y 2 +azxy 3 +a A y* ... ... (i v ) 

a 0 x 5 -f<i 1 xt>'-b<72^ a +«3A!> ;3 +a 4 ^> ,4 + a 6 > 5 ... (v) 

and classify the terms in each, according to the forms or 
types. 

In the first expression the terms are of one type only, i.e. y 
a o*. 

In the 2nd expression the terms are of two types, i.e., a n x 2 
and a x xy. 
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In the 3rd expression the terms are of two types, i.e., a 0 x 3 
-and a t x 2 y. 

In the 4th expression the terms are of three types, i.e., a 0 x*, 
a^x 3 y and a 2 x 2 y 2 . 

In the 5th expression the terms are of three types, i.e., OqX 5 , 
a t x 4 y and a 2 x 3 y 2 . 

If in these expressions the terms of the same type be grouped 
together, we have 


(a 0 x+ ai y) 


(i) 

(ii) 

(hi) 

(iv) 

(v) 


(a 0 x 2 +a 2 y*)-\-a 1 xy 

{a 0 x z -\-a z y 3 ) + {a 1 x-y+a.,xy 2 ) ... 

{a 0 x*+aty*)+{a x x*y+a z xy 3 )+a 2 x 2 y 2 

(a 0 x* +« 5 y b ) +(fl| x*y+a A xy*) + (a 2 x»y 2 + <*zX-y 3 ) 

Thus, the best way of writing down a homogeneous 
expression is first to think out all the possible types and then 
to write down all the terms in each type. 

Example 1 : Write down a homogeneous expression of the 
3rd degree in x, y and 

The types of terms in the required expression are: 

(i) ax 3, (ii) bx 2 y, (iii) cxyz. 

the required expression is , 

(a 0 x 3 -\-a x y 3 +a 2 z 3 ) + (a 3 x 2 y+a 4 x 2 z+a 6 y 2 x+a 6 y-z+a 7 Z * 

-\-a 8 Z 2 y) +a 9 xyz. 

3- Absolute Symmetry 

In Algebra, an expression is said to be symmetrical wit 
respect to a pair of letters in it, when it remains unaltered n 

these two letters are interchanged. 

2x 2 -\-3xv-\-2y 2 is symmetrical with respect to a and_y, lor, wnen 

, and^ are interchanged, we got W»+3j*+2*« wb*»tte 
same as the original expression. This sort of symmc y 

known as absolute symmetry. - 

The expression 2 x 2 + 2 y 2 +2z^3xy+3xz-^3yz » symm^ 

trical with respect to (x, y), (y, z) an< M^’ arc inter- 

unaltered when (i) x, y are interchanged, (n) j, Z arc 

changed and .(iii) «h« ^ U symmetrical 

with rcspectTo 0 ^ y) but not with respect to 0 , z) and ( 7 ,^), 

fb'r^if'we^.merchange * and ,, its vah.e remams unaltered 

but its value is altered when * and <: or y and « are interchangca 
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Think out the condition which will make the above ex¬ 
pression symmetrical 

(i) with respect to x, z ; (ii) with respect to y , 

Let us consider the expressions : 

tf 0 X 6 + tf 1 ^' 6 ... ... ••• ••• (*) 

a z x*y-)-a z xy A ••• ••• ••• ••• (* l ) 

a 4 x*y 2 -\-a b x 2 y* ... ... ... (iii) 

Expression (i) will be symmetrical with respect of x , y 
if a 0 = a t . 

Expression (ii) will be symmetrical with respect to x , y 

if —■ O 3 • 

Expression (iii) will be symmetrical with respect to x, y 
if a 4 = a 6 . 

Consequently, (a 0 x s ~\~o l y 6 ) +(a i x*y+a z xy 4 ‘) -\-(a 4 x z y 2 
-f-a B x^>» 3 ) will be symmetrical, with respect to x , y if the terms 
of the type x 5 have equal co-efficients, the terms of the type 
x*y have equal co-efficients and the terms of the type x A y 2 
have equal co-efficients. 

In a symmetrical expression all the terms of the same type must 
have equal co-efficients. 

Let us consider the sum , the difference, the product and the 
quotient of symmetrical expressions. 

Take the following 4 expressions, which arc symmetrical 
with respect to x, y : 

x ~\~y ••• ••• ••• ... (i) 

x*+xy+jp ... ... ... ... (ii) 

* 2 — *y+y 2 ••• ... ... ... (iii) 

x 4 +x 2 y 2 _t_y» ... ... ... ... (i v ) 

and apply the test of symmetry on the results we get by adding 
(i) and (ii), (i) and (iii), (i) and (iv), (ii) and (iii), (ii) and (iv), 
(iii) and (iv) ; 

by subtracting (i) from (ii), (i) from (iii), (i) from (iv), (ii) from 
(iii), (ii) from (iv) and (iii) from (iv) ; 

« aad (“)> JS) and (“i). (i) and (iv), (ii) and 

(in), (n) and (iv), (in) and (iv) ; 

and by dividing (iv) by (ii) and (iv) by (hi). 

From the examination of the above results, we establish, 
the following law: 
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The sum , the difference , the product and the quotient of two sym¬ 
metrical expressions are symmetrical. 


4. Cyclic Order 

In this figure, the letters a , b , c , are so arranged round the 
circumference of a circle that if we start 
from a and go round the circumference 
in the direction of the arrows, we meet 
with b and after b with c and after c with 
a and so on. Such an arrangement of 

letters is said to be cyclic. 

Let us consider the arrangement of terms 
ing expressions : 

a[b -f-r) 4 -b(c-\-a) -\-c{a-\-b) 
a 2 (b —c) -f -b 2 (c —a) -K 2 (tf —b ). 

In these expressions, if in the first terms 
by b, b by c and c by a , we get the second terms ; if in the 
second terms b be replaced by c, c by a and a by b, we get 
the third terms ; if in the third terms c be replaced by a , 
a by b and b by c we get the first terms. Such expressions 

are said to be written in cyclic order. 

An expression is said to be written in cyclic order when 
each term in it can be derived from the preceding term by 
changing the first letter into the second, the second into the 
third°and the third into the first. 

Example 2: Write a(c‘-b 2 ) +b (a 2 -c 2 ) +c(b* -a 2 ) in cyclic 



in the folio w- 


a be replaced 


are already 


order. . 

Sol The first factors of the terms i.e. a b, < 

in cyclic order, but the second factors are not. 

Arranging the second factors of the terms in cyclic order, 

we get 

= — [a(b 2 — c 2 ) +b (c 2 — a 2 ) +c{a 2 — b 2 )]. 

F.vamole 3: Write down the cyclic expression in a , b , c. 


whose first term is a ^ b ~ y 

Sol. Putting b for <z, c for b and a for c, we get 


b 

b(c—a ) 


as 


the second term. 
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Putting in the second term c for b , a for c and b for a we 


get 


as the third term. 

a 


c(a — b) 
the expression = 


a{b — c) ' b(c — a) n c(a—b)' 


+ 


5. Sigma Notation 

Whenever an expression consists of the sum of terms of the 
same type it is quite easy to derive all the terms from the 
first term, as illustrated in example 3. Such an expression 
can be put in an abbreviated form by prefixing the Greek 
letter 27 (Sigma) to the first term. The symbol 27 stands 
for the sum of the terms of the same type. 

Thus with variables a, b , c, 

27 a means a-\-b-\-c , 

27 a 2 means a 2 b 2 c 2 , 

27 ab means ab -\-bc-\-ca, 

27 (a 2 -\-ab) means (a 2 ±ab) -\-{b 2 -\-bc) +(c 2 -f ca) t 
3 27 ab means 3 (ab -\-bc -\-ca), 
and 2 27 a 2 —3 27 ab means 2 (a 2 b 2 c 2 )—3 (ab +bc -\-ca). 


6. Cyclic Symmetry. 

Let us examine the nature of the expression a 2 (b — c) -\-b 2 (c — a) 
-\-c 2 (a — b). It appears to be absolutely symmetrical with 
respect to the letters ( a , b,), ( b , c) and (c, a) but on interchanging 
a, b , we get the expression 

b 2 (a — c)-[-a 2 {c — b) -\-c 2 (b — a) which is equal to 

— a 2 (b — c ) — b 2 (c — a) — c 2 (a — b ). 

This expression differs from the original expression. So 
it does not possess absolute symmetry. But the expression remains 
unaltered by putting b for a , c for b and a for c , all at the same 
time. So, it possesses a certain kind of symmetry which is 
known as cyclic symmetry. 

Example 4: Simplify by the cyclic symmetry 

{a +b -2c) (a -b) + (b -2a) (b +<z -c) 

. +(c-\-a— 2b)(c-\-b— a). 

Sol. By actual multiplication, 

(a-\-b —2c) (a +c — b) — a 2 —b 2 —2c 2 —ac -{-3 be. 
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By cyclic symmetry, 

(b-\-c — 2a)(b-\-a — c ) = b 2 — c 2 —2a 2 — ba-\-3ca 
and (c+a — 2b){c-{-b — a) = c 2 — a 2 — 2 b 2 — cb-\-3ab) 

the expression = — 2{a 2 -\-b 2 +c 2 ) -+-2(ab -\-ac-\-bc) 

= — 2 Z a 2 +2 Zab. 


Taking at, y, z as variables state which of the functions given 
below are 

(i) homogeneous but not symmetrical, 

(ii) symmetrical but not homogeneous, 

(iii) homogeneous and symmetrical, 

(iv) neither homogeneous nor symmetrical. 

In cases (ii) and (iii), tell also whether the symmetry is 
absolute or cyclic : 


1 . 

3. 

5. 

7. 

9. 

11 . 

12 . 

13. 


(x+^) 3 . 

(x—y)(x+y—6). 
x 3 -f -ax 2 y 4 -bxy 2 -\-y 3 


2 . 

4. 

&. 

8 . 

10 . 


(x—y) 3 . 

x 3 —2x 2 y+2xy 2 +y 3 . 
(x*+y 2 )(x 3 -y 3 ). 

2 (x 2 -+y 2 ) -i~5xy+a(x-t-y). 
x 2 +y 2 —a (xy +yz +zx). 


x 3 -\-y 3 -4 -Z 3 —3 xyz- 
x 3 4-3 x 2 y 4-3 xy 2 —y 3 . 
x 2 +y 2 -hz 2 -2 (x 4 -y 4 -z) • 
xy(x —y) 4 -j vz(y —z) +zx(z —x). 

Write down all the possible types of terms in a com¬ 
plete homogeneous expression of the 5th degree in * and y. 

14 . Write down all the possible types of terms in a com¬ 
plete homogeneous expression of the 4th degree in x, y and z • 

15 . Write down a homogeneous and symmetrical expres¬ 
sion of the 4 th degree in *, y, and using a, b , c, &c. as 

co-efficients. . . 

16 . Construct a homogeneous and symmetrical e ^P ress ^°^ 
of the 2 nd degree in * a.ndy, which shaU be equal to 16 whe 
x = 1 and y = 2, and which shall be equal to 4 when x —l 

17 ? Construct a homogeneous and symmetrical expression 
of the 3 rd degree in * and y, which shall be equal to 10 when 
“=1 and y = 1, and equal to 36 when , = 2 and j- = 1. 

Write down all the types of terms in the following expres¬ 
sions, a, b, c being the variables and a: being constant. 
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18 . 

Z (x-f-<z)(x+6). 

19 . 

• 

1 

VJ 

1 

1 

20 . 

Z (x+a)(x+6)(x-c). 

21 . 

^x 2 (a+b) 

Z ab ' 

22 . 

^ bc 

23 . 

. 1 

(a—b)(a— C )' 

(a— b){a— c)(x— a) 


Simplify the following expressions by the method of cyclic 
symmetry : 

24. (x+ 6 )(x+*) + (x+c)(x-f a) +(x+a){x-\-b). 

25. (a-\-b — c)(b— c) -\-(b -\-c —a)(c —a) -\-(c-\-a—b)(a—b). 

26. (x+&+c)(x+& — c) +(x+c-j-fl)(x+c-a) 

+ (x +a + 6 ) (x +a —b ). 

27. (a —b) (x -\-a) {x+b) + (b — c ) (x + 6 ) (x +c) 

+ (c —<z)(x-}-c) (x+a). 

28. Z (x +y) (x +z) • 29. Z (x (x —*). 

30. Zxy(x-y)(x-z). 31. 27 (*+ 6 -c) 2 . 

Under what conditions will the following expressions 
be symmetrical: 

32. (i) lx 2 -\-ay 2 -\-bz 2 — 3xy-\-cyz-\-dzx, 

(ii) Ax 2 -\-py 2 — 2x 2 y-\-qxy 2 , 

(iii) 2 x 4 - \-my 4 — nz* 7 x 2 yz —fiy 2 zx -\-qz 2 xy. 

Without actual multiplication, state why the following 
relations are wrong: 

33. ( a-\-b)(a 2 — ab-{-b 2 ) = a 3 — b z . 

34. a 3 +b 3 = {a-b) (a 2 +ab +b 2 ). 

35. (a-\-b-\-c) \a 2 -\-b 2 -\-c 2 — ab — be — ac ) 

= (a 3 +b 2 +c 3 -2ab - 2 be-2ca ). 

36. (* 2 H-.? 2 ) (*-h>0 =x 3 -f-2x>> 2 -|-3x^-f-_y 3 . 

37. (^+/)(x+_>') =A : 4 -fx^4-3xy 3 4-_>> 4 . 

38. (x+y+z)(x 2 -\-y 2 +z 2 ) = (* 3 +y* +£ 3 +xy+x Z +zy ). 

39. (x +_>0 (x 2 -j-xy -\-y 2 ) = x 2 +3xy-{-3xy 2 +y*. 

40 • (* +y + 1 ) (* +y +z) = x 2 -\-xy +xz +y 2 . 

Example 5: Simplify (a +^) 3 + (^+r) 3 4-(r+a ) 3 

3 {a-\-b)(b-\-c)(c-\-a) by the principles of homogeneity, 
symmetry and indeterminate co-efficients. 

Sol. Since the given expression is symmetrical, homogeneous 

and of the 3rd degree in a , b , r, the result will also satisfy these 
conditions. 


23 
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The types of terms in the result will be 
(i) <z 3 , (ii) a 2 b and (iii) abc. 

(fl+&) 3 4 -( 6 +c) 3 -b(£+<z) 3 — Z(a-\-b)(b+c)(c+a) 

= p(a*-\-b z -hr 3 ) ~rq(a 2 b +a 2 c +b 2 c -\-b z a-\-c 2 a-{-c 2 b) 

+ r.abCy where p , q, r are the co-efficients. 
Putting a = 0, b = 0 and c = 1, we get 

(0 ) 3 + (l)3 + (l) 3 -3(0)(l)(l) =/>(!)+?(0) +r(0) 

/> = 2 . 

Putting a = 0, b = 1 and c = 1, we get 

(l) 3 + (2) 3 + (l) 3 -3(l)(2)(l) = *(2)+*(H-l)+r(0) 

10—6 = 2p-\-2q 

or 4=2x2 4-2? 

q = 0. 

Again, putting a = 2, b = 1 and t = 1, we get 
(3)* + (2 ) 3 +(3 ) 3 3 (3) (2) (3) =/>(8 4-1+1) 

, 4-?(44-4-4-l +24-2 4-1) + r * 2. 1 . !• 

or 274-84-27—54 =/»xl04-^Xl44-rx2. 

Substituting the values of p and ?, we get 

8 = 2x 104-Ox 144-2r 

or r — — 6 . 

p = 2 , q = 0 and r = — 6 . 

Hence the given expression = 2(a? -\-b z -\-c?) 6 abc. 

Example 6 s Factorise a: 3 —5x 2 — 5x— 6 . 

Sol. As the expression is of the 3rd degree, it can have either 
three linear factors or one linear and one quadratic, t.e « 
must have at least one linear factor. 

As the first term of the expression is x 3 , 

the first term of the linear factor is x. 

As the last term of the expression is — 6 , 

\ the last term of the linear factor may be one ol 
4 - 1 4- 2, 4- 3, 4= 6 . 

Substituting- 4= 1 4 = 2, 4= 3, for x in the given expression, 
we find that it does not vanish, but on substituting 4- or 

x, we see that it vanishes. 

x —6 is one of the factors. 

* The given expression can be put as 

x 2 (x— 6 ) +x{x— 6 ) +(*— 6 ) 

= (*- 6 ) (x 2 4-x 4-1) • * . , 

As x 2 -4-x 4-1 cannot be further factorised, 

• x 3 -5x 2 -5x-6 = (x—6)(* 2 4-*4-l) 
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Cxample 7: Factorise x 3 -j-x 2 -j-4x—6. 

Sol. As the expression is of the 3rd degree, it must have at 
least one linear factor. 

As the first term of the expression is x 3 , therefore the first 
term of the linear factor is x. 

As the last term of the expression is—6, therefore the last 
term of the linear factor may be one of ±1, ±2, ±3, ±6. 

On trial we find that the given expression vanishes 
when we substitute+ 1 for x, 

(■* — 1) is one of the factors. 

Now, the expression =x 2 (x — 1) -j-2x(x— 1) +6(* — 1) 

= (x 1 ) ( x 2 + 2 *+ 6 ). 

As x 2 -\-2x-\-6 cannot be further factorised, 

•** (* 2 +2x-|-6) are the required factors. 


Example 8: Factorise x 3 —5x 2 -f2x+8. 

Sol. As the expression is of the third degree, with x 3 as its first 
term and 4-8 as its last term, therefore the first term of 
the linear factor is a* and the last term of the linear factor 
may be one of ±\, ±2 , ±4, ±8. 

On trial we find that the expression vanishes when 
x = —1, +2 and +4. 

(x-fl), (a—2), (a—4) are the three factors of the 
expression. 


As these three linear factors form a cubic expression and 

the given expression is also cubic, therefore there will be no 
other factor. 


x 3 -5x*+2x+8 = (* + !)(*—2) (*—4). 


EXERCISE 175 

the valJ2tf + £ ^ ^+ C ^ 

Simplify ; 

2 • (x+y +z) 3 —A: 8 — y 3 —z 3 . 

3- (x+y+z)*— n, 

*’ 0+Z—2x)(y—z)*+(z+x~2y)(z—x)* 

+ (* +>-2 Z) (x -y)* + {y +z — 2x) (z +x — 2y) {x +y_ 2 *). 
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Factorise : 

5 . * 3 +* 2 +* —3. 6. * 3 — 6* 2 + 11 * — 6 . 

7. * 3 +x 2 —17* + 15. 8 . * 3 +3 * 2 —10*-24. 

9 . *3 + 10 *2_j_ 31x+ 30. 10. * 3 +5* 2 —*—5. 

11. * 3 —19*—30. 12. * 3 —*2 + 12. 

13. *4-2*3— 3*2+2*+2. 14. **-2*3-20* 2 +39*+36. 

15. If n denote any odd number, prove that (b+c)(c+a) 
(a + b) is a factor of (a+b+c )" — a n — b n — c n and that ( b—c) 
(c— a) {a — b) is a factor of (b — c) " + (c — a) " +(tf— b)", 

16. If n denote any odd number which is not a multiple 
of 3 , prove that ab(a -\-b) (a~-\-ab -\-b 2 ) is a factor of (<z + 6 ) n 
— a n — b n . 


Example 9: Factorise (x-\-y-\-z) 3 —x 3 —y 3 —Z 3 - 

Sol. As the given expression is symmetrical and of the 3rd 
degree in *, y , £, the possible forms of the linear factor are 

(i) (*+?+*), (ii) (*-+)> (“0 (*+-?)> ( iv ) *• 

Putitng— (y+z) for * in the given expression, we find that 
it does not vanish. 

*_|_j,+£ is not a factor of the expression. 

Putting y for * in the given expression, we find that it does 
not vanish. 

x—y is not a factor of the expression. 

Putting —y for * in the given expression, we find that it 

vanishes. 


x-j-y is a factor of the expression. 

As the given expression is symmetrical and homogeneous 
therefore (y+z) and («+*) must necessarily be two other 


factors 

As the given expression is of the 3rd degree, it cannot 
have any other factor excepting a numerical one. 

. +y +£) 3 — x 3 —y 3 —z 3 = A (x +y) (y +z) (z +*) ••• w 

where A s ands for the numerical factor. 

ir '»< 1 i,' + r+if.-o. “++■)('+'>(>+») 

(* + y +Z ) 3 -A* -J-® —= 3 (x +y) (y+z) {z +x) ■ 
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Example 10: Factorise « 3 ( 6 —c)-f- 6 3 (c—<z)-}c 3 (tf — 6 ). 

Sol. Arranging the terms, according to descending powers 
of a , 

the expression = a 3 {b —c) — a{b 3 —c 3 )-\-{b 3 c — c 3 b) 

= a 3 {b — c ) — a(b 2 -\-bc -j -c 2 )(b — c ) -j- bc(b (b — c) 

= (b — c){a 3 —ab 2 —abc — ac 2 -\-b 2 c -f- be 2 }. 

Arranging the 2nd factor, according to descending powers 
of b, 

the expression = ( b — c){{bc 2 — ab 2 ) {be 2 —abc ) — {ac 2 — a 3 )} 

= {b — c){b 2 {c — a) -\-bc{c — a) —rt(c-f-o)(c—#)} 

= (6 — c)(c — a){b 2 -\-bc — ac — a 2 }. 

Arranging the 3rd factor, according to descending powers 
of c, 

the expression = {b—c){c—a){{bc—ac)-\-{b 2 —a 2 )} 

= {b —c){c —a){c{b —a) +(6 -f a){b — a)} 

= (b—c)(c—a){b—a){a-\-b+c) 

= — {a—b){b—c){c—a){a-\-b-\-c). 


Example 11: Factorise {xy+yz+zx) 2 — x 2 y 2 —y 2 z 2 — Z 2 x 2 . 

Sol. As the given expression is symmetrical and of the fourth 
degree in a-, y , z t the possible forms of the linear factors, if 
any, are (i) a , (ii) x—y, (iii) x+y, (iv) x-\-y-\~z- 

Putting 0 for a, we find that the expression vanishes. 

.*. x is one of the factors. 

As the expression is symmetrical and homogeneous, 
y and z must be two other factors. 

As the given expression is of the 4th degree, symmetrical 
and homogeneous, and the expression xyz formed by the 
factors a, y, z is of the 3rd degree, symmetrical and homo¬ 
geneous, the remaining factor must be of the 1 st degree, 
symmetrical and homogeneous, which cannot be other than 
A \x+y+z) where A is the numerical co-efhcient. 

p te? +-*? +*?) 2 ~ x *y 2 - A 2 = Axyz(x +y +z) ... (i) 

Putting in (i) a =l, y = 1, * = 1, we get 3,4=6 or ,4=2. 

(*y +yz +ZX ) 2 —x 2 y 2 —y 2 z 2 —z 2 x 2 = 2 a yz {x -\~y -f *). 


Example 12: Factorise a 3 (b 2 —c 2 )-\-b 3 {c 2 —a 2 )+c 3 {a 2 —b 2 ). 

Sol. As the given expression is symmetrical and of the 5th 

degree m a , b, c, the possible forms of the linear factors, if 
any, are 7 

(ii a > ( !! ) “-b, (iii) a+ b, (iv) a+6+e. 
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Putting 0 for a, we find, that the expression does not vanish. 

a is not a factor of the expression. 

Putting b for a , we find that the expression vanishes. 

( a — b ) is one of the factors. 

As the expression is symmetrical and homogeneous, 

( b — c ) and (c— a) must also be factors. 

As the expression is of the 5th degree, symmetrical and 
homogeneous, and the expression ( a—b)(b — c)(c — a) formed 
by the factors is of the 3rd degree, there will be one more factor 
of the 2 nd degree, in a, b , c which will be symmetrical, homo¬ 
geneous and of the form [A(a 2 -\-b 2 -\-c 2 ) -\-B(ab -{-bc+ca)']. 

.*. a 3 (b 2 —c 2 ) +b 3 (c 2 —a 2 ) +«*(«*—* 2 ) 

= {a — b ) (b -c) (c —a){A(a 2 +b 2 +c 2 ) +B(ab +bc +ca)}. 

Comparing like terms, say a 3 b 2 , on both sides, we get 
a 3 b 2 =—a 2 bxBab or a 3 b 2 =—Ba 3 b 2 B=—\. 

Again, comparing terms containing a*b 3 we get 
0 = —a 2 b x Aa 2 = —Aa*b .*. A=0 . 

/. a 3 (b 2 —c 2 ) +b 3 (c 2 -a 2 ) +c 3 (<z 2 - b 2 ) 

= {a-b ) (b -c) ( c -<z){( 0 ) (a 2 +b 2 +r 2 ) + ( - 1 ) (ab +bc +ca)} 

= — (a — b) (b — c) (c —a) (ab -\-bc -\-ca ). 

Note : (:) In the process of this example, the evaluation of the constants, 

by giving different values to the variables is tedious, therefore 
we have adopted the method of comparison of like terms . 

(ii) In finding out the value of the constants, care should be 
taken not to give such values to the variables as to reduce the 
two sides to the form 0=0. 


EXERCISE 176 

1. Prove that a 2 (b — c) -f£ 2 (r— a) -\-c 2 (a — b) = (# b) 

(b-c)(c—a). _ 

2. Prove that ab(a — b) -\-bc(b — c) -j-ca(c a )— {a 
(i b — c) ( c — a). 

Resolve into factors : 

3 . a{b 2 — c 2 ) +b(c 2 —a 2 ) +c{a 2 —b 2 ). 

4. a 2 {b — c) -\-b 2 {c — a) +r 2 (fl b). 

5 . a 2 (b+c) -\-b 2 (c-\-a) -fr 2 (a+^) +2abc. 

6 . {a -b) 3 + {b -c) 3 + (c-a) 3 . 
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7. -}-i “("f) -j - be') — abc. 

8* a 2 {b -t-c) -\-b 2 {c -\-o) -t-c 2 (fl ~\~b') -\-2.abc. 

9. (<z+6+c) 3 — (b-\-c— a) 3 — (c+a— b) 3 — (n-\-b— c) 3 . 

10. a?(b— c) -\-b 3 (c — a) — b). 

11. a(b—c) 3 -\-b(c—b) 3 -{-c(a—b) 3 . 

12. a(b-\-c) 2 -\-b(c-{-a) 2 -{-c(a-\-b ) 2 — 3 abc. 

13. {a+b) ( a-b) 3 + (b +c) {b -c) 3 + (c +a) {c-a ) 3 . 

14. a A (b— c) -rb*(c — a) +c 4 («— b). 

15. a 3 (b 2 — c 2 ) -\-b 3 {c 2 — a 2 ) -\-c 3 (a 2 — b 2 ). 

16. ( X -y)& + (j- Z )5 + ( Z -x) 3 . 

17. a A (b— c)-\-b*(c — a)-\-c*(a — b ). 

18. (* +_)>) 6 — x s —jfi, 

19. (x+^4-*) 5 — x 5 —y s — 

20. *«( >* -^ 2 ) +y ( z * - x 2 ) -f ^(* 2 -y). 

21. a 5 (6 — c) +6 5 (c— a)-\-d*(a —6). 


CHAPTER XXII 


CONDITIONAL IDENTITIES 


1. Now it is proposed to discuss a few important condi¬ 
tional identities. 

2 . Conditional identities based on a-f-b-f-c = 0. 

Example Is If a+b +c=0, show that (a+b)(b +c)(c+a) 

= — abc. 

Sol. Since a+b+c = 0, 

a+b = — c, b-\-c = — a, c+a = — b. 

Multiplying these three results, we get 

(a+b)(b+c)(c+a) = (- c )(-a)(-b) 

= — abc. 


Example 2: If a + b+c = 0, show that 

a 2 —be = b 2 —ca = c 2 —ab. 

Sol. Since a+b+c = 0, a = —b —c 

a 2 —be = a x a —be 

= a( —b — c) —be 
== —ab — ac—be 
= —(ab -\-bc-\-ca). 

Similarly, b 2 —ca = —(ab -\-bc-\-ca), 
and c 2 —ab = — (ab-\-bc-\-ca). 

a 2 —be = b 2 —ca = c 2 — ab. 


3: If a-\-b -\-c=0 y show that a?-\-b 2 -]-c 3 =3abc. 

Sol. Since a-\-b-\-c =0, a-j-b = —e 

/. (a+b)* = (-c) 2 

a 2 -\-b z -\-3ab(a-^-b) = — c 3 
or a 3 +^ 3 +r 3 = — 3ab(a-\-b ) 

= —3 ab( — c) 

= 3 abc. 


Example 4: If a-\-b -\-c=0> show that 

a b -{-b 5 -\-c b = —5abc(ab -\-ac +bc). 

a+b = — c. 


Sol. Since a+b+c =0, 

(a+b) s = ( — c) & 
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/. a*+5a*b + \0a 3 b 2 -\-\0a 2 b 3 -\-5ab*-{-b 5 = -c 5 

a 5 + ^5 +c 5 = —5 a b(a 3 -\-2a 2 b+2ab 2 +b 3 ) 

= —5 ab{(a~\-b) 3 —ab(a-\-b)} 

= — 5ab{( — c) 3 — ab(— c)} 

= —5 ab( — c 3 -\-abc ) 

= —5 abc(ab — c 2 ) 

= —5 abc(ab —c xc) 

= — 5abc{ab -\-c(a + b)} 

= — 5abc(ab -\-ac-\-bc). 


Example 5 

: If a-\-b-\-c = 

= 0, show 

that 



( a \ b 

, « V 

a-\-b 

i b-\-c c -j-a\ n 


-f ~c c -\-q 

+ a +Jv 

c 

+ „ + b )~ 9 

Sol. Since 

Q-f -b-\-c = 0 




a +b 

= — Cy 

6 -f-C = “ 

-a. 

c-\-a = — b. 

L.H.S. = ( 

* + _? + 

c\(a+b 

b -\-c c +<z\ 

V 

6 “j—C C -j-fl 

a+t>/ \ c 


a b ) 

-1- 

-a + —6 + — 

clh + ' 

—a —6) Substituting 
a ' b ) the values 

= ( 

—1— »—!)(— 1 

-1-1) = 

= (- 

3) (-3) =9. 


Example 6 i If a-\-b-\-c = 0, show that 

4 2 +c 2 -a 2 + c 2 4 -a 2 —i 2 + a 2 +b 2 ~c 2 = °‘ 

Sol. Since a-\-b-\-c = 0, 

a+b = —c a 2 +2ab+b 2 = c 2 

a 2 +b 2 -c 2 = -2 ab. 
Similarly, b 2 -\-c 2 — a 2 = — 2bc , 

and c 2 -|-a 2 —6 2 = — 2ac. 

Hence the expression = ——I--- 1 -?— 

H -2bc ^ —2ac ^ -2ab 

_ & b c —(q —\-b —}— c) 

2abc 2abc 

' 2a6c = °‘ 
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EXERCISE 177 

If a-\-b-\-c = 0, show that 

1 . ab(a-\-b) = bc{b-\-c) = ca(c-\-a). 

2 . a 2 -\--b 2 -\-c 2 = — 2(ab -\-ac-\-bc). 

3. a (b 2 -\-c 2 —a 2 ) = b(c 2 +a 2 —b 2 ) = c(a 2 +6 2 -c 2 ) = -2 abc. 

4. a 2 -\-ab -\-b 2 = b 2 -\-bc -\-c 2 = c 2 -(-c<z-|-a 2 . 

5. (^-f-^+C 4 ) = ^( <z 2_|_/,2_j_ c 2)2 > 

6 . a 4 -l-6 4 -{-c 4 = 2(*z6 

a 5 -f-6 5 +c 5 a 3 +6 3 -|-c 3 a 2 +6 2 -{-c 2 


7. 

8 . 

9. 

10 . 


5 3*2* 

a? -\-b 5 -\-c b = 5 abc(c 2 — ab ). 
a 2 -\-b 2 —c 2 b 2 +c 2 —a 2 c 2 +a 2 —b 2 

O L . ' I ‘ 




2<z6 

2 


6 2 


26c 


+ 


2 ca 

= 1 . 


= —3. 


Sol. 


2 a 2 -\-bc ' 2 b 2 -\-ca 1 2c 2 -J-a6 
[Hint. 2a 2 -\-bc = a 2 -fa(— b — c) -\-bc. Factorise it.] 

Example 7 s If 2s = a-f-6+c, then 

j 2 + (j—«z) 2 + (j—6) 2 + (j— c) 2 = a 2 -\-b 2 -\-c 2 . 

The left-hand side 

= s 2 -\-s 2 —2 sa +a 2 -\-s 2 —2 sb + b 2 +s 2 —2sc +c 2 
= 4^ 2 — 2s{a-\-b +c) -\-a 2 -\-b 2 -\-c 2 
= 4j 2 —2^.2^-f-a 2 -f-6 2 +c 2 
= 4j 2 —4j 2 +a 2 +6 2 +c 2 
= a 2 -f- 6 2 +c 2 . 

If 2s = <z-f-6-j-c, show that 

1 1 1 abc 


8 


1 


+ 




Sol. 


s—a s—b s—c s 
The left-hand side 


s(s—a)(s—b) (s—c )* 


- + 7 =*) + (?=7 1 ) 

(s —b) + (s —a) , s— s-\-c 


(s—a) (s—b) 

2s — a—b 


s(s—c) 

c 


(j— a) (s—b) s(s—c) 
c c 


/ 


\ / 


L \ 


: + 


/ 




[ •.* 2s — a—b = c. ] 
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==c {(*— «)(i — b) + s(s—< c)} 

( s(.s—c)+(s—a){s—b) -\ 

- c \ s(s — a){s — b)(s c) I 
f s 2 —sc -j-5 2 —sa —sb 4 -ab \ 

C i s(s—a)(s—b)(s—c) f 

_ { 2s 2 — s(a -\-b -t~c) ~\~ a b \ 

C l s{s— a)(s — b){s—c) \ 

r f 2s 2 -2s 2 +ab _1 t . a+b+c = 2 x. ] 

= C \s(s-a)(s-b)(s-c )f 

abc _ 

j(.y —a) (j —6) (-5 ~ c ) 

Example 9 : If *+- = 1, y+\ = 1, P^ve that < 

y < 

and xyz-\-\ = 0. 

1 . 1 z—l 

Sol. Since y + - = 1 > y — * z z * 

Substituting the value of y in x + - = we S et 


1, prove that Z+-~ = 1 


x+ r=i ~ 1 «-i 

or xz — x-\-z = Z — 1 o r xz + 1 = x. 

Dividing both sides by x, we get 


or 


zx—x +z 


= 1 




W 


From (i), 




xyz 


= *>(l — ^ • = xy—y = y(x— 








xyz +1 = 0 . 


(“) 
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Example 10: If xy +yz -\~zx = 1, show that 

~ xyz 


x +y y+z + z +x 


1 —xy ' 1 —yz ' 1 —zx 
Sol. Since xy+yz+zx = 1, l—xy=z(x+y). 

x+y _ x+y _ \ 

1 -xy~z(x+y)~z *** 

y+z 1 

i ~ • • • • • • 

1 —yz z 

z+x _ 1 

** — — ■ • • • • • • 

y 


• • 


Similarly, 


and 


(i) 

(H) 

(iii) 


1 — 

Adding (i), (ii) and (iii), we get 

= 1 1 1 _ J VZ+xz+xy 

1 —yz ' 1 — ~~ x^~ y £ xyz 

= — [v yz+xz+xy=l-] 
xyz 


x+y y+z z +x 

l—xv^' 


EXERCISE 178. 


If 2 s=a+b +c, show that: 

1 . 


“ + —-r-\ - —+2 = 


abc 


2 . 1 - 


s—a s—b s—c 

b 2 +c 2 —a 


2 be 


( s—a){s—b)(s—c) 
*T _ 4 s(s—a) (s — b) (s — c) 

J b 2 c 2 


3. (s— a) 3 + (s—b) 3 + (s—>c) 3 +3abc = s 3 . 

4. s{s-bHs-c) +s(s-c)(s-a) 

5. 2(*-a)(* -b){s-c) +a(s-b){s-cy+b{s-c)(s-^a)^ ^ 

6 . (*-«)» + (*-*)• + (* ^) 3 -Hs -+' a + b 7+ Sabc) 

1 1 - 1 

7. If a = 1 — r, b = 1 — prove that c = 1 — a - 

0 c 

8. lix =b+c—a i y =c+a—b and z =a+b—c. 

.. . x 3 +y 3 +z 3 — 3xyz _ A 
prove that - 4. 
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9. 


If* =a{b—c) y y = b{c — a) y z = c(a—b). 


show that 


10 . 

11 . 

12 . 


13. 

14. 




3 xyz 

abc * 


If-L±f = 2, prove that - 

y —x y —z x z y 

Z_ = 2 . 


If x-\-y = 2z , prove that 


+ 


x z y—z 

If b 2 = ac, x = \(a+b),y = \{b+c) 9 prove that 


2 + ^- 2 . 
* y 


If 3 (a 2 +b 2 +c 2 ) = ( a+b+c ) 2 , prove that a =b =c 


If!-u!-f.I= — 

abc a-\-b-\-c 


1 , 1 , 1,1 

-, prove that _ + - + - 


1 


15 


(a+b+c)>‘ 

If x = by-\-cz, y = cz+ax and z = ax-\-by. 
show that -l-+>+-L-=l. 


CHAPTER XXIII 


FRACTIONS WITH DENOMINATORS IN 

CYCLIC ORDER. 


It is useful to learn by heart the following formulae, after 
proper verification: 


If a>b,c 

are 

the variables 



(i) 

£ 

a = 

a “}—b -\~c. 


(H) 

£ 

(a+b) = 

2 (a -\-b +c)* 


(Hi) 

£ 

(a-b) = 

0. 



(iv) 

£ 

(a 2 — b 2 ) = 

0. 



(v) 

£ 

a(b—c) = 

0. 



(vi) 

£ 

a 2 (b—c) = 

-(a- 

-b)(b- 

—c) (c — a). 

(vii) 

£ 

ii 

-O 

i 

a 

-Ci 

<3 

-(a- 

-b) (b - 

—c) (c — a). 

(viii) 

£ 

a ( b 2_ c 2) = 

Vi 

1 

o 

1 

0 

)(c—a). 

(ix) 

£ 

(a-by = 

3(a-b)(b- 

c) (c — a). 

(x) 

£ 

a*(b—c) = 

-(a- 

mb- 

-c) (c—a)(a-\-b+c). 

(xi) 

£ 

a*(b — c) = 

— (a- 

-b)(b 

—c) (c — a) 

(a 2 -f* b 2 -\-c 2 -\-ab -\-bc -\-ca). 

(xii) 

£ 

a?(b 2 — c 2 ) = 


-b)(b 

— c) (c — a) (ab -j-bc -\-ca). 

Example 

i 1: 

Simplify 

1 

• 

• 

| 

i 

1 



(a—b) (a — 


—c) (b—a) (c—a) (c-b ) 


Sol. Putting the denominators in cyclic order, the expression 


1 _ 1 _._ 1 

= _ ( a —b) (c — a) + — (i — c) (a-b) + — (« -“) (■b —■0 

(b—c) -\-(c — a) 4 - (a—b) 

~ _(, a-b)(b-c)(c-a ) 

_2_- = o. 

—(a — b) (b — c) (c — a) 

a-b , . b-c _, . c-a = 

Note: b^y" * * a-c 
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Sol. 


tple 2. Simplify : 

a 3 , 6 3 c* 

{a — b)(a — c ) ( b — a){b — c ) ( c — a)(c — b)° 

Putting the denominators in cyclic order, the expression 

a® *® c 3 

- (a-b) (c -a) + - {a -b) (b-c) + - (e-a) (b -c) 
cP(b-c) +b*(c-a) +c*(a—b) 


— ( a — b) (b — c) ( c — a) 

—( a — b) (b — c ) (c — a) ( a -{-b +c) 


— (a — b) (b — c ) (c — a) 

_ 4 -(a—b){b—c)(c—a)(a+b+c) _ , 

c a-b)(b-c)(c-a ) “ a+D+c. 


EXERCISE 179. 


Simplify : 


X. “ _,_ ° ,_ c 

(a —b ) (a —c) (b — c ) (b —a) (c —a) ( c—b ) 

a t 

2 . t-TT 7 - N -+• two similar terms. 

{a— b){a— c) 

_ 

3# (a—6) (g—c) two s * m ^ ar terms. 

4. 1 , 1 , 1 

a(a — b ) ( a —c) ^ b{b —c) ( b —a) ~^c{c —a) (c —b )* 

5. _1_i_1_ , 1 

be {a — b) (a —c) ~^ca(b ~c) (b —a) ab(c —a) (c — b ) * 
bc(a — b) (a — c )’ 

7. x a _ i *— b , a:— r 

(a 6) (a c) ' (6 -c)(6 -a) + (e_ a ) (c_J)• 

8. z **- yz — o ^ * 2 +_rc 

(*-*)(*-«) • z (;■-J.) (*-«)• 


X—C 


10 . z 


(a—b) (a—r) 


11. 27 


(a —£) (a —c) 
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^ bc{b+c) ^ b 2 -\-c 2 

(a — b)(a — c) (<z 2 —6 2 )(a 2 -c 2 ) 

14 bc _ +*)(<*-HQ . 

a(a 2 -b 2 )(a 2 -c 2 ) A3# ( a ~b)(a- ' 

16 . 2 n - 17 . b -I^+ c —- 

( a —6)(a— c) b-\-c c-\-a 

18 . t———“T + two similar terms. 

(a b) (a c) 

{a-\-b)(b -\-c)(c-{-a) a-\-b b-\-c c-\-a 

abc cab 

b 2 -\-c 2 —2a 2 c 2 -{-a 2 —2b 2 a 2 + b 2 —2c 2 

ZOm (a-b) (a —c) + ( b —c) (b —a) + (c —a) (c —b) * 
[Hint. b 2 +c 2 -2a 2 = b 2 +c 2 +a 2 -3a 2 ]. 


(a — b) (a — c) 

17 + — 


19. 


21 . 


£c(.r— a) 2 ca(x — b) 2 ab(x — c) 2 

{a — b) (a — c) + ( b-c)(b-a ) + ( c-a){c-by 


Example 3 : Simplify (g _ fc)(g ^ c)(;c _ g j + {b _ c)[b ^ a){x -T) 

_ £ _ 

' (£—*)(*—&)(*—*) 

Sol. Putting the denominators in cyclic order, we have 

the expression = _ (g _ b)( “_ a) (x _ a j + - {a - b )^-c){x^F) + 

_ c _ 

— (c— a)(b— c)(x— c) 

a(b—c)(x—b)(x—c) + two similar terms 

= —{a — b) (b —c) (c —a) (* —a) (x —b ) {x—c) 

The numerator = a(b — c ) [x 2 — x{b +c) + be } + two similar 

terms 

= x 2 Za (b—c) — xZa(b 2 — c 2 ) +abcZ(b —c) 

= x 2 x 0 —x x (a — b) ( b — c) (<c — a) -{-abc X 0 
= — x(a — b) (b — c) (c — a). 

—x(a—b)(b—c)(c—a) 

• • the expression = _ (fl _*j {c _ a) (x _ a) (*_*) (* -c) 


( x—a ) (*— b)(x— c) 
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EXERCISE 180 


Simplify : 

1. 


2 . 


3. 


4. 


5. 


1 

+ 

1 

(a —6) (a — c) (x — a) 

"o' 

1 

-o 

VJ 

1 




a 2 

+ 

b 2 

(a b) {a —c)(x—a ) 

cr- 

l 

o 

">T 

i 



+ (<- 

1 

+ 

i 

(a b) (a —c)(x+a) 

(6— c)(b— a)(x -\-b) 



+ (c-, 

a 2 

+ 

b 2 

(a b) (a c) (x+a) 

{b— c) (b —a) (x + b) 



+ (<- 

1 -\-a 

+ 

1+& 

(a b) {a c) {x—a) 

( b—c)(b—a ) {x— b) 


1 


(c— a)(c— b){x — c)‘ 


( c —a)(c—b)(x—cY 


(c—a){c—b)(x+c)' 


2 


(c— a)(c — b)(x+cY 


+ 


1 +£ 


(c— a)(c — b){x— b)’ 


[Hint. Decompose the expression into 


1 


(a b)(a c) {x—a) 


+ 


two similar terms -f ^ ^ —cKa: —a) two sim ^ ar terms.] 


6 1 -{-pa +qa 2 l-f/>6+?6 2 

: ■ ~r-- 


(a— b){a— c){x — a) ' {b —c)(b —a) (x— b) 

(*-*)(*-&)(*-*)• 

Example 4: Simplify (a-*) 3 + (6-c) 3 + (c-a) 3 

* 3 (b-c)*+b*(c-a)*+c*(a-b) 


24 
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( a—by + {b-cy->r(c-ay , 
Sol. The exp. — ( ab _ ac y + (b c —ba)*+(ca—cb)* 

Since (a—b)-\-(b—c)-\-(c—a) =0 

and ( ab — ac) -\-{bc — ba)-\-{ca — cb) 

. 3 (a—b)(b—c)(c—a) 

the expression = 3{ab _ ac){b c-ba){ca-~cb) 

_ (a— b){b— c)(c— a) ___ _J_ 

— abc(a—b){b—c)(c—a) abc 



Simplify : 

(a 2 — b 2 ) 3 - \-(b 2 — c 2 ) 3 -\-(c 2 — a 2 ) 3 

| ^ * A . / \0 


(,a —b) 3 -\-(b — c) 3 + (c — ^T 3 
a 3 (b 2 —c 2 ) -j-^ 3 (r 2 — a 2 ) +c 3 (a 2 —b 2 ) 
a 2 (6—r)+6 2 (c— a )-K 2 (a—*>)• ‘ 

97(/2-f-^d~ c ) 3 — d~2c) 3 (r T2fl) 3 

(a +36 +2c) (6 +3 c +2 a) (c +3a +26) 

lHint. Apply (a+b+c) 3 -a 3 -b 3 -c 3 = 3 (a+b)(b+c)(c+a).-} 

/ i L\n i t - i ^/\3 _— (hA-d\ 3 


2 . 


3. 


4. 


5. 


6 . 


• r r / V i ■ / 

(a +6) 3 + (* +<*) 3 - {a +<0 3 — {b+d)* 

\a+b) 2 + ic+d) 2 — (a+c) 2 — (b-\-d) 2 ' 

(a — b ) (a + 6) 3 + (& —<g) (* + g ) 3 + ( g ~ g ) +*-2! 

(a +6) (a — 6) 3 + (6 -\-c) (6 —< c) 3 -\-(c + a) (r —-a) 3 

*6" 9 +y (* - *) + " (H) 


+£ 


<B) 


7. Show that 


a 


1 +ab 


b—c , 

+ — 7~r~ + 


1 -\-bc 
a —b 


X 


c—a 
1 -\-ca 
b —c 


8 . Show that 


1 -\-ab 
a—b b —c 

“7 ~l - • L- ■ 


1 +6c 

c—a 


c—a 
1 -\-ca 


=m. 


m-\-bc 
a —b 


m-\-ca 

b—c 


m -\-ab' m-\-bc m-\-ca 
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SELECTED QUESTIONS—L 

Simplify: 

1. y+z \ Z+x , x+y 

(x -y) (x - Z ) ^ (y -z) (y -x ) (z -x) (z —y) * 

2. _1_I_}_i_ 1 

a 2 ~(b—c) 2 ~ r b 2 — (c—a) 2 ' ] ~c 2 — (a~b) 2 ' 

3. ^Z .T Z ~ X ■ _z+x-y x+y-z 

(* -y) (* -z) ( y -z) (y -*) ^ (z -X) ( z -y) * 

a {b +0 , b{c-\-a ) ( c(a-f£) 

(* —*) (« ~ c ) (b —c) (b-a) + (c — a) (c — b)' 

5 _ bc(x a) ^ ca(x — b) | ab(x — c) 

(a b) (a c) ( b—c)(b—a ) + ( c—a)(c—b)' 

^ bc(x a) 2 ca(x — b) 2 a b(x—c) 2 

(a —b) (a ~c) (b —c)(b —a) (c —a) (< c—b )* 


\ 



CHAPTER XXIV 


MISCELLANEOUS FACTORS 

1. Factors of expressions of the form ax 2 -\-bx-\-c 
which involve the application of the equations : 

p+q=m; pq = n • 

Example 1 : Factorise 20x 2 -\-xy — 30y 2 . 

Sol. Here we have to find out two numbers, p and q y 

such that = +1 ••• ••• W 

and Pq — 20 x (—30) = —600 ... (ii) 

Now, {p—qY = {p+q) 2 —4pq ••• 

= l 2 —4( — 600) = 2401 

p—q = V 2401 =49 ... (iii) 

From (i) and (iii), we get 

p = 25 and q = —24. 

/. 2 0* 2 -\-xy — 30y 2 = 20* # +25*y — 24xy—30y 2 

= 5a(4a*-F5 y) -6jy(4x-\-5j>) 

= ( 4 x-\- 5 y)( 5 x — 6 y). 


Factorise : 

1. 18a 2 -51^+35^. 2. 

3. 55a 2 — 1 3xy — 1 2y 2 . 4. 

5. 44x 2 —7\xy+20y 2 . 6. 

7. 28a 2 — 73xy — 20y 2 . 


27a 2 —33ab—20b 2 . 

1 20x*y 2 + 73x 3 y 2 —28x 2 y 4 . 
2lx 2 -58xy-\-2\y 2 . 


2. Factors of expressions of the form ax 2 +bx+c, 
with literal co-efficients. 

Example 2: Factorise a 2 — (a +y)a + (a +1) (_>’ — 1 )• 

Sol. Here we have to find out two quantities whose product 

= (x-\-\ ){y — 1), and whose sum = — (x-\-y). 

Obviously, — (x +1) and — 0> —1) are the required quantities. 

a 2 _ t x 4 _ y ) a + (a 4- 1 ) ( y — 1 ) 

L?i ( Ili )fl :( r i) fl+ (A + i)(>-i) 

= <z { a —(a + 1) } —(y — 1) ( a —(* + l) } 

= (a— a — l)(a—7 + 1)- 


i 
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EXERCISE 183 

Resolve into factors : 

1. a 2 +a(x-\-y) + (x — 2)(2+>0- 2. (a — \)x 2 — x— a. 

3. x 2 +x-(a + l)(a+2). 4. at 2 — (1 +a + &)x+tf(l + 6). 

5. ( 6 2 —l)x 2 + (6 2 + \)x+b. 6 . a 2 -(2b -\-\)a+b 2 +b -C. 

7. a 2 +2/>x+/> 2 — 1. 8. a 2 -\-(a-\-b-\-c)x-\-ab-{-ac. 

3. Factors of cubic expressions with one term 


Example 3: Factorise a 3 — 19a— 30. 

Sol. x 3 — 19x —30 = x 3 — 1 9 a —38 +8 

= (x) 3 + (2) 3 -19(x+2) 

= (x+2)(x 2 -2x+4)-19(x+2) 

= (a +2) (a 2 — 2a+4 —19) 

= (x+2)(x 2 -2x-15) 

= (a+2) (a-5) (a+3). 

Example 4: Factorise 2a 3 —3a 2 —4. 

Sol. 2a 3 -3a 2 -4 = 2a 3 -3a 2 -16 + 12 

= (2a- 3 —16) —3 (a 2 —4) 

= 2 (a 3 —8) —3 (a +2) (a —2) 

= 2 (a 2)(x 2 +2x +4) —3 (a+2)(a—2) 
= (a—2) { 2a 2 +4a+8— 3a—6 } 

= (a-2)(2a 2 +a+2). 


EXERCISE 184 


Resolve into factors : 


1. 

a 3 —13* + 12. 

2. 

a 3 — 6a 2 +32. 

3. 

a 3 —3a —18. 

4. 

a 3 -5a+ 12. 

5. 

x 3 —3x 2 _>>+20_>' 3 . 

6. 

8a 3 +4a—3. 

7. 

2 a*—a 2 b—b*. 

8. 

27a 3 + 12a-5. 


4. Factors of expressions of the form ax 4 +bx 3 +cx 
+bx+a or ax 4 +bx s y +cx 2 y 2 +bxy 3 +ay 4 . 


2 
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Example 5 s Factorise 8 * 4 — 6* 3 + 7* 2 — 6 *+ 8 . 
Sol. 


The expression = x 2 ( 8 * a - 6 *+ 7 -?+j) 




-6 + 7 



* a + 


[s(, + iy-e(, + l)-9] 
;)■ 


G 


Putting A for ^* + -J , the expression 

= x 2 [8A 2 —6A—9] 

= x*[8A 2 -12A+6A-9] 

= * 2 [4.4(2.4 -3) +3(2.4 -3)] 

= x 2 (2.4— 3) (4.4+3). 

Substituting the value of A y we have 
the expression = x 2 j^2 (x + ^ — 3^j [^4 ^x + + 3 

= A .,|~ 2*»—3*+2 ~j j~ 4* 2 +3*+4 ~j 

= (2* 2 -3x +2) (4* 2 +3* +4). 

Note : It may be noted that in such expressions, the co-efficients of terms 
equi-distant from the middle term are equal, irrespective of signs, and their 
special characteristic is that when they are equated to zero, the equations 
thus formed have reciprocal roots : hence such expressions arc known as 

Reciprocal Expressions • 

EXERCISE 185 


Resolve into factors : 

1. * 4 —* 3 — 8 * 2 +*4-1. 

2 . * 4 _|_ 4 * 3 _ io*2_j_4* — 1. 

3. * 4 — 5* 3 +6* 2 — 5* + l. 

4. 2* 4 +3*2+5* 2 +3*+2. 

5. 3 * 4 — x 3 y — 8 * 2 4 2 -hxy 3 + 3j > 4 . 

6 . 4* 4 + 8x 3 y + 3x*-y 2 + 8 *y 3 + 4 y 4 . 

7. 6* 4 — 25x 3 y+lx 2 y 2 +25*r J + 6 y 4 . 
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5. Factors of homogeneous expressions of the 
second degree involving three letters. 

Example 6: Factorise 2a 2 -\-3ab —9 ac — 2b 2 -\~7bc —5c 2 . 

s °l. 

If c = 0, the expression is reduced to 

2a 2 +3ab-2b 2 = (2a-b)(a+2b) ... (i) 

If b =0, the expression is reduced to 

2a 2 —9ac—5c z = (2a-\-c)(a—5c) ... (ii) 

If a = 0, the expression is reduced to 

— 2b 2 -{-7be —5c 2 = {-2b-\-5c){b-c) 

= (2b-5c)(—b-\-c) ... (iii) 

Factors in (i), (ii) and (iii) are incomplete and comple¬ 
mentary. Their proper association can be determined by 
comparing the co-efficients and signs of like terms. 

Here combining (i) and (ii) and comparing the results 
with (iii), we have 

2a 2 -\-3ab —9 ac — 2b 2 -\-7bc —5c 2 

= (2 a — b-\-c)(a-\-2b —5c). 

EXERCISE 186 

Resolve into factors : 

1. 2a 2 — ab — 6b 2 -\-ac -{-\9bc — 15c 2 . 

2. 2* 2 —2y 2 —3z* +3 xy— 5 xz +5 yz. 

3. x 2 — xy-j-4zx+yz— 2y 2 -\-3 Z 2 . 

4. a 2 -\-{x-\-y)a—2x 2 -\-5xy—2y 2 . 

5. .?(* + a) — 2a 2 -\-3b(a-\-x) -\-2b 2 . 

6 . x 2 —xy -f- 4xz — 2 y 2 — 5 yz + 3z 2 . 

7. 2* 2 +5 xy — 3xz + 5yz — 3y 2 -2 z 2 . 

6. Factors of expressions which satisfy the condition 

a-f-b-fc = 0. 

Example 7: Factorise (a—y) 3 + (y — z) 3 {z — x) 3 . 

Sol. 

Since (x —y) + (y — Z ) + (z —x) = 0. 

••• (*-^) 3 + (>—«) 3 + U—*) 3 = 3 (x—y)(y- z )(z-x). 
Example 8: Factorise (x — 2>>) 6 (2>—3^) 6 + (3^— x) 6 . 

Sol. 

Since (x — 2y) +(2y—3 Z ) + (3* -x) = 0, 

••• (*- 2^) 5 + ( 27 - 3 ^)« + ( 3 ^- x )« 

,, = ~3(* 2y) (2y — 3z) (3^ —x) x 

{(* ~2y) (2 \y 3z) + (x -2y) (3 z -x) + (2y-3 z ) (3 Z -x) }. 
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EXERCISE 187 

Resolve into factors : 

1. (2a-b) 3 + (b —3c) 8 + (3* —2 a)». 

3. ( a -l)3 + ( a _ 2 )3_( 2fl _3)3. 

4. (<z —}- b —{—1)3 —p (fl —b —1)3 —8<2 3 . 

5 . ( 2 a 4-_>>) 3 — (a— _>’) 3 —( a 4 - 2 _>>) 3 - 

6 . a 3 (b — c) 9 -^-b 3 (c — a) 3 — b) 3 . 

7 • (x—y) 5 -r(y—z) 5 +U—x) 5 . 

8. (a- — l)5_ f (*_2)5_ (2at-3) 5 . 


SECTIONAL REVISION V 


PAPER 1 

1. (i) Multiply, using the method of detached co-efficients, 
5a 4 —2a 2 +a—4 and 3a 3 -f* 4-2. 

(ii) Without actual multiplication find the value of a for 
which the co-efficient of a 2 in (4a — 1)(2a- f 3 )(a— a) vanishes. 

2. Find by expansion the approximate value of 

(i) (1-0001) 4 , (ii) (1 *004) 5 . 

3. Expand (i) (3/>+2?) 4 (ii) ( 3p—2q)*. 

4. Find the values of a and b for which a 4 — 4a 3 — 2a 2 -f -ax-\-b 
may be a perfect square. 

5. Find the square root of 57 — 28\ / 2. 

6. If a = A(x— 2) -}-B(x — 1), find the values of A and B. 

PAPER 2 

1. (i) If /(a) =4a 3 — 5a 2 4- 3a — 1, find the value of /(0), 

f( 1) and f{ — 1). 

(ii) Divide by the method of detached co-efficients 
3a 3 — 2a +2 —a 2 by 3a 2 4-2— 4a. 

Write down all the types of terms in the expression 

27 - ab where a, b> c are variables and a is constant. 

a 2 (a — b ) 


2 . 
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3. If a x = m, a y = n and a 2 = ( m v n x ) z ) show that xyz — 1. 

4. Simplify (1+at) 6 -(1-a:) 6 . 

5. Find the square root of 31 —12 V3. 

a 2 

6 . Simplify 27.- j-r-. - r-. -- where a. b , c are varia- 

. {a — b) (a— c) (x —a) 

bles and x is constant. 


PAPER 3 

1. Exemplify the distinction between absolute symmetry 
and cyclic symmetry. 

2. Write down a cyclic expression in x , y, z whose first 

v2 — v2 

term is - 7 —=£_ 

x [y—z) 

3. Without actual multiplication, state why 

( a 2 +b 2 )(a+b) = a*+2a 2 b + 3ab 2 + b* is wrong. 

4. Express 3 ^ ir * proper partial fractions 

in the form of ^ — -J-+ —P 

at —1 x—2 ^ * + 3* 

5. Find the co-efficient of * 3 in the expansion of 

^ . _ _(_*-fl)5 (*_ 2 ) 4 . 

6 . Find the square root of 5 \/5-f y/120. 

PAPER 4 

1. Write down a*{c-b) +b\a -c) +c*(b -a) in cyclic order. 

^^4_J 2^3 

2. Express in the form of 

a*>+b x+ c+-JL +JL. 

O A 1 \ om °g eneou s and symmetrical expression of the 

2 nd degree in x, y and 4 : has the value 14 when x = —3 v = 4 

and / _ p arid the value l 6 wlicnA: = -2,^ = 1,4:= -5;findit. 

r Ku P ee one with compound interest @ 5% per annum 
after 12 years amounts to Rs. (1 +-05)». Calculate the valu” 
of the amount to 3 places of decimals. 


5. Simplify 


2+^/3 


2 —V3 
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6. Eliminate a: and y from the equations : 


*+T = a ’ 




xy H-- c. 

xy 


PAPER 5 


Simplify (i) V(2 +V 3 )-V(W3) 

V5+2 

W V(9-4 V5)' 


Find the square root of x 2 + ^ + 6 (x — + 7. 

Find the values of A, B and p, in order that 

A(x-\)*+B{x-pY = **- 8 * + 10. 

Show that p+q+r+s is a factor of 

(p+r)(p+s)(q+r)(q+s) -( pq-rs ) 2 . 

Eliminate x, y and £ from the equations : 

(v-x-z) 2 = ayz, (z+x) 2 = bzx, ( x-\-y ) 2 = cxy. 

If x+y+z = 0 , show that 2(x—y) 2 = 327* where x, y, Z 

are variables. 

PAPER 6 

Show that l+m+n is a factor of 

, 2 (m+ „) +m 2 ( n +()+^((+m) if P+m°+n* = 0. 

Simplify Z a{a+b) ( a +Ty 

Find the square root of: 

9 +3x +2 \y -\-ixy+ix* +iy 2 - 
Tf 2s — a-\-b-\-c. show that , , 

(i) r* + (T-<«) !! + (^-*)*+(/- <: )3 = f+ A + c • 

I:! 

V5-V3-2 

(i) Rationalise the denominator ol ^5 ^/3 + 2 


+ 7. 


1 , V3 

(ii) Simplify 2 (v , 5 _ v / 3 ) + (V5 + 1) 


V5 

2 (V 3 - 1 )' 
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6 . Eliminate y from m = y* and n = x v 


1 . 

2 . 

3. 

4. 

5. 

6 . 


1 

2 

3 


4 

5 


PAPER 7 

Expand (i) (1+x) 6 , (ii) (1 —x) 6 . 

1 X' 

Find the square root of \ -|-2x-f-x 3 -f- -5 H- 


a 

x- 4' 


Evaluate -^/(l7-12-^2) correct up to 3 decimal places. 
Eliminate x from x 3 -{- and x-}- - = 6 . 


Simplify 27 


a 


, where a, 6 , c are variables. 


— b) (b — c) 

If a-\-b 4-c=0, show that 27 a 3 = 3 abc y 

where a , 6 , c are variables. 

PAPER 8 

Expand (i) (x-fa) 5 , (ii) (x— a) b . 

Find the square root of 4x 4 — 12x 3 -j-29x 2 —30x-f25. 
Eliminate x and y from the equations : 

a = ~ - x, b = —■ —y and x 2 +y 2 = 1 . 

Simplify ^-^ 7 ^—— +two similar terms. 

{a— b)(a— c) 

Find the value of/> so that x 2 + (p — 3)x— 3p and *3-f8x 2 -F 
17x-f 10 may have a common linear factor. 

Tr 7x 2 -f-x-j-l _ A Bx-\-C r t A n ^ 

If X 3 _! = —[ + J a +Ar +1 » flnd and C. 


OBJECTIVE TYPE ITEMS — V 

Fill up the blanks in the following : 

(i) The process of finding the roots of quantities is called 

(ii) The number of equations required to eliminate three 

unknown quantities is-. 

(iii) An expression is said to be 
terms are of the same degree. 


-when all its 
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(iv) An expression involving-or more-surds 

is called a compound surd. 

(v) The rationalising factor of a binomial quadratic surd 

is its-. 


(vi) In reciprocal expressions, the coefficients of terms 

-from the middle term are equal, without regard 

to signs. 

2. Write C T* or ‘F’ according as the statement is true 
or false, in the space provided in the following cases : 

- (i) If the sum of any three numbers is zero, the 

sum of their cubes is equal to three times their 
product. 

-(ii) A surd may sometimes be expressed as the product 

of a rational quantity and a surd. 

-(iii) Evolution is the process of finding the powers of 

quantities. 

-(iv) A negative quantity cannot have a real square 

root. 

_(v) The square root of a rational quantity cannot 

be partly rational and partly irrational. 

_(vi) An identity is a relation of equality which is true 

for all values of the letters involved. 


3. Put an X in the space provided against the correct 
answer in each of the following. 

(i) If P+9+r = 0 , then £ + “ <=<I ual 


A. 

C. 


—A. 
—C. 


(iii) 


-A. 

C. 


Zero 

1 


6 < 7 r 1 6 rp 

- B. i 


D. i 
1 


(ii) If V 5 = 2 ' 2 > the value of ^75 is 


11 

44 


B. 22 
-D. IT 


If — +x = p and — —x = q , then 


P ' 2 +<7 2 = 2 
p2 = 4 


-B. p*-q 2 =2 
D. p 2 -q 2 =4 
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(iv) 

-A. 

-C. 


The square root of 

±('+;+ 2 ) 

± H +2 ) 



Put a tick (V) against the correct results in the following 


cases. 

-(i) Zc(a — b) =0 

-(ii) Za 2 (b — c) = (a — b) ( b-c){c-a) 

-(hi) Za(b 2 — c 2 ) = -(a-b)(b-c)(c-a) 

-(iv) Z{a-b) 2 =3 (a-b)(b-c){c-a) 

-(v) 2Ja 2 (b — c) = —( a — b)(b — c)(c — a)(abc). 


MISCELLANEOUS QUESTIONS 


(A) 

1. Find the H.C.F. of x 5 —^+8 and * 5 — x 2 + 4. 

2 1 1 

2. (i) 2b = a-\~c and- = - + 5 show that a : b =c : d. 

Cud 

(ii) If <z, 6, c are in continued proportion, prove that 
a 2 ~\-ab : b 2 : : b 2 -\-bc : c 2 . 

3. Resolve into factors : 

(i) a 2 — b 2 -\-ab(b — a). 

(ii) c(a 2 -\-b 2 — c 2 ) + b(c 2 -\-a 2 — b 2 ) +<z(6 2 +c 2 — a 2 ) +6 abc. 


( 


“) ( a +l) S -( 6 +l) S - 


(*+1)2 

4. Simplify - - — -- + two similar terms. 

(x —y) (x —z) 

5. Solve the equations (i) x-\-y = 8, y-\-z = 10, £ +x = 12 

.... x—a x—b x—c 

6+-c+^+^= 3 - 

6. If a == -- ? and b = +£ —, prove that c = ——- 


1-6 


l—c 


1+2 a 
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7. Express 


3at —}— 11 


in the form of 


+ 


B 


(*+ 2 )(* + 3 ) . x-\-2 ' * +3* 

8 . The perimeter of a rectangular field is 72 m. ; find its 
dimensions if it contains 315 sq. m. 

(B) 

1. Find the H.C.F. of * 4 +9*— 20 and 5x*+9x*—64. 

2. If a : b : : b : c, prove that 

(a—b ) 2 (b—c) 2 

(i) a-2b+c = VK 
v 1 a c 

(ii) (a+b+c): (a-b-\-c)=(a-\-b+c) 2 : (a 2 + 6 2 -f c 2 ). 

3. Resolve into factors : 

(i) a 2 b*—a 2 —b 2 + \. 

(ii) x(y 2 — a)—y{x 2 — a). 

(iii) 324* 4 + 1, and hence find out the factors of 3240001. 


4. 


o- i • r bc(x—a) 2 

Sim P 1,f y (a -b) ( ' g ~ ) 


-f- two similar terms. 

, . x— 1 , 2x — 7 0 

5. Solve the equations (i) —^-'- 3 - x 

(ii) V4x+5+V4* —11 = 8 . 

6 . Eliminate h , k and l from the equations : 

h = k a , l =k b , h b l a =yk 2 . 

11 x 4- 5 r- A Bx -f- C 

7. Express (x _ 2)(x + 1 y 2 in the form of^ 

8 . The difference between the length and breadth of a 
rectangle is 18 m. and its area is 448 sq. m. ; find 

(i) its semi-perimeter, 

(ii) its length and breadth. 


(G) 


1. Find the value of: 

4 


(i) 128 T , V81 3 and 2? 

(ii) {(*+&)* + (<*--£)*} * 


1 “ 


4 

s 
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2. Show that (i) 7"—1 is divisible by 6, and 

(ii) 45 9n + , -f-l is divisible by 46, 
if n is a positive integer, 

3. If x : a =y : b — z: c, then 

* 3 | y 3 | _ (x+y+z ) 3 

a 2 ^ b 2 ^ c 2 ( a+b-\-c ) 2 ' 

4. Resolve into factors : 

(i) x 2 — x — 1 332. 

(ii) z(x+y) 2 —y( z +x) 2 . 

5 . Simplify 3 ^ 3_ 2 


6 . 

7. 


V3-V2 * 

Eliminate t from the equations x = t-\ f- y 2 = l 2 — i. 
Find the values of A, B y C in the following identity : 


= -A- + B 


(* — 1) *—2)(x—3) ~ x — \ ~ r * — 2 Jr x — 3‘ 

8. A certain sum was divided equally among a certain 
number of persons; had there been 1 person more, each 
would have received 5 paise less, and had there been 4 persons 
fewer, each would have received 25 paise more; find the sum 
of money and the number of men. 


(D) 

1. ( a ) Find the value ^243 3 and 1296“^. 

(' b) If = = Prove that xyz = 1. 

2. (a) Show that 5 3 * — 4 3 * is always divisible by 61. 

W Divide 2x*+5x 2 -mx+4 by **+2*-1, and find 

^ . , VaIu . e of which the given divisor will be a factor 

ot the given dividend. 

3. Find the H. G. F. of 8** 4-3*4-10 and 1 Ox* 4-3^4-8. 

4 Tf _ ab-\-cd a c 

ab+cd - JThJI. show that - = - 
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Resolved into factors : 

(i) a(a -{-1 )at 2 —}-at— a(a — 1). 

(ii) x 4 +y 4 + \+2x 2 y 2 —2x 2 —2y 2 . 


Simplify 


x 3 -\-6x 2 4-2a —15 
* 3 4 - 5 * 2 — 2x — 10 ’ 


7 Tf * 2 + 3a4-7 _ A B Cx-\-D 

(a- 2 4-a: + 1)(^ + 1) 2 ~a-H-1 ^(x+\) 2 ^x 2 -\-x + V 

the values of A , B y C and D. 

8 . A person bought 13 horses and 9 cows for Rs. 4,185 
and at the same rates 8 horses and 6 cows for Rs. 2,640. 
Find the price of 9 horses and 5 cows. 


(E) 

1. (a) Simplify by the shortest possible method. 

( 5 a —8) 3 — ( 3 a —8) 3 — 6 a( 5 a —8) ( 3 a-—8). 

( b ) Without actual multiplication, work out the 
co-efficient of a 3 in the product of a 4 — 5 a 3 — 2 a 2 -f- 7 a —4 and 

a 2 —3a 4-1. 

2. If —- 1-?— = — —A shew that a 2 -\-b 2 =2c 2 . 

b-\-c c-\-a a-\-b 

3. Resolve into factors : 

(i) a 3 4 64 . 

(ii) (a 4-4’ +z) ( x y 4 -yz A-Zx) —xyz. 

Q2x+1 ^ fix-y "] 2 x + y +2 I5.V 

4. Simplify - 15 *. 2l^r ^- 

x — \ x — 5 a — 2 , A —4 

5. Solve the equations ( 1 ) ^—75 + x _g ~~ x —3 ' a —5 

1 1 3 

(ii) y — x = x ~ y =2 

6. Eliminate a, y y z from y = az, Z = bx, x = cy. 

7 . Find the values of A , B y C in { 2 x — 3 ) 2 =Ax 2 +2Bx —3C. 

8. A railway journey of 240 km would take half an 
hour less if the speed of the train were increased by 2 km 
an hour. Find the speed in km per hour. 
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1 . 


2 . 


3. 

4. 


6 . 


(F) 

(i) If 2s = a-\-b-\-c i show that 

{s-a ) 3 + (s-b) 3 + (s -c) 3 + 3 abc =s 3 . 

(ii) If a x = bv = c z and ac = 6 2 , then - 4 - - = - 

x z 

Extract the square root of: 
x*+4x* + - - 2x--+4. 


y 


if 


V 


X — 1 


express 


1 —a 


in terms of x. 


x + V l4 _ fl 

Resolves into factors : 

(i) * 4 +64. 

(ii) x 2 -j-(a-j-b -\-c)x-\-ab -f- ac. 

5. Simplify 2 - -—-!- 

{a—b)(a—c) (x—a) 

3x—7 

Draw the graph of —— From the graph find the 


value of the function when x = 3*5; also find for what value 
ol x the function becomes equal to 1*1 ? 

7. Determine the values of p , q , r in 

(*“l)(*-2)(*-3) = (x-4)*+p( x -4) 2 +q (*_4)+r. 

8 . A farmer bought an equal number of two kinds of 
sheep one kind @ Rs. 24 each and the other @ Rs. 32 each : 
if he had spent his money equally on the two kinds, he would 

kfnd dfd he buT? ** ^ H ° W man V ° f each 


of a*+$+cl a+A+C= ' 5and ah +™+bc = 71 , find the value 
value = 155 and ab + ac +bc = 143, find the 

A and ead^of' the** L ° f two in,e g ral expressions 

+6; finf’iatdl degreC ’ arC *+ 3 and 


25 
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3. If a : b : : b : c show that , _ . 

(a+b-\-c)(a—<b+c) a 2 -\-b 2 +c 2 . 

4. Resolve into factors : 

(i) 16 a 8 — 1. 

(ii) (5x:+3_>>) 3 — (3 a:+5^) 3 — 8(jc- y) 3 . 


5. Simplify 


a 3 — 1 

x^-i 


X 


-f-3x+2 


+*-2 


*4 + *2 + 1 • 

6. If *— - = A, find the value of a 3 — -5. 

x * 

7. Find the values of A', l, m in 

2 *2_i 1*4-5 = (A*+/)(a — 3 )+ m ( x 2 + 2 x — 5 ). 

8. A number consists of two digits. When the number 
is divided by the sum of its digits, the quotient is 7. dhe 
sum of the reciprocals of the digits is 9 times the reciprocal 
of the product of the digits. Find the number. 


(H) 


1 (< 2 ) For what value of a- will both the expressions 

' ' o o c.. q »-3 zt v 2— v—6 vanish: 


w 

(i) 


x 3— x i—5x—3 and x 3 —4x: 2 —11*—6 vanish? 

To make 9* 4 -12x» + 10 a 2 -3a- 3 a perfect square, 

m what should be added to it, (ii) what should be 
subtracted from it, (iii) what values should be given to * . 

2 The H.C.F. of two expressions is a 2 +3a+ 2 and their 
LCM. is (* 2 + 3*+2)(a— 3)(*+5), one expression is x 3 

4 -8 a 2 +1 7a + 10; find the other. ^ ^ 

3 . (i) If ax =y and by = x, show that y—- + L 

(ii) If “(*^&H*+**n =tb+cd+efy. 

4 . Ux+y+Z = 6 and xy+yz+zx = 9, shew that 

1 ‘ 


- = 0. 

i — a ’ l —y ' 1 —^ 

(*2 X ( X *)> + * X (a 2 ) c a 


Aa XX 46 X£ 4C 


5. Simplify 



MISCELLANEOUS FACTORS 


387 


6. Solve the equations (i) 


+ Vx — 1 


3 

7 


x —Vx —1 
(ii) x 2 —y 2 = 18, x—y = 3. 

7- If/(*) = x 3 —3x 2 +3x —1 find the values of /YO), 
/(1) and/(x + l)-/(x-l). 

8 . A man, who went out for a walk between 5 & 6 a.m. 
& returned between 6 & 7, found that the hands of his 
watch had exactly changed places. When did he go out ? 

[Hint. Suppose he went out at * minutes past 5 and 
returned at y minutes past 6. From these suppositions, 

we get at= 30 + ^ and y = 25+~ J 

(I) 

!• ( a ) Ir at 2 = 1, complete — = —. 

a b 

(4) Fill in the blank in = *2 = x l~t. 

a b 

2- W Find the value ofx 3 +_>r»— ^ 3 +3^ when *=3*461, 
^ = ^*^14, £ = 5*775. 

W Find the continued product of 
* a +x + l, * a —*+l, x 4 —x*+l. 

, T ?\ F o° r 'o h i at Y. alu . e of * wU1 the expression 2x 4 — 7x 3 
+ 1-5* — 9x— 3 be divisible by x 2 —2x-j-3 ? 

a and * +y==a and xy = b > ex P r ess x 4 -f _>> 4 in terms of 
5. Simplify x *4di±L0 ^ 


x 2 —5x+6 x 4 +x 2 + 1 

6. Solve the equation —— ^ 


X- 3 -}-X 2 + X 
2 + 3 


X —1 X—4 X—2 r x-3‘ 

7 ‘ If ^Tb = rr c = V~a prove that *(»+*) +>(4+e) 

+z(c+a) = 0 . 
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(J) 

/*«Y +6 /x b \ b+e A c \ e+ °. 

1. ( a ) Simplify X \^/ X V*°/ 

(6) Show that 7*»+ l + l is exactly divisible by 8 for 
all integral values of n , even or odd. 

2. ( a ) If x = b-\-c— a, y = c+a—ib, z = a \ b ~l\ \ hen 

V x 3 —3xy£ = 4(a 3 +6 :3 +c 3 ~ 3abc). 

(b) Find the continued product of 

( 1 +x) (1 d-x 2 ) (1+x 4 ), without actual multiplication. 

3. Find the L. C. M. of 3a*-ab-2b\ 8«*-276» and 

6 a 2 ——6b 2 . 

4. Resolve into factors (i) — J + 30 * 3 ’ 

(n) a 3 —17* -{-zb. 

2 6 X 16“ 2 X 256 

5 . Simplify -4-9 x £23 * \ 

6. Find the square root of 22 — \2y/2 . 


7. If = 0, show that 

at+ab+b 2 = b 2 +bc+c 2 = c 2 +ac + 

8. Prove that (ad-b+c) 3 fl3 c 

3(a+6)(6+r)(cd-a). 




PART m 

CHAPTER XXV 

QUADRATIC EQUATIONS AND PROBLEMS 


1. Equations involving the square of the variable but 
no higher power are called quadratic equations. 3 a 2 = 12; 
3at 2 5a = 0; x 2 x-j-7 = 0 are all quadratic equations in x. 

The general form of a quadratic equation is 

ax 2 T bx -f -c = 0. 

where a , b and c do not contain x. 

When there is no term in at, as in 3 a 2 —12 = 0, the equation 
is called a pure quadratic. When there is a term in a, as in 

T 0 or x 2 —x — 7 = 0, the equation is called an 

adfected quadratic. 

2. Solution of Pure Quadratic. 

Example 1 : Solve the equation 7 a 2 = 63. 

Sol. Dividing both sides by 7, a 2 = 9. 

Taking the square root of each side, we have a = ±3- 
For when * =, + 3 or - 3, 7x* = 7 ( ± 3)* = 63. 

nf thiV* : ,- rhc V ^l UC j° f * which satisfies the equation is called a root 
of the equation Quadratic equations have two roots. 

which ^appare’n "cfS U “ anSW " 

^ give = + + 3 3 (iV> = - 3 ’ 

and (n) „ (m) _ _« 

Hence x = ± 3 is the same as ± x = ± 3.” 

Example 2: Solve the equation 5(a— 3) 2 = 180. 

Sol. Dividing both sides by 5, we have (*_ 3 ) 2 = 36 

Taking the square root of both sides, we have 

a 3 = -j-6 

i.e. a— 3 = _}_6, 

and a— 3 = —6, 

the two roots are+9 


Example 3 : xSolve the equation — 


x = -}-9 
at = —3. 
and —3. 

! -_+ 1 4 


+* 1 —AT 1 -f-A 2 * 
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Sol. Simplifying the left-hand side, we have 

1— a + 1+a_ 4 

1 — A 2 1 +* 2 

2 _ 4 

° r 1 _*2 1 

Dividing both sides by 2, we have ^ ^ 

1 —a 2 = 1+a 2 ’ 

By cross-multiplication, we get 1 +* 2 = 2 —2a 2 

By transposition, 3a 2 = 1 or a 2 = -j. 

Taking the square root of both sides, a = ±"^ 73 * 


EXERCISE 188 


Solve the following equations : 


1. 

3a* + 7 = 55. 

2. 

3. 

(a—5) 2 = 25. 

4. 

5. 

(a— 2)(a— 5) = 15—7a. 

6. 

7. 

ax 2 a 3 

b ‘ 

8. 

9. 

8a 2 + 11 = 5a 2 + 14. 

10. 

11. 

A 2 +7 a 2 — 15. 

A 2 —5 A 2 —3 

12. 

13. 

* 2 , + 1 2a 2 - x 2 

5 ' 3 

14. 

15. 

1 4- _i— — 1. 

CL ^ 

16. 


10—2a 2 = \x 2 . 

(a + 1) 2 = 2a+5. 

(2a—3)(a —1) = 12 —5a. 

15a 2 —7a 2 = 20 +3a 2 . 


29 —10a 2 = 
4 4 


-3 a + 3 

1 + 1 


1 +A ' 1 -A 


83 —16a 2 . 
_ 1 
“3* 

6 

— 1 +A 2 ' 




3. Solution by Factorisation. 

The solution of adfected quadratic equations depends 

on the principle that if = 0, then either b - 0. 

Example 4: Solve the equation (a+ 2 (a- 3) - U 
Sol. Since the product of two factors (a + 2) and (a 3) 
equal to zero, either x+2 = 0, or a 3 0. 
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If *+2 = 0, x = —2 ; if x—3 = 0, x = 4-3. 

.*. the required roots are—2 and 4-3. 

For when x = —2, we have (— 2 + 2) (— 2—3) = Ox — 5 = 0 
and when x = 3, „ „ (3 + 2)(3-3) = 5x 0 = 0. 


Example 5: Solve the equation 2x-\-5 = 3x 2 . 

Sol. Reducing it to the standard from ax 2 -\-bx-\-c = 0, we 
have by transposition 3x 2 — 2x — 5 = 0. 

Factorising, (* 4 -1) (3*—5) = 0 

whence, x-f-l = 0 or 3x — 5 = 0 

the required roots are —1 and -f£. 


Verification. 

(1) When x = - 1, 

3** — 2x—5 = 3( — l) 2 — 2( - 1) - 5 

= 3 + 2-5 = 0. 

(2) When* =8, 

3x 9 — 2* — 5 = 3($) 2 —2.§ —5 

= ^-^-5 = 0 . 

Example 6 : Solve the equation *— ? = 15^1 — 

Sol. Multiplying both sides by at, we have 

* 2 —9 = 1 5 *_ 45 

By transposition, * a : 2 —15*4-36 =0. 

Factorising, (at- 12)(at— 3) = 0, 

whence a; —12 = 0, or x—3 = 0. 

the required roots are 4-12 and -|- 3 . 


This can be verified by substitution. 


EXERCISE 189. 


Write down the roots of the 

1. (x— 4)(x— 6) = 0. 

3. (*_5)(*4_7) =0. 

5. (l-*)(3-*) =o. 

7. (x—a)(x+b) =0. 

9. (6a: —1) (5a: 4-2) = 0. 

13. (*+4)* = 0. 


following equations : 

2. (*+4)(*+6) = 

4. (*+8)(a:-9) = 

6. (2 -*) (5+*) = 

8. (2x — 3)(3x — 4) = 

10. (ax—b)(bx+c) = 

12. x(x+5) = 0. 

14. (3at— 7) a = 0. 


o o o o o 
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15. 

(3 x+a) 2 = 0. 

16. 

{ax-by = 0. 

17. 

{*-(/>+?) } 2 =0. 18. 

{* — (/>+?)} {* + (/> —?)>=° 

Solve the following 

equations : 


19. 

x 2 — 9x + 14 = 0. 

20. 

x 2 + 10x+24 = 0. 

21. 

x 2 —x —12 = 0. 

22. 

1 4_7*_|_i2* 2 = 0. 

23. 

27-hi 2*+x 2 = 0. 

24. 

5x 2 +4x — 1 = 0. 

25. 

6x 2 +6 = 13x. 

~ 26. 

3x 2 +3 = 10*. 

27. 

x 2 —5x = 36. 

28. 

16x 2 — 159x = 10. 

29. 

8* 2 + 3 = 14*. 

30. 

5(3x 2 —4) =44x. 


, Note : During the process of solving an equation, we are likely to 
divide both sides by an expression containing the variable. By doing so, 
we lose some roots. Suppose it is required to solve 
(x- l)(x-3) = 2x*-9x + 9. 

Dividing by x- 3, x— 1 = 2x — 3 or x = 2. 

But the solutions are 3 and 2. We have lost the other root x = 3. 

Hence, if you remove a factor which contains the variable, equate it to 
zero and get a root. 


4. Method of Completing the Square. 

Quadratic equations which cannot be easily done by the 
method of factorisation can be solved by the method of 
completing the square. 

The method is illustrated in the following examples. 


Example 7: Solve the equation * 2 — 3* = 18. 

Sol. Completing the square by adding to each side the square 
of half the co-efficient of *, we have 

*2_ 3x + (3)2 = 18 + (i) 2 

or (*-!)*=-¥-• 

Taking the square root of both sides, we have 

° (*-« = ±« 9 

. v- 3 I 9 

the required roots are +6, —3. 

Example 8: Solve the equation 6x 2 + 7x — 20 =0. 

Sol. By transposition, 6x 2 + 7x=20. 

Making the co-efficient of x 2 unity by dividing both sides 

by 6, we" have ' 

X - j—ffX — IT* 
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Adding the square of half the co-efficient of x to each 
side, i.e. y ( T 7 ? ) 2 , we have 

**+S* + (t\) 2 = V+(*)* 

(•* +Tu) 2 — 

Taking the square root of both sides, we have 

r 1 7 — 1 23 

* 4 T I — ± T ? 

• • . x — T5±T2- 

Hence the required roots are —§, 

EXERCISE 190 

Solve the following equations by completing the square : 


1. 

x 2_4x = 45. 

2. 

x 2 — 6x—65 = 0. 

3. 

3x 2 T 1 3x = 30. 

4. 

6 a 2 — 13a -f6 = 0. 

5. 

8 x 2 — 14x —9 = 0. 

6. 

15a 2 -1 1a — 12 = 0. 

7. 

5x 2 -2x-3 = 0. 

8. 

4a 2 -48a—25 = 0. 

9. 

3a 2 —5 lx+216 = 0. 

10. 

ax 2 — bx—c = 0 . 


5. Method of Solving by Formula. 

The method of completing the square, when applied to 
the general form ax 2 +bx+c = 0, gives us a well-known 
formula for finding the roots of the quadratic equation, 

ax 2 -{-bx -\-c = 0. 

Dividing the equation by a , we get 

. b c 
x 2 + - x 4- - = 0. 
a a 



2 a 
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This formula should be committed to memory. 

Note: Instead of dividing ax 2 4-bxc = 0 by a and completing the 
square, we can also multiply by 4a, complete the square and obtain the 
result thus: ax 2 + bx-\-c == 0 

Multiply by 4a; 4a 2 x 2 + 4abx= — 4ac 

or 4a 2 x 2j r4abx-\-b 2 = b 2 — 4ac 

or (2 ax+b) 2 = b 2 — 4ac 

2 ax+b = ± \ b 2 —4ac 

or 2 ax = —b± 'b 2 —4ac 

„ _ — b± b 2 — 4ac 

• • ^ - ■ _ ■ 

' 2a 

Example 9: Solve the equation 5x 2 — 31 x 4-30 = 0 by the 
formula. 

Sol. If the given equation is put in the general form 

ax 2 -\-bx-\-c = 0, then a = 4-3, b = —31, c = 30, and 


-b±Vb* 

-4<zr 3l±V(— 31)'—4. 5. 30 

X 2a 


2.5 

3\±V96\ 

—600 

31±v/361 

10 

314:19 

10 

«. r 

10 

EXERCISE 

191 

Solve the following equations 

by the formula: 

1. 3x 2 —5x—2=0. 

2. 

3x 2 —2x — 1 = 0. 

3. 3x 2 — 7x 4-2=0. 

4. 

12x 2 — 17x4-6 = 0. 

C 

5. 4x 2 -65x4-126 = 0. 

6. 

10x4-11 = -• 

X 

7 ' 5-* + 8-* 3 ' 

8. 

7x 2 4-17x4-6 = 0. 

9. 5x 2 —23x4-12=0. 

10. 

15x 2 4-2/>x — 8p 2 = 0. 

11. x 2 -\-px = 2(x4-/>). 

12. 

pq{x 2 — i) = (P 2 —q 2 ) x - 


6. PROBLEMS INVOLVING QUADRATIC EQUATIONS 

Since a quadratic equation has always two roots, the 
p-oblems involving quadratic equations give us two different 
solutions. The student has to verify to see which of the two 
roots satisfies the particular problem. 
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Generally one of the two solutions will satisfy the given 
problem and the other solution will satisfy a similar problem, 
if properly interpreted. ' 


Example 10: Find two consecutive even numbers such that 
the sum of their squares is 100. 

Sol. Let * and a: + 2 be the two consecutive even numbers. 

* 2 + (*+ 2) 2 = 100 
* 2 +* 2 +4*+4 = 100 
2* 2 +4*—96 = 0 
* 2 +2* — 48 = 0 
(* + 8 )(*- 6 ) = 0 

Hence the roots are —8 and +6. 


V erification . 

(1) When x = -8, x+2 = -6 and (-8*) + (- 6) 2 = 100. 

(2) When x = + 6, x+2 = +8 and ( + 6)*+ ( + 8)* = 100. 

Example 11 : The perimeter of a rectangle is 54 metres 
and its area is 180 sq. metres. Find its length and breadth. 

Sol. Since the perimeter = 54 metres 

its semi-perimeter = 27 metres 

Let the length be x metres 

the breadth = (27— at) metres, 
and the area = *(27— x) sq. metres 

*(27 —*) = 180 
or * 2 —27* +180 = 0 

(* — 15) (* —12) = 0 

* = 15 or 12. 

The length and the breadth are 15m and 12m. 

. Verification: 

= 15x 12^ C 180 the 1Cngth * S I5> breadth = 27 - 15 = 12 and the area 
= 12x 15^?80 the 1Cngth * 12> breadth = 27 — 12 = 15 and the area 

Example 12!: AB is a straight line whose length is a units. 
Find a point P in it such that AB.PB = AP 2 . 
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Sol. Let AP = x units, then PB = (a—x) units. 


P A P B 

AB.PB = AP 2 

a(a—x) = x 2 
or x 2 -\-ax — a 2 = 0 

—a i y/a 2 + 4a 2 — g ( — I =fc -y/5) 

x = 2 2 — 2 

.Hence the two roots are J(V5—l)a and —i(‘'/5 + l) g * 

The positive value of x corresponds to the point P of 

internal division. _ f 

The negative value of x corresponds to the point P ot 

external division. 


1. Find a number which is equal to three times its square. 

2. The sum of a number and its reciprocal is t®. 

Find it. _ , 

3. The sum of the squares of two consecutive numbers 

is 365. Find them. 

4. The product of two consecutive even numbers exceeds 

their* sum by 142. Find them. _ 

5. The sum of the squares of two consecutive odd num¬ 
bers *is 290. Find them. J _ . . , 

6. Two numbers differ by 7 and their reciprocals ditter 


bv ttV Find them. , . 

Y 7 The area of a rectangle is 255 sq. metres. If its length 

be diminished by 1 metre and breadth increased by 1 metre, 

it becomes a square. Find its dimensions. 

8. A straight line AB is a units in length, find a point 

P in it such that /"\ a d 2 o p /?2 

m AP 2 = 2 AB. PB. (li) AP 2 = 2 PB . 

(iii AP. PB =3 PB 2 . (iv) 2 AP. PB = (i AB) . 

9. The area of a rectangle is 240 sq. metres and its 

Hiacronal is 26 metres. Find its sides. . , 

10 The area of a right-angled triangle is 240 sq. cm. and 

itc hvnotenuse is 34 cm. Find its sides. 

11 YP The area of a rectangle is equal to the area of a square 

whose side is 12 metres longer than the breadth of the rectang e. 
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If the length of the rectangle be increased by 25 metres and 
the breadth diminished by 6 metres, its area remains unaltered. 
Find its dimensions. 

12. A lawn is of rectangular shape. Its length is 24 metres 
and breadth 16 metres. A path of uniform width whose area is 
equal to that of the lawn, goes round it. Find the width of 
the path. 

13. The hypotenuse of a right-angled triangle is less than 
the sum of the other sides by 8 cm and its area is 120 sq. cm. 
Find its sides. 

14. A cyclist rode 132 km. in a number of hours which 
was less by 1 than the number of km he rode per hour. 
Find the number of hours he rode. 

15. A cyclist rode 75 km. at a uniform rate. If he had 
gone 3 km. per hour slower, he would have taken one hour 
and 15 minutes more. What was his rate ? 

16. If a cyclist had gone 3 km. per hour faster, he would 
have taken 1 hour and 20 minutes less to ride 80 km. 
What time did he take ? 

17. The circumference of one wheel is 1 metre more than 
that of another. If the larger wheel makes 250 revolutions 
less in 1.5 km. than the smaller, find the circumference of each 
wheel. 

18. The front wheel of a carriage makes 60 revolutions 
more than the hind wheel in going 1,080 m. If the circum¬ 
ference of the front wheel be increased by 2 m., it will make 
15 revolutions more than the hind wheel. Find the circum¬ 
ference of each wheel. 

19. The length, breadth and height of a rectangular room 
are in the ratio of 8 :6 :5 : ; if each of the dimensions be 
increased by a metre, the area of its four walls would be 
1,408 sq. metres. Find the dimensions of the room. 

20. A battalion of soldiers is formed into a solid square. 
If the number of soldiers be reduced by 16, it can be formed 
into a hollow square 6 deep, having in the front 16 soldiers 
more than before. What is the number of soldiers ? 

21. By selling a fan for Rs. 144, a person gained as much 
per cent as it cost him. What was the cost ? 

22. By auctioning a car for Rs. 2,100, a person lost as 
much per cent as it had cost him. Find the cost price. 


CHAPTER XXVI 

IMAGINARY QUANTITIES 


The need for an imaginary quantity : In Algebra we 
started with the concept of positive integer and the four 
fundamental operations denoted by —, X and H-. Little 

by little, fraction, involution, evolution and irrational numbers 
came to be introduced. 

In like manner, subtraction of one positive integer from a 
smaller positive integer led to the adoption of negative integers. 
Having accepted the negative integers, we were led to apply 
to them all the fundamental rules. When we could raise a 
negative quantity to any power, we should also be able to 
apply the rules of evolution to negative numbers. This 
necessitates the introduction of imaginary quantities. 

What is an imaginary quantity ? The root of a posi¬ 
tive quantity is either positive or negative. The cube r° 0 f’ 
fifth root etc. of a negative quantity are negative. But it is 
impossible to find the square root, the fourth root of a negative 
number; for, any number when raised to an even power 
becomes positive. The square root of a negative number 

is impossible. , . 

We come across such numbers in the solution of quadiatic 

equations. For example, the roots of x*+2x + J 0 are 

_l-fV^6 and -1—v/^6. We cannot think of any 

quantity which when multiplied by itself S ives —6 ; Su ^ £ 
quantity like V =6 is called an Imaginary Quantity. It 

opposed to real. 

However, we have to interpret it. So, we shall assign 
it a meaning consistent with all the fundamental laws proved 
for other numbers; and assume that imaginary quantitie 
obey the rules of algebra quite like any real quantity. 

Accordingly, V—6 is a quantity which when multiphe 

by itself gives —6. _ —- . 

How to express: Since y/ X y =Vx X Vy, V—6 ca 

expressed as V6~X V=T. fact ’ thc sc l uarC 1 ™ot of any 

negative quantity can be expressed as the product ol \ — 1 
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and the root of the corresponding positive quantity, y/ —a 
= VFx The single expression appears to be 

sufficient to denote all imaginary quantities. 

By yj _ \ is meant an expression which , when multiplied by itself ’ 

produces — 1. 

yj _ 1 is indicated by the symbol i. 


Powers of i : 


( 0 *= - 1 ; (*)*= ( 0 * X *— —! xi=- 

(0 4 =(* 8 ) 2 =(-l) 2 = +1; (i) # =(*) 4 xi= + lxt= + 

(t) 6 =( l )4 X ( l -)2 = IX _ 1= _ 1; (£)»=(,•)•><,•= - i x i=- 

(*) 8 = (*) 4 X (*)4= 1 xl= +1; (i)»=(i)«xi= +1 xj= + 


This cycle repeats itself and the powers of i can give only 
4 values ±1 and + *'. 


V —a x V —b = V a xV — 1 xV b xV — 1 = V ab x — 1 

_ _ _ _ = —V ab 

V —a x Jb = VaxV — \ xVb = Vab xi = iVab. 

Complex Quantity. An expression of the form x + -yi 
where x and y are real is called a complex quantity. 

(a) A real quantity cannot be equal to an imaginary 

quantity, unless both are zero. 

(b) If a+bi = 0, then a = 0 and 6=0. 

(c) If a-\-bi = c~\~di y then a = c and b = d. 

If 2 complex quantities are equal, their real parts and 

their imaginary parts are separately equal. 

6 

Elementary operations using f. 

Example 1: If A = 5 + 7t'and B = 3-5i, find 

(i) A+B (ii) A-B (iii) AxB. 

Sol. (i) A+B = 5+7i-l-3—5i = 8+2i 

(ii) A— B = 5+7i —3+5i = 2 f 12£ 

(iii) AxB = (5+7i)(3—5i) 

= 15 —25* + 21 i —35i a 
= 15— 4i — 35( — 1) 

= 15—42+35 = 50—4i. 


V 




400 


ALGEBRA FOR HIGHER SECONDARY SCHOOLS 

Example 2 s Simplify (Q(2 + 3i) (2 3 i). 

(ii) (3 — V— 5)(3 + V — 5). (iii) {a + bi)(a—bi). 

Sol. Using the formula {p-\-q){p~ q) = P 2 ~ we have 

(i) (2+3z)(2—3i) = 4— 9(i ) 2 = 4— 9( — 1) =4+9= 13. 

(ii) (3 — V := 5)(3-\-V = 5) = (3—V5 i) (3 + V 5 0 + = 2 

(iii) {a+bi)(a—bi) = a*-b*i* = a*-b\- 1 ) = * 2 +* 2 - 

Example 3 : Simplify making the denominator real. 

. . 5 + 7 i (5+7i)(3+5i) 

So1 - 3 IT5I - (3 —5i) (3 +5i) 

15 +25: +21:'+35: s 

9 —25:' 2 
15+46:—35 
= 9"+25 

—20+46: —10+23: 

=-34 17 ' 





vfultiply : 


Simplify ■ 


(«) 

(b) 

(0 

(«) 

(0 

w 


(3+2:) (2+3:). _ 

(5 + V r —3) (2 + V —5). 
(5-3:)(5+3i). 

(5 +8:) 2 (*) 

(p—qi)*- W 

(5 —Vl) 2 - (/) 


vlake the denominator real: 

4 +V—3 
4—V—-3 


» 


(*> 


2 +5 V—-3 
Express in the form a+i:: 

(2 + V'5) a (ii) 


» 


2 —V—5 


(4-70 2 

(3 + V—5) 2 . 

(c + V^3) 2 . 


w 


(1 + V—5) 


(1+V-l) 

(l+v^T) 


4 . 
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{a) Show that 
(b) Simplify : 

(a) Simplify: 

( b ) Divide : 


1 


( 1 - 0 * 

1 

( 1 - 0 2 


+ 


1 


O+O 2 

1 

O-O 2 


= o 


P+9* . p—qi 

p—qi p+qi 
a +bi a—bi 

• by 


a—bi 


a—bi 



CHAPTER XXVII 


THEORY OF QUADRATIC EQUATIONS 

Some important properties relating to the roots and co¬ 
efficients of quadratic equations will be discussed in this 

chapter. 

1. Roots of a Quadratic Equation. 

Just as a linear equation in one unknown quantity has 
always only one root, a quadratic equation in one unknown can 

have two and only two roots. 

Every quadratic equation in x can, after suitable reduction, 
be put in the standard form viz. ax 2 -f- b x -f -c = 0 

Transposing, ax 4-0* —c^ 

Dividing by a , ** + -* — — 

The left hand side can be made a perfect square by adding 
the square of half the coefficient ofx. 

Adding KT to both sides, we have 


x 2 +- -v + 
a 


or* 2 +2 


[a* - Ki¬ 
na +pT -— 




2<zJ 4a 2 

b *~1 2 b 2 —4ac 

Taj ” 4 a 2 

__ VbJ 


b_ 

2a 


Aac 


2 a 


or 


x 


= ~Ta ± 


Vb 2 —4ac 


2 a 


The roots of the equation are_ 

-b + and -b-y/b'-4oc 

2 a 


2 a 
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Therefore, the value of * must be one or the other of these 
two quantities. 

The fact that a quadratic equation cannot have more than 
two different roots is sometimes proved in the following way. 

If possible, let the quadratic equation ax 2 + bx+c = 0 have 
three different roots, <, £ and y. 

Since each of these values must satisfy the equation, we have 


(0 
(») 
m 


(w) 


a° t 2 -r b< -f- c = 0 
a& 2 + bfi + c =0 
ay 2 + by + c = 0 
Subtracting (ii) from (i), we have 

a(-cf-/8*)H -b(<-p) = 0 

Dividing by < — p t which is not zero, 

-\-b = 0 

Similarly from (ff) and (Hi) , we have 

a (P-\~y)+b = 0 

Subtracting (z;) from (zz>), we get 
a(<—y) = 0 

^^mce^the equation is quadratic, a is not zero; therefore 

. Tflls means that two of the three roots are identical, which 
is contrary to supposition. 

a quadratic equation cannot have more than 
two diltereiit roots. 

oA SuldmtTc Equarion. the R °° tS “ d 

b y L < e and e ^ot r h 0 at tS0fthe ^ Uadratic e ^ at ion be represented 

< = — ' + Vb *- 4 ac and p = -b~Vb^7c 


2a 


Then, by addition, 


2 a 


(i) cc+0 = —b + \/b 2 —4ac —b — ^/b 2 —4g C 


2a 


2 a 


— ~ b ~T- \/b 2 ~^ac—b~^/b 2 —Aac 

2a 

= b 

2 a = ~ “ 
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(«) * P 



—b — \/b 2 — 4ag \ 


and by multiplication 

_ / — b + 's/b 2 4ac ___ 

( _6) 2 — (fc 2 —4ac) __ fr 2 — 6 2 -|-4flc 
= 4a 2 _ 4a 2 

4ac __ c 


0 


4a 2 « 

b , n C 

Hence *+£ = —- and °t p — — 

Note: If the equation <z* 2 + 6x+c = 0 is written as ** + a 

fwith the coefficient of x z = 1], then „ . , P v 

/;\ cnm of the roots = —coefficient oi x. 

(ii) Ae product of the roots = the constant term or term without x. 

EXERCISE 194 

1. Find the sum and the product of the roots of each of the 

following equations^: *a_13*+7 = 0 

, W * 12 = 0. (i») —3x 2 +7x—9 = 0 

2. " Write down (a) the sum, (6) the product of the roots 

of the following equations : __ k4 _j x 

, ®, n CM rf-T-t 

3. “ if., f be the root, of *■-/«+« - »■ P'°« th *' 

(*.-/3) 2 =/> 2 -4? 

q Mature of the Roots. 

The^oots of the quadratic equation ax*+bx+c = 0 are_ 

_ bJrS /b 2 —$ac , r __ —b — Vb*—4:ac 
ct-\-P where °c = ~^a ^ ^ 2a 

where *, 6, * are real and rational q-mities^ ^e nature 

$£ L poSttvo or 

Ua + Sn before itfn fne case and - sign in another case, 
the roots are real and unequal. 
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(a) Besides being positive, if b 2 —4 ac is a perfect square , 
then the roots are real, unequal and rational. 

( b ) If b 2 —4 ac is positive but not a perfect square , then a 

rational value of V b 2 — Aac cannot be found. Hence 
the roots are real, unequal and irrational. 

(ii) If b 2 —4 ac is zero, then V b 2 —4 ac is also zero. Hence 
the roots of the equation are real and equal. 

(iii) If b° —4 ac is negative , the expression V b 2 —4 ac has an 
imaginary value, as the square root of a negative quantity 
is _i m P oss ible. So, the roots of the equation are imaginary. 

lI? 

Y *>Since the nature of the roots depends upon the value of b 2 -4ac, this 
quantity is called the discriminant of the quadratic equation ax* + bx-\-c = 0 

Example 1 : Examine the nature of the roots of the equation 
3x 2 -\-\3x —2 == 0. 

Sol. The given equation is 3a: 2 4-13* — 2 = 0. 

Here a = 3, b = 13, c = —2. 

Discriminant = b 2 — 4ac = 13 a -4(3)(— 2) = 193, which is 
positive, but not a perfect square. 

. Hence the roots of the equation are real, unequal and 
irrational. 

e 2 : Find the values of m , so that the roots of the 
equation (4 tt2)Ar 2 -f-2(ra-|-2).v-f- (8m -f- 1) = 0 may be equal. 
Sol. The given equation is 

(4 — m)x 2 (2m -{-4)* + (8m -j-1) == 0 
Here a =4— m, 6 = 2(m+2), c = 8m+ 1 

Since the roots of the equation are equal, b 2 — 4ac = 0. 

i.e. 2 2 (m+2) 2 —4(4—m) (8m + 1) =0 
or m 2 +4m+4 —(32m —8m 2 + 4-m) =0 

or 9m 2 —27m =0 or 9m(m —3) =0 m = 0 or 3. 


EXERCISE 195 


1* Examine the nature of the 

(i) 2a: 2 -f3 a:+5 = 0 
(iii) 3x 2 + 7a: +2 = 0 

(v) 2 a: 2 4 -(2+3m) a:- f-3m = 0. 


roots of the equations : 

(ii) 3x 2 —5x—2 = 0 

(iv) lx 2 = 10a:—3 


406 ALGEBRA FOR HIGHER SECONDARY SCHOOLS 


2. Show that the roots of (x — a)(x — b) = b 2 are always 
real. 

3. Prove that the equation x 2 —2x (m + m -1 ) -f- 3 =0 
has real roots for all real values of m. 

4. Find the condition that the roots of the equation 
x 2 —2 px-\-p 2 — q 2 -\-r 2 = 0 may be real. 

5. For what values of m are the roots of the equation mx 2 -\- 
(m + 3) x+4 = 0, equal? 

6. If x 2 —15— m (2x — 8) =0 has equal roots, find the 
values of m. 

7. For what value of m , will the quadratic equation 
(1 +m)x 2 — 2(1 +3m)x + (l -}-8m) =0 have equal roots? Also 
find the roots of the given equation for the values of m thus 
obtained. 


4. Value of Symmetric Expressions containing the 
Roots. 

Consider the following expressions involving and p. 


(iv) <*+</5+i8 a 

<-> S+! 


< 2 +P 


(ii) 

(v) 

. cc 2 B 2 

(vii) j +\ 


(hi) oc3+£ 


In each case interchange <t and P and compare the new 
form with the original one. 

Are they different ? No, they are the same. 

Such expressions which remain unaltered by interchanging 
«. and /3, are said to be symmetric in *. and p. 

Now we shall find the values of symmetric functions of the 
roots of quadratic equations in terms of the co-efficients of 

the equations. 

Since we directly find the values of < +P and «t£, every 
symmetric function must be expressed in terms of * r P ajid 
cep. For this purpose, the following results are very useful. 

(i) * 2 +£ 2 = (*-W3) 2 -2cc£ 

(ii) {<-p) 2 = (<+£) 2 4°cp. 

(iii) «3-}-£ 3 = {«.+p) 3 — 3<P(«.-\-P) 


(iv) 


4 +j8 4 = {(ct+0) 2 -2oc£} 2 -2 {<P)*. 
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Example 3 : If p are the roots of the equation 2x a -f- 3x — 7 
= 0, find the value of 

P < 

Sol. Given equation is: 2* 2 -f-3x — 7 = 0. 

If oc, p are the roots of the equation, then <t-f p = — 

and <B = — 

Now £+£ = 

P * «- P 

_ (<+P) 2 —2«-P _ (_ 3 ) 2 _ 2 (_ 7 ) 

<P —Z 


_ T 


9 4-7 37 2 37 


7 

V 


4 X 7 14 


= —2 


14 


EXERCISE 196. 

1. If <<. and p are the roots of the equation x 2 —2x + 3 = 0, 
find the values of 

(0 *- 2 +/3 2 (ii) < 2 j9+£ 2 *. (hi) 


(iv) < 3 /3+/3 3 «t 


** P /..rx %/*- ._y^ 


(v) 


/s 


2. If cc, p are the roots of the equation x 2 +*4-1 =0 
find the value of < 2 +P 2 . 

3. If oc and p are the roots of the equation 
3* —5x-f-7 = 0, find the value of (<— p)-. 

i 4 ’ V f a £ d ^ bc the roots of * 2 ~3* + 6 = 0, find the 

value of et 3 —1-/3 3 . 

c j 5 \ If ^ are the roots of the equation a: 2 —5x4-6 = 0 
find the value of p. ’ 

fin/'the 1 laTuef rf ^ r ° 0tS ° f the eqUation = 0, 


w i + ir 




w A + 1 


82 


CO | CM 
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7. Find the values of the following expressions, if <t and 
p are the roots of the equation ax 2 -\-bx -\-c = 0. 

(i) (* + 1 ) 03 + 1 ) (ii) «*P+<P* (hi) * 2 -<c£+jS 2 . 

<»>?+; <*>(?-!)’ < vl > i+ 

8. If *, ft be the roots of ax 3 -\-bx-\-c = 0, find the 
1 1 


value of 




5. To frame the quadratic equation whose roots are 
are given. 

Let, * and ft be the given roots and let ax 2 +bx-\-c =0 
be the required equation, where a , b and c have to be deter¬ 
mined. 

The equation can be written as 

x *+(^) x+ 1 =0 or = '°‘ 
Since * and ft are supposed to be the roots of this equation, 

<+£ =- and 

b j c 

By substituting these values of —— and —, 


we have x 2 — («c+£)* + (<£) —0- 

The required equation is n 

— (sum of the roots) x + (product of the roots) — 0. 

Example 4: Find the quadratic equation whose roots are 


—5 and 8. 

Sol. Given roots are —5 and 8 

Sum of the roots = —5+8 — ^ 

and product of the roots = (—5)(8) — — 

Formula is : x 2 — (sum of the roots)* + (product 


of the roots) 


The required equation is x 2 — 3x— 40 — 0. 

* Sometimes the given roots are not independent, but 1 1 y 
are expressed in terms of the roots of another equation. Here 
also we find the sum and product of the pew roots. But 
the sum and product must be expressed in terms of the 
co-efficients of the given equation. 
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Example 5: \i and x 2 are the roots of the equation 
px 2 -\-qx-\-r = 0, form an equation whose roots are (x t +*i) 2 
and (xj—x 2 ) 2 . 

If x t and x 2 are the roots of the equation, then x t -f-x 2 
= —~ and x x x 2 =^. 

Now we have to form an equation whose roots are (x t -fx 2 ) 2 
and (Xj — x 2 ) 2 . 

sum of the new roots = (x x +x 2 ) 2 + (x 1 —x 2 ) 2 

= (*i +**) 2 -H*i -\-x 2 ) 2 — 4x,x 2 
= 2(xj -fx 2 ) 2 -4 xjX 2 



2q 2 4 r 
p 2 p 


_ 2q 2 —Apr _ 2(q 2 —2pr) 

- P 2 ~ p2 

and product of the roots = (x, +x 2 ) 2 (*i — x 2 ) 2 

= (x, 4 -x 0 ) 2 {(x 1 +x 2 ) 2 —4xjX 2 } 

- 

= = g 2 (g 2 —4/>r) 

P 2 \P 2 p) P 4 

Therefore the required equation is 

2 2 fa*—2 fir) . q 2 {q 2 —4pr) _ 0 

P 2 + P* 

or p*x 2 —2p 2 (q 2 —2pr)x -\-q 2 (q 2 —4pr) = 0. 


EXERCISE 197. 

1. Form the equation whose roots are 

(i) 5 and 11 (ii) —7 and 16 (iii) 3 a and lb. 

(iv) m-\-n and m — n (v) 2+^3 and 2-^3. 

( vi ) 4 and q ~ (vii) and 

q P p—q p+q 

2. If ■<,£ be the roots of the equation x 2 —2x+3 = 0, 

form the equation whose roots are respectively, * 

(a) 3*t, 3/5 (6) < £ (e) < + 1> /j + i. 
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3. If ot and are the roots of the equation ax 2 -\-bx-\-c = 0, 
find the equations whose roots are 

(i) I, J (H) * 2 , fi 2 (Hi) 1 1 

(iv) <+1, p+\ (v) 1_ * 


«■ + {!' 
1 -/? 




cc ' ' l+-c’ l+£* 

4. Form the equation whose roots are respectively greater 
than the roots of the equation 2x 2 —3x-}-5 = 0, by 2. 


Hint. If oc be a root of 2x % — 3x+5 = 0. then 2cc a — 3ec + 5 = 0. 

Let y be a root of the required equation. 

y— oc + 2 or ®c = y — 2 
.*. 2{y — 2) 2 — 3 (y — 2)-|-5 = 0. 

6 . To find the condition that the roots of a quadratic 
equation be connected by a given relation other than 
their sum and the product. 

If oc and (3 are the roots of the given equation, we will be 
having three relations now, (i) <-\-f3 (ii) and (iii) the new 
relation quoted in the question. By eliminating and 
from these three relations, the required condition can be 
obtained. 

Example 6 s One root of the equation ax 2 f-bx-\-c =0 
is half of the other. Show that 2 b 2 = 9 ac. 

Sol. If and f3 are the roots of the equation ax 2 -\-bx -\-c = 0, 

then =-and = - 

r a a 

Also, i,e, °t = 2/?. 

Putting 2/2 for * in the above relations, 

we get 2£-}-£ = —~ or = — - ••• (0 

and 2/3 X /3 = ^ or 2fP = ~ (“) 

Squaring (i) and then dividing it by (ii), 

H 98 2 b 2 a 9 b 2 

we have 2 ^ = - 2 X- or ^ 

i.e. 2 b 2 — 9ac 

which is the required condition. 
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1. Find the condition that the roots of the equation 
px 2 f-qx-\-r =0 may be the reciprocal of each other. 

2. If the roots of x 2 — bx-\-c = 0 arc two consecutive 
integers, prove that b 2 —4c = 1. 

3. If one root of px 2 A-qx-\-r = 0 be double the other, 
prove that 2 q 2 = 9 pr. 

4. Find the condition that one root of the equation 
ax 2 -\-bx-\-c = 0 may be (i) three times (ii) four times (iii) k 
times the other. 

5. If the roots of the equation lx 2 -\-nx-\-n = 0 be in the 
ratio p : q y show that 

Vf + \/J +VT- o. 

Hint: If cc, f3, be the roots of the equation , = -y/ Ji_ and \/ JL = \/ < L- 

& q p 

6. Find the condition that one root of the equation 
ax 2 -\-bx-\-c = 0 may be the square of the other. 

Hint: «c + cc 2 = — - and <c s = — 

a a 

Cube both the sides of the first relation and use the aboi e results. 


Example 7 : Show that the roots of 

(* b)(x c') -f -(at c) (x —<*)+(.*—<i)(a'— b) =0 are real, and 
that they cannot be equal unless a = b — c. 

Sol. The given equation is 

(x—b)(x—c)+(x—c)(x—a)+(x—a)(x—b) = 0 

° r 3 a 2 — 2(a+b+c)x-\-{ab-{-bc+ca) = 0 

Comparing it with Ax 2 - Bx-\-C = 0 

d.. = . B = —2{a-\-b-\-c), C = ab -\-bc -fca 

Discriminant = B 2 —4AC 

= 4(a-\-b A-c) 2 — 4 x 3 x (ab -\-bc -\-ca) 

= 4(a 2 -\-b 2 -\-c 2 —ab—bc—ca) 

= 2 (2a 2 -i r 2b 2 -\-2c 2 — 2ab — 2bc — 2ca) 

= 2[(a-b) 2 + (b-c) 2 + (c-a) 2 ] 

r>oSl S p be M S sum , of the squares of real quantities is always 
positive. Hence the roots are real. y 


A= 3, B 
Discriminant 
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The roots of the given equation will be equal, if its 
discriminant is zero. i.e. if ( a — b) 2 -\-{b — c) 2 -\-(c a) 2 = 0. 

This is possible only when 
(a—b) 2 = 0, ( b—c ) 2 = 0 and (c—a) 2 = 0. 
i.e. a—b = 0, b—c — 0, c a =0. 

i.e. a = b, b = c % c = a i.e. a = b = c 


EXERCISE 199. 

1. One root of x 2 -\-ax+8 = 0 is 4, while the equation 
x 2 -\-ax-\-b = 0 has equal roots. Find b. 

2. The roots of the equation 
ax 2 +S{b—a)x-\-4(4a— 8b+c) = 0 are 4—2 p and 4-2^. 

Find the equation whose roots are p and q. 

3. If the roots of ax 2 -\-x + b =0 be real, show that the 

roots of-- = 4v/ ab are imaginary. 

x _ . . 

4. Find the condition that the roots of the equation 

ax*+bx+c = 0 may be in the ratio 3:4. 

5. If p , q are the roots of the^equation * 2 — ax+b = U, 

find the value of {p— a) -4 +(<]— a ) 4 - 

Hints p+g = then p — a— —q and q — a = —/». 



CHAPTER XXVIII 

ARITHMETICAL PROGRESSION 


1. Series. 

Consider the following sets of real numbers : 


7, 10, 13, 16, 

... (i> 

iii i 

Tfj ST> 

■■■ (ii) 

38, 31, 24, 17, 

... (iii) 

iiii 

T5> T’ 

... (iv) 

2, 9, 13, 26, V-, ••• 

... (V) 

3x, 3x 3 , 3x 5 , 3* 7 , 

... (vi) 

16, 13, 10, 7, 

... (vii) 


In (i), each number is obtained by adding 3 to the preceding 
number. In (ii), each fraction is obtained by multiplying 
the preceding fraction by ■$>. In (iii), each number is less than 
the preceding one by 7. In (iv), reciprocal of each fraction 
exceeds the reciprocal of the preceding one by 2. Numbers 
in (v) do not follow any definite law. In (vi), each number 
is x 2 times the preceding one. In (vii), each number is less 
than the preceding one by 3. 

Thus we observe that all the groups except (v), follow a 
certain definite law; hence these groups are sequences. 

Any set of numbers obeying a definite particular law is called a 
sequence. Each number of a sequence is called a term 
and thus we have the first term, the second term, the third 
term and so on. In sequence (iv), the first term is the second 
term is 

In sequence (vi), the 3rd term is 3x 5 and 4th term is 3* 7 . 

Note : The sequences (i) and (vii) consist of the same set of numbers, 
but they are two different sequences—as they obey different laws of formation. 

When the terms of a sequence are connected together by 
plus or minus signs, they are said to form a series. 

The above sequences can be written as series thus : 

7 + 10 + 13 + 16-b. ; 3x+3x*+3x*+3xi. 
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A series which contains a limited number of terms is called 
a finite series. Every finite sequence or series has a last 
term. 

A series which contains an unlimited number of terms 
is called an infinite series. Thus every infinite sequence or 
series is endless. 

2. Arithmetical Progression. 

In sequence (i), successive terms increase by a constant 
quantity 3. But in sequence (iii), successive terms decrease 
by a constant quantity 7. Thus the difference between any 
two consecutive terms of each sequence is the same throughout. 
Such sequences are called arithmetical progressions. 

A sequence is said, to be an arithmetical progression if the 
difference between any term and its preceding term is the same throughout. 
This difference is called the common difference of the 
arithmetical progression. 

In sequence (£), common difference is (10 — 7) = (16 — 
13 ) = 3. 

In sequence (Hi), common difference = 31 —38 = —7. 

An arithmetical progression is briefly written as A. P. and 
the common difference is denoted generally by ‘ d\ 

Note : In an A.P., any term is obtained by adding the common 
difference to its preceding term. The common difference is obtained by 
subtracting any term from its next term. 


1. Against each of the following sets, write A if the set 
is a sequence, B if the set is a series, or G if the set is neither 
a sequence nor a series. 

(i) 7 m —2 n f 6m —5 n, 5m —8 n. 

(a) ( 1 -,r)+( 1 ^) + ( 1 ~0 + . 

(iii) 18, 36, 9, y 3. 

(iv) L+I + L+i + 1. 

w 7 ^10 13^16^19 

(v) 3* 2 , 5*2, 7*2, 9*2. 
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2. Which of the following sequences are in A.P.? Find 
the common difference in the case of an A. P. 

(a) 13, 7, 1, -5, -11,. 

2 />+ 2 «7 P 

(i) —f—' 7 " •’ r . 

(c) 22, 222, 2222,. 

W 1.7, 2.3, 3.9,. 

, % 2a z — 1 4<z 2 — 3 6a 2 —5 


3. General Term. 


The standardform of an A. P. is a , a -\-d, a -f 2 d, a -f- 3d ,.. 
where a is the first term and d the common difference. 

Now 1st term = a = a -f- ( 1 —\)d 

2 nd term = a-\-d = a-\-(2 — 1 )d 

3rd term = a +2d = a-f(3 —1)</ 

4th term = a + 3d , = a-f(4 —1 )d 


We observe that (i) each term contains V and V’, («) the 
coefficient of ‘a’ is unity in all terms and (iii) coefficient of 
i d’ > in each term is one less than the number of the term. 

Hence n th term = a-\-{n — \)d. 

This n th term is called the general term of the A. P. 
By putting n = 1, 2, 3, etc. in the general term successively 
the 1st, 2nd, 3rd,.terms are obtained. 


, Tfi e 1st, 2nd, 3rd,. . n th terms are respectively 

denoted by T. , 7%, 7",. T or t t t t 

If l be the last term of an A. P., then 

1 = n th term = <z + (« — \)d. 

1 ^ el: If the nth term of an A.P. is 3n— 2, find the 
series. * 


Sol. Given: t n = 3n—2. 


Putting « = 1 , 2 , 3 , . etc., we get t t 

^3 — 7, t 4 = 10 etc. 

The series is 1 +44-7 +10+. 
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Sol. The A. P. is (/>+?), 2 />, (3 p—q), (4p—2q), ... 
and the 14th term is required. 

By formula T n .= <z + (n— 1 )d 

Here a = p +q ; d = 2p — {p -\-q) = p —q and n = 14. 
the 14th term = (p+< 7 )+( 14 — 1) ( p—<l) 

= \Ap — \2q. 


1 . Write down the first five terms of the series whose «th 
term is 2n — 1 . 

2. Find the series whose general term is 3n—7. 

3. Find the 23rd term of the A. P. 1\ +94 + 11£ +. 

4. Find the rath term of the series —1-H- 7 - —b. 

5. Find the last term of each of the following series : 

(i) 3-3+4-6 4-5-9 +.to 17 terms. 

(ii) 1—3—7— . to n terms. 

Example 3: Which term of the series 7+4 + 1 — 2 —5 — 
. is —56 ? 


Sol. Given series is 7+4 + 1—2—5— . 

Here, a = 7, d = 4 — 7 = —3. 

Let —56 be the zzth term of the A. P. 

Then tn = a + (« — 1)^ = 7+(;z —1)( 3) 

7 —3/2 + 3 = —56 

or — 3/2 = —66 .. 71 — 22 

/. —56 is the 22 nd term of the given series. 


EXERCISE 202 

1. Which term of the A. P. 14, 11,8, 5, 2, .is 40? 

2. Is 74 a term of the series — 6 —2+2+6+ .? 

3. What term of the series 37 +33+29+ .is —280? 

4. Which term of the series 6+5£+4£+ .is zero? 

5. How many terms are there in the series, if the last term 

of 5, —1, —7,.is —49? 

6 How many terms are therein the series 34 + 1 1£ 4 

. —14? 
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4. To determine the A. P. when any two of its terms 
are given. 

Example 4 : The fourth term of an A. P. is 3 and the 9th 
term —17. Find die A. P. 

Sol. Let a be the first term of the A. P. and d the common 
difference. 

The 4th term = < 2 -(-(4 — \)d and the 9th term = a4-(9 — \)d 

: a+ 3d = 3 . (i) , a+8d=-\7 .(ii) 

By subtraction, —5 d =20 or d = —4 
Substituting in (i), a = 3—3 d = 3 + 12 = 15 
The A. P. is 15, 11, 7, 3, . 

Example 5: The p\h term of an A. P. is q and the qth 
term is p. Find the (/>+#) th term. 

Sol. Let a be the first term and d the common difference 
of the A. P. 

The />th term of the A. P. is*z + (/> — \)d 
and the <?th term is a+ (<7 — \)d 

a+pd—d = q . ( 1 ) 

a-\-qd—d = p . ( 2 ) 

Subtracting (2) from (1), ( p—q)d = q—p 

or (P—q) d = -(P-q) d = —\ 

Putting the value of d in (1), vve have 

a+(p — 1 ) ( — 1 ) = q A a=p+q — 1 

Now the (/>+^)th term = a-\-(J>-\-q — 1 )d 

= p+q-\+(p+q- 1 ) (_ 1 ) = 0 . 


EXERCISE 203. 

1. The 5th term and 9th term of an A. P. are respectively 
11 and 7, find the 16th term. 

2. In an A. P. of 31 terms, the 5th term and the last terms 
are 17 and 95 respectively, find the 4th term from the begin- 
ing and from the end. 

3. The 10th term of an A. P. is four times the 2nd term and 
exceeds the sixth term by 12. Find the series. 

27 
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4. If the 15th term of an A. P. is 5 and the 5th term is 15, 
find the A. P. Is zero a term of the A. P.? Which term is 
it? 

5. The rath term of an A. P. is n and the nth term is m; 
show that the rth term of the A. P. is m-j-n—r. 

6 . If p times the p th term of an A. P. is equal to q times the 
^th term, show that (/>+?)th term is zero. 


5. To find the sum of n terms of an A. P. 

Let a be the first term and d the common difference of the 

A. P. 

The A. P. can be written as a , a-\-d> a-\-2d, a-{-3d, . 

to n terms. 

Here nth term = a + (n — \)d and let this be /. 

If S n denotes the sum of n terms of the A. P., then 

S n = a + (a-\-d) -\-(a-{-2d) +.+{« + (« —1)<0, 

or S n = a-\-(a-{-d) ~{-{a-\-2d) -f-. -\-[l — d) -\-1. . (i) 

Writing the terms on the R.H.S. in the reverse order, 
S M = — d) +(/—2 d) -f-. +(a+d)+a .(ii) 

Adding (i) and (ii), term by term, we have 

2xS n = («+/)+(*+/)+■(* + /)+.ton groups. 

= n(a-\-l) 


n 


= i («+0 


Substituting a + (n — \)d for l in the result I, we have 


S n =” 2 


a+a-\-(n — \)d 


S - n - 
n 2 


2 a 


—H(n — \ )d | 


II 


In finding the sum of an A. P. to n terms, formula I is used 
when the first term a and last term l are given, while formula 
II is used when the first term a and common difference d are 

given. 

Note: S„ = T x +T?+T*+ . + Tn-i + T n 

Sn-1= T x -\-Ti+T z A-... : .— 

By subtraction, S n —S n —i — *n 1 - c - . n ”, " r 
S n -i is obtained by putting n - 1 for n in the value of 
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Example 6: If the sum of n terms of an A. P. is 3 n 2 — 4 n, 
find the A. P. and the />th term. 

Sol. = 3n 2 —4n 

S n -t = 3(n-\)*-4(n-\) _ 

T n — S n -S B _j = 3[n*-(n-l)*]_4[n_ ( n-l ) ] 

= 3(2/2— 1) —4 x 1 
= 6n-7 

T x =6x1-7 = -1 , r 2 =6x2-7 = 5, 

T 3 =6x3-7 = 11 , r 4 = 6x4-7=17, 

Tp =6 xp —7 =6 p —7. 

The series is —1 +5 -f-11 +17 +. 

The />th term is 6 p — 7. 


EXERCISE 204. 


1. Sum the following series : 


([) 18-1-11+4—3— . ... To 22 terms. 

(ii) -4 + -41 +*42 +*43 + ... ... to 100 terms. 

(iii) (a £)+(2<z—36)+(3a—56)+... ... to n terms. 

(iv) 72+70+68 + ... +40. 

2. Find the value of 

1+6+4+9+7 + 12 + ... ... to 40 terms. 


3. Find the sum of all even integers from 100 to 200 both 
inclusive and the sum of all odd integers. 

4. If the sum of n terms of an A.P. is 2« 2 + 3n, find the 
/>th term. 

5. If the sum of n terms of an A.P. is rfi—5n, find the 
5th and 7th terms. 


6. The pth term of an A.P. is i and the < 7 th term is - • 

q 2 J* > 

show that the sum of pq terms is i(l+jty). * 

6. Inverse Cases. 


In the formula = |{ 2a+(«-!)</(, four quantities 
a, d, n and S n are involved. If any three of them are given. 
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the remaining one can be determined. So we can have the 
following three more cases :— 

(i) given S n , n and a , find d. 

(ii) given S n , a and d , find n. 

(iii) given n and d, find a. 


Example 7 : In an A.P. the sum of the first 21 terms is 133 
and the first term is — 7. Find the common difference. 

Sol. Here a = —7, n = 21, S = 133, d = ? 


Using the formula 



we have 


or 


133 =^{ 2x(—7)+(21 —\)d 


Ti x 133 


38 

= —14+20 d or 20 d = -j + 14 


d — ^ 1 


80 
3 * 


Example 8 : How many terms of the A.P. 

32 4-28+24 +. will together be equa 1 to 132 ? 

Explain the double answer. 

Sol. In the given series, a = 32, d = 28—32 = —4, 

s = 132, and n is required. 

Using the formula S = ^| 2a + (n —1)^|. 


we have 132 = ^ 2x32 + (« 1)( 4) 


or 

or 


264 = n( 64—4/z+4) 

264 = 68n —4n 2 

4 m 2 —68n+264 = 0 or n t — 17/Z + 66 = 0. 
or («—6)(n —11) = 0. - 

The number of terms is 6 or 11 


or 11. 


J. - 

It is obvious that the first six terms give a total of 132. 
The sum of next five terms is zero, for some of them are 
oositive and some negative. By adding those five terms, the 
total is not affected. Hence both 6 and 11 are correct solutions. 
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EXERCISE 205. 


Find the missing quantities in the following table : 


Qn.No. 

First term, 
a = 

Com. diff. 

d = 

No. of terms 

n = 

Sum of n terms 
S = 

1. 

10 

3 

24 

• 

2. 

5 

-2 

• 

-40 

3. 

— 8 

• 

15 

180 

4. 

• 

— 1 

16 

120 


5. The sum of 12 terms of an A.P. is 72, and the common 
difference is —2 ; find its first term. 

6. The first term of an A.P. is 1, the number of terms is 
33 ; what must the common difference be, in order that the 
sum may be 297 ? 

7. The sum of a certain number of terms of an A.P. 
is 36 and the first and last terms are 1 and 11 respectively. 
Find the number of terms and the common difference of the 
series. 

8. How many terms of the series 9, 12, 15,. will 

together make 306 ? 

9. The sum of a certain number of terms of the series 

25+22+ 19 + 16-1-.is 116. Find the number of terms of the 

series and its last term. 


7. Arithmetic Mean. 

A quantity ‘A’ is said to be the arithmetic mean between 

a and b if a , A , b are in A.P. Arithmetic mean is briefly 
written as A.M. 


The quantities A t , A s , A s , ., A 

metic means between a and b if 
A n , b are in A.P. 


„ are said to be 

a > A 2 , A 3 , 


n arith- 

-^4>. y 
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8. A single arithmetic mean between two quantities 
is equal to half their sum. 

Let A be the arithmetic mean between a and b. 

Then a , A, b are in A.P. 

the common difference = A—a = b—A 

Transposing, 2A = a -\-b 

a-\-b 


or 


A = 


9. To insert n arithmetic means between two given 
numbers a and b. 

Let A j, A o, A 3 ,., A n be the n arithmetic means between 

a and b. 

Then a , A t , A 2 , A 3 ,., A n , b are in A.P. 

Here the first term = a , last term = b, 

number of terms = l+w-M= w +2 

Let oc be the common difference of the A.P. 

T n + 2 = a-\-(n-\- 2 — \)d a-\-(n + \)d = b. 


or 


(ti -f-1 )d = b —a 


.4, = T„ =a + (2 — \)d = 


A 0 = T, = a + (3-l)rf 


A 3 = T< = a + (4-l)rf 




r b ~ Q 

b— a 

a+ »+i 

»+l 

«+2 

p -*1 

(/* — 1)<z4-2£ 

L«+u 

» + l 

a. -f- 3 


(// —2)<z 4-3^ 

L«-f lj 

» + l 




» = r„ +1 = a +(»+i-i)rf = «+»[^p7j = 




726 


72 


1 


Hence the required arithmetic means are 
na+b (n-\)a-\-2b (n-2)a-\3b 


n + 1’ 


« + l 




1 


a-\-nb 
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EXERCISE 206. 

1. Find the arithmetic mean between. 

(i) x 2 — xy-j-y 2 and x 2 -\-xy-\-y 2 (ii) 3*9 and 9'3. 

2. Insert 4 arithmetic means between 5 and 35. 

3. Find 7 arithmetic means between 1 and 41. 

4. Insert p arithmetic means between 1 and p 2 . 

5. Prove that the sum of n arithmetic means between two 
numbers is equal to n times the single arithmetic mean between 
them. 


10. Properties of an A.P. 

(i) If the same number is added to each term of an A.P., 
the resulting sequence is also an A.P., having the same common 
difference. 


(ii) If the same number is subtracted from each term of 
an A.P., the resulting sequence is also an A.P., having the 
same common difference. 

(iii) If each term of an A.P. is multiplied by the same 
number, the resulting sequence is also an A.P., but the common 
difference is also the same multiple of the original difference. 

(iv) If each term of an A.P. is divided by the same number, 
the resulting sequence is also an A.P., the common difference 
is also equal to the original difference divided by the same 
number. 


The above properties and the following hints are very 
useful in solving problems in A.P. 

If three numbers in A.P. are given, take them as a— d, a , 
a-\-d. - [Their sum = 3a ] 

If four numbers in A.P. are given, take them as a—3d, 
a a ~\~d, a-\-3d with 2 d as the common difference. 


Example 9: If b - +c ~ a c + a ~ b 

a b 9 

show that -, i are also in A.P. 

a b c 


[Their sum = 4a] 

*+b—c . ^ 

--— are in A.P., 


c 
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Sol. Since 


b-\-c—a c-\-a—b a-\-b — 


a 


are in A.P., 


b -\-c —a c -\-a —b a-\-b—c . . D 

-f-2, - - - \-2 ,- \-2 are also m A.P. 


i.e. 


a ■ b ' c 

b -\-c-\-a c-\—a-\-b a —(— b —{— c 


are also in A.P 


a ’ b 3 c 
Dividing throughout by a-\-b-\-c , -, i - are also in A.P. 

CL O C 

Example 10 : If the sum and product of three numbers 
in A.P. be 27 and 720 respectively, find them. 

Sol. Let the three numbers in A.P. be a — d } a, a-\-d. 

Then a—daa-\-d = 27 

or 3a = 27 a = 9 

Also ( a — d). a. ( a- r d ) = 720 
or a ( a 2 —d 2 ) = 720 or 9(81— d 2 ) = 720 

or 81 —d 2 =80 or d 2 = 1 d = ± 1 

When d = 1, the numbers are 8, 9, 10. 

When d = — 1, the numbers are 10, 9, 8 . 

Hence the required numbers are 8 , 9, 10. 

EXERCISE 207 

1. If a, b, c are in A.P., show that 

(i) t?-, —, are also in A.P. 

v ’ be ca ab 

a(b -j-c) b(c + a) c(a+b) ^ aJso in A p 
K > be ’ ca 3 ab 


2. If 


1 


1 


1 


are in A.P., 


b-\-c 3 c-\-a 3 a-\-b 
prove that a 2 , b 2 , c 2 are in A.P. 

3. The sum of three consecutive terms in A.P. is 51 and 
the product of the two extremes is 273. Find the terms. 

4 . Find four numbers in A.P., whose sum is 26 and the 
sum of whose squares is 189. 

5 The sum of five numbers in A.P. is 20 and the product 
of the first and the last is 15. Find the five numbers. 
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Example 11 : The sums of n terms of two A.P.’s are in the 
ratio 2n — 5: n+7 ; find the ratio of their 15th terms. 

Sol. Let a and d be the first term and common difference 
of the first A.P. and let * and y be the first term and common 
difference of the second A.P. 

of I A.P. = Z{2a+(n-\)d) & T 16 of I A.P. = a + l4d 
of II A.P. = |{2* + (n — l)jf} &T 16 of II A.P. =* + 14 y. 

■ M S" an d this i s given to be 

(II) Sn 5{(2*+(n-lW 

2«—5 


S B 

S. 


2a-{-{n — \)d _ 2n —5 
*"• 2x + (n — \)y n- f7 

Now we have to find the value of 


* + 7 


(0 


which is the same as 


2a+2Qd 


a-\-\4d 

*-f 14 y 


2*4-28 \y 

This is obtained by putting n — 1 =28 i.e. n = 29 in (i). 

XAr t. t 2a+2%d 2x29-5 53 

We then have 29 + 7 or ~ 6 

The ratio of the 15th terms is 53 : 36. 

Example .12: If a , b , c be respectively the sums of p y q y r 

terms of an A.P., show that j~(q —r) — P) + “(/>—$0 = 

Sol. Let A and D be the first term and common difference 
of the A.P. 

Then S p = {2A-\-(p — \)D} and this is given to be = a. 

j = 2A+(p — 1)Z> = (2A—D) -\-pD 

S, = $ {2A + (q — 1)15} and this is = b 

rtL 

— = 2A + (q — l)D = {2A— D)+qD 

Similarly ^ = (2 A—D)+rD 
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- (q r) = (2A-D)(q-r)+p (q-r)D 
2 J {r-p) = (2 A-D)(r-p)+q(r-p)D 
Y (p—q) = (2 A-D){p-q)+r(p—q)D 


Adding, 2 jj. (q-r) + |(r-/>) +^{p-q) 

= (2 A — D)(q—r + r—p+p—q)-\- 
D(pq —pr +qr —pq -\~pr —qr) 

•*. ^^-r) J rj(r—p)-' r C ~(p—q) = 0 . 



EXERCISE 208 

1. I fa,b,c are in A.P., show that a 2 (b-\-c), b 2 {c-\-a) y c 2 (a-\-b) 
are also in A.P. 

2. If a , b , c be respectively the xth, _yth, and £th terms of 
an A.P., prove that a(y— z) -f- b(z— x) -\-c(x—y) =0. 

3. The mth term of an A.P. is J and nth term is ^ ; find the 
sum of (mn) terms. 

4. If the ratio of the sum to n terms of two A.P.’s be 
3n+2 : 2«-f-5, find the ratio of their 9th terms. 

5. The sum of p terms of an A.P. is the same as that of 
q terms. Show that the sum of (p-\-q) terms is zero. 

Hint: hp{2a + {p-\)d) = \q {2a + (q-\)d} 

or 2a(p— q) +{p— q)(P+ t J — l)d = 0 

or 2a-\-(p+q — \)d = 0 1 “ Y p—q ^ 0 

and d ^ 0 

6 . Find n, if the sum of n terms of the series 3, 6 , 9, 12, 
.is equal to the sum of n terms of the series 48, 46, 44, 

42 ’.. 

7. A shop sells various sizes of tin canisters and the prices 
of successive sizes rise by equal amounts. The smallest costs 
Rs. 2-50 p. and the largest, Rs. 6‘50 p. It costs Rs. 40-50 
to buy one in each size. How many kinds are there ? What 
is the cost of one of the middle size ? 

8 . An assistant’s monthly salary is Rs. 230 and every year 
he gets an increment of Rs. 10 in the monthly salary. How 
much does he earn in ten years ? 




CHAPTER XXIX 

GEOMETRICAL PROGRESSION 


1. Geometrical Progression. 

Examine the following sequences : 

3, 9, 27, 81 ... (i) 

* 3 , * 5 , - (“) 

£> tV> ( ll1 ) 

In sequence (i), each term is obtained by multiplying the 
preceding term by 3. In sequence (ii), each term is a 2 
times the preceding one. Therefore the ratio of any two 
consecutive terms of each sequence is the same throughout. 
Such sequences are called geometrical progressions. 

A sequence is said to be a geometrical progression if the ratio of 
any term to its preceding term is the same throughout. This ratio 
is called the common ratio of the geometrical progression. 

In sequence (i), the common ratio is § i.e. 3. 

In sequence (iii), the common ratio is 

A geometrical progression is briefly written as G.P. and the 
common ratio is denoted generally by T’. 

Note: In a G.P., any term is obtained by multiplying the preceding 
term by the common ratio. The common ratio is obtained by dividing 
any term by its preceding term. 


Which of the following sequences are in G.P. ? 
common ratio in case it is a G.P. 

1 . a , a 2 , a 3 , a 4 , . 

2. 64 p\ 16 p 2 , 4, . 

3. 9, -6, 4, -f, . 

4. -3, -03, *0003, . 




m 2 — n a , m—n , 


m — 7i 
m+tt* 


V2, V 6 , 3 \/2, 


Find the 
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2. General Term. 

The standard form of a G.P. is 

a, ar . ar 2 , ar 3 , . 

where a is the first term and r the common ratio. 


Now 1st term = a 

= a.r 1-1 

2 nd term = ar 

= a.r 2-1 

3rd term = ar 2 

= a.r 3 " 1 


We observe that (i) each term contains 4 a ’ and 4 r’, (ii) the 
index of ‘ a 9 is unity in all terms and (iii) index of V in each 
term is one less than the number of the terms. 

Hence n th term = a.r n ~ r 

This / 2 th term is called the general term of the G.P. 
By putting n = 1, 2, 3, etc. in the general term successively, 

the 1st, 2nd, 3rd, .terms are obtained. 

If l be the last term of a G.P. then 
l = / 2 th term = ar” -1 . 


Example 1 : Find the 7th term of the G.P. 
-16, 12, -9, 6 },. 


Sol. The G.P. is -16, 12, -9, 6 }, . 

and the 7th term is required. 

By formula T n = a. r " -1 

Here a = — 16, r = - = — £ and n = 7. 

7th term = a r 6 = (—16)(—}) 6 




729 

16 x 16 x 16_ 


729 

256* 


( 


1 
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1 . 

/72 th 

2 . 

3. 

4. 


Write down the first five terms of the series whose 
term is 2.3’ n_1 . ^ 

Find the series whose general term is 

2 4 

Find the 8 th term of the series 1 — 3 + 9 “ . 


Find the nth term of the series. 


n —1 ' v n-2 


n 


+ + 
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5. Find the last term of each of the following series 
ft 4 2 1 

(i) - 1 -•- + -— . to 10 terms. 

w 3 ‘ 3 3 ' 3 

.... m n n 3 

(n)-1-— .to p terms. 

n mm 3 

Example 2: What term of the series 50-1-20+8 4- .. 
. 64 . 

15 125' 

Sol. Given series is 50+20+8+ . 

„ , n 20 2 

Here a = 50, r = — = - 

50 5 

64 

Let be the nth term of the G.P. 

nth term = ar n ~ x =50 

64 

^25 ^ t ^ ie 6 th term °f the given series. 


Note: As the number denoting the position of a term is always a positive 
integer, any negative or fractional value of n means that it will not be a term, 
of the series. 



Is a term of the series 3 + ^/3 + l + 



2. Which term of the series 5 — 10+20—40 + 

is —640 ? . 

3. How many terms are there in the series, if the last term 

of -2+-4+-8 + 1-6+ . is 51-2 ? 

4. How many terms are there in the series — §+|_2 + 

•••••••••••• 162 ? 











430 


ALGEBRA FOR HIGHER SECONDARE SCHOOLS 


5. What term of the series 2J-f-li + l + . is 

128 p 
729 ‘ 

3. If any two terms of a G.P. are given, the first 
term and the common ratio can be determined and then 
the whole series can be written out. 


Example 3 : Find the G.P. of which the 4th term is 54 
and the 7th term is 1458. 


Sol. Let a and r be the first term and common ratio res¬ 
pectively, of the G.P. 

4th term = ar*~ l = ar 3 ; 7th term = ar 1 5 ~ l = ar 6 * . 

By the question, ar 3 =54 ... (1) 

ar 6 = 1458 ... (2) 


Dividing (2) by (1), 



1458 

54 




Substituting the value of r in (1), 


ax3 3 =54 


or 


a 


54 

27 


we have 



The required G.P. is 2, 6 , 18, 54, 


EXERCISE 212 

1. The 5th term of a G.P. is 81 and the 2nd term is 24. 
Find the G.P. 

2. Find the G.P. of which the 3rd term is 4 and the 7th 

. 64 
term is 

3. The 5th term of a geometric series is 9 times the 3rd 
term and the 2nd term is 6 . Find the series. 

4 . The 3rd term of a G.P. is the square of the first term 
and the 5th term is 64. Find the sequence. 

5 . If the ( m+n ) the term of a G.P. is p and the (m— n)th 

term q , find the mth term. 

Hint : ar” + -‘ =/>, or——«=? (ar "- 1 ) 8 = pq. 
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4. To find the sum of a G.P. to n terms. 

Let a be the first term and r the common ratio of the G.P. 
so that the nth term = ar n ~ 1 . 


Let S„ denote the sum of n terms of the G.P. 

Then, S n — a + ar + ar 2 + . -\-ar n ~ x 

Again, r. S n = ar-\-ar 2 + . -\-ar n ~ x -\-ar n 

Subtracting, we have 


S n (1 —r) = a—ar n 

or a(l— r”) 


. o <\-r n ) 

•• j_ r 

provided r^O 

... (i) 

The above formula may 

also be written as 


S * r — 1 

provided r> 1 

... (2) 

If l be the last term 

of the G.P. of n terms. 

l = ar" -1 . 


and It = ar n 



a — ar n a—Lr 

1 —r _ 1 —r 


or 


lr—a 

7^-T 


provided r?&l. 


Note: (i) The formula (1) is useful when r is a fraction between 

+ 1 and — 1. It is convenient to use formula (1) when r<l and formula 
(2) when r > 1. 

(ii) These formulae fail when r = 1, because in that case 
Sn = ~— or ^ which is indeterminate. 

(iii) When r= 1, all the terms are equal to the first term and 
there is no series. 

Example 4 s Sum the sequence — 9, —4J, —2J, . 

to 8 terms. 

Sol. The given sequence is —9, —g, —. 


Here a = —9, r = (-■?)-4(—9) =J and n=8. 

Using the formula S n = ~ r \ we have 

1 —r 


g _ 9[1 — xtkttI 

1 -* |- 

„ 255 

== “ 9X 256 X2 


2295 


128 
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EXERCISE 213 


to n terms. 


1. Sum the following series: 

(i) 3+6 + 12 + . 12 terms. 

(H) *+*+1+ to l l erms - 

(iii) 48-36+27- . to 9 terms - 

(iv) l+V 3 + 3 + . to 10 termS - 

f v \ 1 i I to n terms. 

2. Find the sum of 8 terms of a G. P. whose 1st term is 
16 and the 2nd term 4. 

3. Find the sum of the series. 

(i) 3+3 2 +3 3 -t-3 4 4- . terms * 

(ii) l+ 2 + 2 2 + 2 3 + + 2 ” . 

4. Find the sum of n terms of a series whose rth term is 
( 2 r + l) 2 '. 

5 . Find the sum of 7 terms of a G.P. whose 2nd term is 

3 and 6 th term 243. ^ 

6 . The first and last term of a G.P. are 3 and^ respectively 

and the common ratio is Find the number of terms and 
the sum. 

5. Inverse Problems. 

In the formula S. = four quantities a, r, n and S 

are involved. If any three of them are given, the remaining 
one can be obtained. So we can have the following three 

more cases— 

(i) given S , n and r, to find a 

(ii) given S , n and a , to find r 

(iii) given S , a and r, to find n. 

Example 5: How many terms of the series f-i+J— — 

V 1261 P 
must be taken to amount to 2 gi 6 ' 


Sol. The given series is f-i+|- . 

a = hr= -i-l = 5 = 2916 and n is required. 
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Using the formula S = ^\ we have 

1261 _ f[l—(—f)"] 1261 _ }[!-(-!)"] 


2916 


or 


1—(—» 2916 

1261 3 3 ri { 

= |x| [1 —( 


ft 

7t 


2916 
or 1 -(-!)" = 
6305 


I)”] 


1261 20 6305 

2916 X 9 


or 


1 — 


= (-!) 


6561 

or ( —|) ”=(-|) 8 

The number of terms is 8. 


6561 

or (-f)- = 

v n = 8 


256 


6561 


EXERCISE 214. 

1. How many terms of the series J— i~\~h —. 

must be taken to amount to ■}>§- ? 

2. How many terms of the sequence \/3, 3, 3\/3,. 

amount to 364 V3 (-^3 + 1) ? 

3. The sum of the first six terms of a G. P. is 9 times the sum 
of the first three terms. Find the common ratio of the 
sequence. 

4. How many terms of the series | — 1 -J-J-— . 

when added together are equal to ? 

6. Geometric Mean. 

A number *G* is said to be the geometric mean between a and b , 
if a , G, b } are in G . P. Geometric Mean is briefly written as 
G. M. 

The numbers G 19 G 2 , G 3 ... G„ are said to be n geometric 

means between a and b, if a, G s , G 3 ,., G„, b are 

in G. P. 

7. A single geometric mean between two quantities 
is equal to the square root of their product. 

Let G be the geometric mean between a and b. 

Then a y G , b are in G.P. 

p L 

/. common ratio = — = — 

a G 

Or G 2 = ab or G = 


28 
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8. To insert n geometric means between two given 
numbers a and b. 

Let G ly G 2 , G 3 ,., G n be the n geometric means 

between a and b. 

then a , G l5 G 3 , G 3 ,., G„, b are in G.P. 

Here first term =a, last term =6, and the 
number of terms =1 4-n + l =n~\~2. 

Let r be the common ratio of the G.P. 

T n + 2 = ar n+2 ~ 1 and this is given to be b. 

/. ar n + 1 =b or r n + 1 =- 



Now G, = T 2 = ar~ 1 

G,-T ,-«•- 

0 * 




Hence the required geometric means are 



EXERCISE 215 




rind the geometric means between 

l) £- and i («) ’ 6 and 

7 2 ^ 2fi 


006. 


nsert three geometric means between 4 and 324. 
nsert three geometric means between £ and 9. 

Vhat are the four geometric means between and 


40*? n 

5. If one geometric mean U 
p and q be inserted between two 

G 2 = (2 p—q) ( 2q—p )• 

Hint. C 2 = ab ; p- 


and two arithmetic means 
numbers a and b , show that 

a = q—p = b —q. 
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6. Prove that the product of n geometric means between 
a and b is equal to the «th power of the single geometric mean 
between a and b. 


9. Infinite Geometric Series. 

Let r be a proper fraction, say -§ 

Then r 2 = (|) 2 = | of % /. (^) a < | i.e. r* < r 

r 3 = ( 2)3 = | of ( 2)3 (|)8 < ( 2)2 i . e . r 8 <r 3 

A fraction of a fraction is less than the fraction itself. Thus, 

in the sequence (|) 2 , (|) 3 ,.each term is less 

than the preceding one. In general (|)" decreases as n 
increases. 

Hence, if r is a proper faction, r n is very small and when n 
is sufficiently large , r" is almost zero. 

Consider the series a + < 2 r-f-ar 2 4 -.to n terms. 

As has been already proved, 

c a(l —r") a ar n 

" 1 — r ~ 1 -r “ T="r* 

If r is proper fraction and n is infinitely large , r" becomes zero. 
ar n 

Then i_ r re duces to zero. In the limit when n = co. 


^°° = i°_ r where r is numerically less than one. 
Example 6: Sum to infinity the series 2 — f-f» — 


Sol. 


The given series is 2— f+|— . 

Here <2=2, r = —f x£ = —} which is numerically less 


than one. 


Using the formula S = 


a 


1 —r* 


we have 


the required sum = 


A recurring decimal is 
geometrical progression. 
T26 = 1-288888. 


_ 2 _„ 4 _ 8 1 

»-(-« i Xt _ 7 = 1 r 


a good illustration of an infinite 


= 1-2+-08+-008+-0008+.'... to infinitv 

= !:2± r r' 08 + fi 00 ? + ^ 08 +.:. to infinity], 

1 2-f-[an infinite G.P. in which a = *08 

r = *008-^*08 = *1] ’ 
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- 1-2 + J5L = i 2 4- — = li+i 

_ i ?6 = ! 13 

” 90 45' 

EXERCISE 216. 

Sum up the following series. 

1 1 _i_ i _u J- 4-— +.toco. 

A# 1 2 ' 2 2 2 2 

2 I _i_ I -I- — _u JL -f-.toco. 

2^5^25^125^ 

3. 4_p* 8 + *164-.to infinity. 

4 5 4 5 4 5 

a * _ r_ _i_1 __ _i_u.to co. 

y 72 ' 73 74 1 75 76 1 

5- ^ + 22 ) + ( 2 + 2 ^) + ( 2 *^ 2 ®) + . t0 C °* 

6. Evaluate (i) *97 (“) '-45 (“*) 3'0405 

7. Find a geometrical series whose first term is £ and 

the sum to infinity is . 0 , 

8. Find the first term of a G. P. whose 2nd term is 2 and 

sum to infinity is 8. . . . . 00 , 

9. The sum of an infinite geometrical series is 52, ana 

the sum of its first two terms is 24; find the series. 

10 . If a- = 1 +P+P Z +P Z + . to 00 ; 

y = 1 4-<7 + <7 2 "H 3 +. tC> 00 ’ 

xy 

prove that 1+/>?+/>V +. to 00 = x +y — \ 

10 Properties of a G. P. , 

If each term of a G. P. is (i) multiplied or (ii) divided by the 

same number, the resulting sequence is also a G. P. having the 

same common r^tio. , c i 

The above properties and the following hints are very useful 

in solving problems in G. P. ^ 

If three numbers in G. P. are given, taken them as -, a , or 

so that their product is o 3 . 
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If four numbers in G. P. are given, take them as 
so that their product is a 4 . 



—, ar , ar 3 


Example 7 s Find three numbers in G. P. whose sum is 
19 and sum of the products of the terms taken in pairs is 114. 


Sol. Let the three numbers in G. P. be a, ar. 


Then \-a-\-ar = 19 


Or 

< 2 (l+r+r 2 ) = 19r 

... (i) 

Also, 

• -Xfl+flXflr+drx- = 114 

r r 

£ ^ 

... (given) 

Or 

a 2 (^+r + \J = 114 


Or 

a 2 (l+r 2 +r) = 114r 

... (2) 

Dividing (2) by (1), we get a = —^ = 6 



Putting the value of a in (1), we have 

6(l+r+r 2 ) = 19r or 6-f6r+6r® = 19r. 

Or 6r 2 — 13r-f-6 = 0 or (2r—3)(3r—2) = 0 

If 2r—3 =0, 2r = 3 r = » 

If 3r—2 =0, 3r = 2 r = £ 

When r = f, the numbers are 6 x f, 6, 6 x f i.e. 4, 6, 9. 

When r = f, the numbers are 6 x f, 6, 6 x £ i.e. 9, 6, 4. 

the required numbers are 4, 6, 9. 


Example 8: If a, b ; c , d are in G 
b 2 — c 2 , c 2 — d 2 are also in G. P. 

Sol. Since a, b } c 9 d are in G. P., 
bed 

~ = y = — = r {common ratio) 

.*. b — ar 


c = br = ar 2 
d = cr = br 2 = ar 3 . 

Now a 2 — b 2 = a 2 —a 2 r 2 = a 2 (\ —r 2 ) 

b 2 — c 2 = aV 2 —aV 4 = aWl — r 2 ) 
c 2 —d 2 = aV 4 —aV 6 = a 2 r 4 (l —r 2 ) 


P., show that 


a 2 -6®, 
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b 2 -c 2 a *r*(l—r*) 


and 


a 2 -b 2 
c 2 -d 2 


= r 2 


b 2 ~C 2 

Hence a 2 
ratio r 2 . 


= r 2 


a 2 (1 —r 2 ) 
a 2 r\\-r 2 ) 

a 2 r 2 ( 1 — r 2 ) 

b 2 , 6 2 —c 2 , c 2 — d 2 are in G. P. with common 

EXERCISE 217. 


1. If a, b, c , d are in G. P., show that 

(i) ( a — b) 2 y ( b —c) 2 , ( c — d) 2 are also in G. P. 

(ii) a 2 +b 2 y b 2 +c 2 , c 2 +d 2 are in G. P. 

(iii) a 2 -\-b 2 +c 2 , ab -\-bc+cdy 6 2 -fc 2 -fd 2 are in G. P. 

2. Find three numbers in G. P. whose sum is 19 and whose 
product is 216. 

3. Find four numbers in G. P. so that their sum may be 
15 and the sum of their squares 85. 

4. If a, by Cy d are in G. P., prove that 
( b - c ) 2 + {c-a) 2 -(d-b) 2 = (a-d) 2 

5. Three numbers whose sum is 15 are in A. P. ; if 1, 4 
and 19 be added respectively to the first, second and third 
number, the resulting numbers are in G.P. Find the numbers. 

Example 9: Find the sum of the series 9+99+999 +. 

to n terms. 

Sol. The given series = (10 —1)+(10 2 —1)+(10 3 —1)+ . 

to n terms. 

= [10 + 10 2 + 10 3 +.to n terms] —[1 +1 +1 +.to n 

terms]. 

-“do'- 1 ’- 


Note: (i) The series 5-f55+ 555+. to n terms 

ran at once be seen to be § of the series worked out above. 

(ii) The sum of -9 + *99 + *999 +.to n terms can be 

worked out by splitting the various terms and rewriting them in the form 

0-*) + 0-my0-m*) + . to " tcrms - 

The sum will be n— £yQ+ fo*^ 10* . l ° ” tCrmS J 

1 M 
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Example 10 s If x, y , £ be the />th, qth. and rth terms of 
a G. P., prove that 

xQ~ r . y r ~v. z v ~ q = 1 . 

Sol. Let A and R be the first term and common ratio of the 

G. P. 

p\h term = AR P ~ 1 & this is given to be x. x = AR P 1 

Similarly y = AR*' 1 , Z = AR r-1 . 

Now x*- f . y-*. 

= (ARp-^-r. (AR*- 1 )'-?. (AR'-^p-* 

= A*~ r Rlp-Vte-O. A r ~P Rto-W'-p). Ap-* Rfr-’Wp-ti 

— A q-r+r-p+p-q JJ(p-l)(ff-r)+(fl-lKr-j>) + (r-l)(p-}) 

= = 1x1 = 1. Q.E.D, 


1. Prove that AT*. XX* . to infinity = X 

2. Sum the following series to n terms : 

(i) 3+33+333+3333 +. 

(ii) 8+88+888+8888 +. 

(iii) •1+-11+-111+-11. 

(iv) *6+*66+*666 +. 

3. The arithmetic mean between two numbers is 15 
and their geometric mean is 9. Find the numbers. 

4. Find the sum, to n terms of the series (x +_y) + 

(*2 +xy ) + (*» + X 2y +*+ 2 + y) +. 

Hint : the series = [ (x* - y *) + (x 3 —y ) +X 4 - y 4 ) + . 

* y 

to n terms.] 



x 

y 



to oo, 
to oo. 


z — + . to °°> 

show that — = —. 

< £ r 

r be in A.P., show that /»th, jth and rth terms of 
any G.P. are themselves in G.P. 
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7. \i~>/a=K/b='Va and a, b, c be in G. P.; prove that 
at, y, z are in A.P. 

8. If a, b , c are in G. P., and x, y are respectively the 
arithmetic means between a , b and b y c show that 




9. If P be the continued product of n terms in a G.P., 
S the sum, and R the sum of their reciprocals, show that 



CHAPTER XXX 

HARMONICA!. PROGRESSION 


1. Harmonical Progression 

Examine the following sequences : 


(i) 


1 1 1 1 


(“) tV> tV» .*. 

In both cases the terms do not form either an A.P. or a G.P. 
but their reciprocals are in A.P. Such sequences are called 
harmonical progressions. 

A sequence is said to be a harmonical progression if the reciprocals 
of its terms form an arithmetical progression. 

Since a, a+d , a+2d, a+3d, .. a + (n — \)d 

is the standard form of an A.P., the standard form of an H.P. 


1 


1 


1 


will be—, a + d , a+2d > .. a+(n _ 1)(/ 

Thus, corresponding to every harmonical progression there 
always exists an arithmetical progression. The nth term of 
an H.P. is the reciprocal of the nth term of the corresponding 
A.P. 


2. If a } b, c are in H.P., 


1 


b> 


c 


b 


1_ 

a 


c 


b 


or 


are in A.P. 
a—b b—c 


By altemando. 


a—b 
b — c 


a 

c 


This relationship is also used to define an H.P. Accordingly 

three quantities a , b, c are said to be in H.P. if ^~ . 

h — c c 


3. All problems involving harmonical progression are 
dealt with by inverting the terms and treating them as forming 
the corresponding A.P. 

If two terms of an H.P. are given, the sequence can be 
completely determined. 
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There is no general formula for finding the sum of a given 
number of terms in H.P. However, the sum of a few terms in 
H.P. can be obtained by actually adding them. 

Example 1 : Find the 7th term of the H.P. £ +. 

Sol. The given series is |+tV+t. 

Then the corresponding A.P. is £-f~Y-+4-f-. 

Here a = f, d = f = — £ 

Using the formula t n = a-\-(n — 1 )d, we get 

the 7th term of the A.P. = J + (7 —1)( — J) 

— ? * - ° > 

7th term of the given H.P. = £. 

Example 2 : If the mth term of an H.P. is n and the nth 
term is m , find the (m-fn)th term. 

Sol. In the H.P., mth term = n, nth term = m 

.*. in the corresponding A.P., rath term = —, nth term = — 

Let a be the first term and d the common difference of the 
corresponding A.P. 


mth term: a-\-{m — \)d = 


( 1 ) 


nth term : a (n — 1) d = — 

Subtracting (2) from (1), {m—n)d = -j-—— = 


( 2 ) 


d = —. 

mn 


Substituting the value of d in (1), we get 

1 1 1 m—1 

aJ r(m 1) . ~ „ ° r a n mn 


mn 


or a = 


—m + 1 


a = 


mn 


mn 


Now the (m+n)th term of the A.P. = n-f (m + n — \)d 

1 / 1 \ m-\-n 

= \™n/ mn 

mn 

/. the (m+n )th term of the given H.P. = 
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1. 

2 . 

3. 


EXERCISE 219 

Find the 9th term of the H.P. 6, 4, 3 
Find the 7th term of the H.P. 3, 2, f, .. 
Continue the sequence 4, 2, 1.. 


for three more 


terms. 

4. Find the nth term of the following series : 

(i) 2 + lf + l*+. 

(ii) i-KV+TT+l+. 

5. The first term of an H.P. is 5 and the 17th term is 
— Find the 22nd term. 

6. The 7th term of an H.P. is and the 12th term is 
What is the 19th term ? 

7. Find the first three terms of an H.P. whose 5th term 
and 9th term are | and \ respectively. 

8. If the mth term of an H.P. be n and the nth term m, 
show that the (mn)th term is 1. 


i 


4. Harmonic Mean. 

A number l H i is said to be the harmonic mean between a and b , 
if a , H y b are in H.P. Harmonic mean is briefly written as 

H.M. 

The numbers H lf H %i // 3 ,.. H n are said to be n har¬ 
monic means between a and b if a, H x // 2 , // 3 , .. H nt 

b are in H.P. 


5. To find the Harmonic Mean between a and 6* 

Let H be the harmonic mean between a and b. 
Then a , H, b are in H. P. 

1 1 1 . AT) 

•\ -> -y are in A.P. 


the common difference = —.-= •:-— 


1 

H 


1 

a 


1 

b 


Transposing, 

H ab 
° r 2 a+b 


2 

H 




or — 


1 

H' 
2 
H 


b-\-a 

ab 


H = 


2ab 
a+b' 
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6. To insert n harmonic means between two given 
numbers a and fe. 

Let H j, i/ 2 , // 3 , .. H n be the n harmonic means 

between a and b. 

Then a, // x , // 2 , // 3 , ., H n , b are in H.P. 

. 1111 11. 

•’ a ’ H x ’ H s ’ H 3 ’ .’ W„’ 6 are ln A R 

Here, the first term = last term = and the number of 

a b 

terms = l-f/z + l = n -f-2. 

Let d be the common difference of the corresponding A.P. 
T„ +2 = - + («+ 2 — 1 )d —f-(« + l)^ = t 

a a b 

or (n-\-\)d = t —- d = i 

b a ( n-\-\)ab 

tvt 1 1 , . 1, a—b a-\-nb 

NoW S7 — a +d ~a + (n + \)ab ~ (n + \)ab 

1 , 2(a-i) 2a + (»-l)d 

// 2 <z (n + \)ab (n + \)ab 

_L _ 1 i w 1 , 3 (a—6) _ 3 a-f(;z—2)6 

// 3 a (/z-f l)a6 (n-\-\)ab 

••• ••• ••• ••• ••• ••• ••• 

11 1 n(a—b) _ na + b 

lT n -~a +nd a ' («T \ )ab (n + \)ab * 

r rr (if + lM TT _ (/i + l)fl6 

Therefore H, = a+>|f ; -, - 2a + ( „_ 1)6 > 

_ (ft-fl)< 7 fr xr _ (/* +1)<?6 

“ 3<z + (rc — 2 )b } n na+b 

which are the required harmonic means. 

EXERCISE 220 . 

1 . Find the harmonic mean between 

( a) 10 and 15 W 5 an( ^ yj 

(c) ™—- and m — (<0 anc * 

' ' TTl —|— 72 m —ci 
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2. Insert two harmonic means between 2 and 

3. Insert three harmonic means between 2 and 4. 

4. Insert four harmonic means between and 


5. Insert six harmonic means between 3 and 


23 


6. If a , b, c are in H.P., show that -h 7 —— = — 

’ b—a b—c a 


1 


7. Relation between the Arithmetic, Geometric and 
Harmonic Means. 

Let A, G , H be the arithmetic, geometric and harmonic 
means respectively between two positive numbers, a and 


Then, 


Now A x H 


i.e 


A = 


a -\-b 


G = v/^, 


// = 


2ab 

a+b’ 


aJ r * S = G2 

H 


G * 


Hence A, G, H are in geometric progression. 

Also, A—G = a ± b -* VaJ 

= i which is positive, as a and b 

are positive quantities. 

A > G. 

. A G 


We know that AH = G a 
Since A > G (proved), G 


*•*’ G ~~ H’ 
H. 


H. 


Note: A, G, /f arc in descending order of magnitude, when only the 
positive value of G is taken into account. 



ALGEBRA FOR HIGHER SECONDARY SCHOOLS 


446 


Example 3 : If a, b, c are in A.P., b, c, d in G. P. and c, d, e 
in H.P., prove that a , c , e are in G.P. 

Sol. Since a. h. c are in A.P.. b = 


Since a , 6, c are in A.P., 
Since b, c, are in G.P., 
& since c, d , £ are in H.P., 


c 2 = b.d 


d = 


"Ice 


c-\-e 


Substituting the values of b and d in ( 2 ), 

_ ce(a-\-c) 

c-j-e 


we have 

n a-\-c 2 ce 

C 2 = —o - X —- 
2 c+e 

or 

c 2 (c-\-e) = ce(a-\-c) 

or 

c(c+e) =e(a+c) 

or 

c 2 +ce = ae+ce 

or 

c 2 = ae 

a, c, 

e are in G.P. 


c 

a 


i.e. - = - 


e 

c 


Example 4 : If a, b, c be in H.P., show that 


1 


1 


1 


- are also in H.P. 


Sol. 


( 1 ) 

( 2 ) 

( 3 ) 


a(b-\-cY b(c-\-aY c(a+b ) ^ ^ 

Since a, b y c are in H.P., - are in A.P. 

Multiplying throughout by —abc 

— be, — ca , — are also in A.P. 

Adding ab+bc+ca to each term, we have 

ab-\-ca, ab-\-bc, bc-\-ca are in A.r\ 
or a{b+c), b(c+a), c(a+b ) are in A.P. 

1 1 - 1 - are in H.P. 

l - e ' *(*+«)’ c ( a + 6 ) 

Example 5 : If a* = bv = and a, b, c are in G.P., prove 

that *, y, Z are in H.P. 

Sol. Let a* = by = c* = k. 

i i \ 

Then a = k x ; b = k«; c = k z 
Since a, b, c are in G.P., b 2 = ac. 
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Substituting the values of a, b & c, in the above relation, 
we have 

GO' -a* 


or 


or 


i.e. 


I _ i+l 

kV — k* z 

— = —-f— 
x z 


are in A.P. 


a:, z are in H.P. 


EXERCISE 221. 

1. If the harmonic mean between two numbers is 3 and 
their arithmetic mean is 4, find the numbers and their geo¬ 
metric mean. 

2. If a , b y c are in H.P., prove that 7 -^ 7 -, ——, —are also 

b+c c+a a+b 

in H.P. 

3. If b+c, c+a, a-j-b be in H.P., prove that 7 -^-, ——, 

b+c c+a 


a-\-b 


are in A.P. 


4 ‘ c* are in HP > show that c+a, a+b 

are also in H.P. 

5. If a, by c are in A.P. and b , c, <2 are in G.P., prove that 
Cy ay b are in H.P. 

6. If a, by c are in A.P., and a , mb , c are in G.P., show that 

m* c are in H.P. 

*7 xr ^ 

'• 11 “ 2 "“* ~ 2 ~ are m H.P., prove that a, b 9 c are in 

G.P. 

8. If a, by c are in A.P., p f q , r are in H.P. and a p 9 bq f cr 
in G.P., prove that £ -f I = ~ 4- -• 
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9 . If, between any two quantities, there be inserted two 

Arithmetic Means A t , A 2 , two Geometric Means G l} G 2 and 
two Harmonic Means H 2 , show that G t .G 2 : H 1 .H 2 

= A j + A 2 i H j -j- H 2 . 

10 . If x, y, z be the p th, < 7 th and rth terms of an H.P., 
prove that yz(q-r)-rZx(r—p)-{-xy(p—q) =0. 

SECTIONAL REVISION VI 

TEST PAPERS 


Paper 1 


15 


1. Solve 2a —1 = — by factors and verify the solution. 

A 

2. One roof of the equation 3a 2 — 2£a + (£ 2 — 3) = 0 is three 
times the other. Find the possible values of k. 

3. Find the sum of the first ten terms of the sequence whose 

nth term is 3— \n. 

4. The fourth term of a G.P. exceeds the third term by 
25, and the sum of these two terms is 225. Find the first term 
and the common ratio. 

5. Continue the H.P. — f, —1, §,.••• to 7 ,, 

6 . The A.M. of two quantities is 1§- and the G.M. is 1 - 5 - 

Find the H.M. 

Paper 2. 

1. Solve the equation 2a 2 — a —6 =0 by completing the 

square and verify your solution. 

2. How many terms of the A.P. 3, 7, 11 , 10 , . 

arc needed to make a total of 820 ? , 

3. The second and third terms of a G.P. are 24 and 

1 o(b 4-1) respectively. What is the first term? 

If these three terms have a sum of 76, what are the possib 

numerical values of the third term ? 

4. Sum the series 4+44+444+ . ..... to n terms. 

5 If cc and B are the roots of the equation 7a z — 8a — u, 
find’ without solving this equation, the quadratic equation 

whose roots are 2 <c + l and 20 + 1 . 

(4+z ) 2 

6 . Simplify: 4—F' 


4 
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Paper 3. 

1 # If *2 = 3_ 3xy find the values of x correct to 3 signi¬ 


ficant figures. 

2. For all values of r the sum of the first r terms 


of a series 


is 3r 2 —2r. Find the first three terms. 

3. Find the two values of k for which the equation 
4 x 2 + (5*+3)* + (2* 2 -1) =0 has equal roots for x. 

4. Show that the sum of the first 50 terms of the G.P. 
whose second term is 6 and fifth term is 162 is 1 less than a 


power of 3. 

5. If a, b, c be in A.P. 


and b , c, d be in H.P., prove that 


a 


b ~ d m y . . 

>6. Show that the geometric mean between two positive 

numbers is equal to the geometric mean between their arith¬ 
metic and harmonic means. 


Paper 4. 


1. Show that the sum to n terms of the arithmetical pro¬ 
gression a y a-{-2d, a-{-Ad, .is tia-{-{n 2 — n)d. 

2. The third term of a G.P. exceeds the second by T \, 
and the second exceeds the first by j. Find the common ratio 
and the first term. 

3. If «t and ft are the roots of the equation x 2 -{-px-\-q = 0, 


find the equation whose roots are X. + — an d 

4. 

5 . 

A.P. 

G.P. 

6 . 


Find the nth term of the series 

4+4*+4*+5+ . 

If a, b, c, d, e be five quantities such that a, b, c are in 
b, c, d in G.P. ; c, d, e in H.P.; show that a , c, e are in 

Solve the equation 2x 2 —8x-f3 = 0, giving the roots 


correct to two places of decimals. 


, v Paper 5. 

1. The fifth term of an arithmetical progression is 9, and 
the sum of the first eleven terms is 115£. Find the first term 
and the common difference. 


29 
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2. If the roots of the equation px 2 —4 x-\-q = 0 are —2 
and 3J, find the value of the coefficients, p and q. 

3. The sum of the first 8 terms of a G.P. is 17 times the 
sum of the first 4 terms; and the common ratio is positive. 
Find the common ratio. 

4. Insert four harmonic means between 1 and 30. 

5. Show that the arithmetic mean, geometric mean and 
the harmonic mean between two positive numbers are in 
geometrical progression. 

6 . Solve the equation 2x 2 —3a-— 5 = 0, and check by 
finding the sum and product of the roots. 


OBJECTIVE TYPE ITEMS—VI 

1. Complete each of the following statements by 
supplying the proper letters/words/phrases. 

(t) A quadratic equation cannot have more than. 

roots. 

(ii) The roots of a quadratic equation are equal, if the 
discriminant is equal to. 

If the same number is added to each term of an A.P ., 
the resulting sequence is. 

The geometric mean between m and n is. 

The common ratio in an infinite geometric series is 
always. 

The arithmetic, geometric and harmonic means 

between two positive numbers are in. 

For each part below, choose the right answer and 
indicate it by the capital letter printed alongside. 

(i) The discriminant of the equation* — 1 = x 2 is 
A. Zero B. —3 

C. — 1 D. 4-5. 

(ii) The quadratic equation formed by the two roots 3 
and 7 is given by 

A. **4-10*4-21 = 0 B. x 2 — 10*-f-21 = 0 
C. * 2 4-10*—21=0 D. x 2 — 10*— 21=0. 

(iii) The roots of the quadratic equation x 2 -\-px\q 2 = 0 

are equal, if „ 

A. 4 />*=? 2 B. 4/.*+?*=0 

q pa _ qi D. /> 2 +? 2 = 0- 


(iii) 

(iv) 

(v) 

(vi) 

2 . 
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(iv) 


The roots of the quadratic equation px*+qx+r — 0, 
where p , q , r are real and rational numbers, are real, 

rational and unequal, if 


A. q 2 —4/>r is positive 


3. 


B. ^ 2 _ 4 ^, r ^ positive and a perfect square 
G. q 2 —Apr is equal to zero 

D. o 2 —4/>r is negative. . 

Put a tick mark (V) against the correct answer in the 

space provided. . , , 

(a) If A, Gy H be the arithmetic, geometric and harmonic 

means of two positive and unequal numbers m and n y then 

. (i) A<G<H (ii) A>G<H 

.(in) A<G>H (iv) A>G>H. 

The harmonic mean between two numbers p and q is 
^ P+q -••• 2 


(b) 


(iii) 


2 

P+1 

2 pq 


(ii) 

(iv) 


P+9 

!£l 

P+9 


(c) If a, b, c be three quantities in H.P., then 


(d) 


(e) 


... a—b a 

.... a—b a 

. « b-c~ c 

. < u > b-c~ b 

.(iii) a ~ b - 6 

x b — c c 

.(iv) a ~ b C . 

b — c a 

The geometric mean 

between two numbers m and n is 

. (i) Vm-bn 

. (ii) V m—n 

. (iii) Vmn 

. (iv) Vm-i-n. 

The value of i 6 is 


. (i) “I 

.(ii) +1 

.(iii) +i 

• 

1 

g 

• 

• 

• 

■ 

• 

• 


(f) If -r- = — , which of the following statements is correct? 
0 c 

. (i) by Cy a are in G.P. 

.(ii) Cy a y b are in G.P. 

.(iii) Cy by a are in G.P. 

If a — b = b — Cy which of the following statements is 


(g) 
correct ? 

. (i) 

.(iii) 


b, 


c, 

b. 


a 

a 


are in A.P.(ii) a. 

are in A.P.(iv) c , 


by c are in G.P. 
a, b are in G.P. 






























ANSWERS 

EXERCISE 1. (page 2) 












(i) x+5 (ii) x+6 (iii) x-\-y (iv) x + 5+y. 

(i) Seven added to *. (ii) p increased by q. 

(iii) x increased by 11 and^ added to the result. 

(iv) b added to a and c added to the result, or the sum 
of three quantities a, b and c. 

(i) 15—9 (ii) m-9 (iii) 11 —a* (iv) b-a. 

(v) m — n (also n — rti) (vi) 11+6— c (vii) x—y+Z* 

(i) p diminished by 7 (ii) The difference between m 
and n. 

(iii) The sum of l and m diminished by n. 

(iv) p diminished by q and r added to the result. 

(v) The excess of x over y diminished by z • 

(vi) The excess of the sum of a and b over c diminished 
by d. 

(i) 600 cm (ii) 100 a paise (iii) 60 t minutes 

(iv) 1000 l metres (v) 1000 w mg. 

Rs. nxr. 7. txm km. 


(i) 5* 



(») 

(ii) 


m x 5 

15 

x 



(iii) m x n (iv) 7 ab. 
(iii) s (iv) ± 


Rs. 4 m; Rs. 4 mx. 

(i) 6+5 = 11 
(iv) 4x3 =3x4 
(vi) \p = q (vii) * 

(ix) *.* 7m > 35, 

m > 5 


(ii) 4+5=9 (iii) 2+2=4 
(v) 20+5 = 80+20. 
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12 (i) The sum of a - and 7 equals 16. 

(ii) x diminished by 11 equals 5. 

(iii) Five times x is equal to 30 

(iv) Two-ninths of x is equal to b. 

$ io. 

$!S 

(ix) Since mi a us 2 is greater than 12 , therefore * is 

(x) lince'uviT/plus 5 is less than 15, therefore * is 
less than 5. 


EXERCISE 2. (page 5) 


1 . 


2 . 

3. 


(i) 7 4 (ii) a 5 (^) a P* ( iv ) ^ (v) ( ‘° l)3 (Vl) (a) 
(vii) 3»-+4»» (viii) (ix) P'+P' « 

(i) toThepow iTof* P (iv) e 3 raised to the power of 4. 

(i) = 5 times a = a+a-±a+a~a. 

(ii) V? fi£ji + A»x5 

(iii) 3 times 5 = o-r^ . J 


= 125. 

5. (i) 9 

6 . (i) 5 

7. (i) 72 

8 . (i) 2 | 

9 . (i) 129 
(v) H 


(ii) 1 * 
(ii) ft 

(ii) 1-76 

(ii) 1*1 

(ii) 359 
(vi) 67. 


(iii) *55 
(iii) *47 
(iii) 3VW 
(iii) 6 J. 
(iii) 1113 


(iv) 13. 

(iv) 35. 
(iv) 1.114. 


\ » * 

EXERCISE 3. (page 7) 

t Laws of Indices). 

2 Sr 78125 (H) 7»orll7649 

* (iv) A 13 . 


(in) a 
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3. (i) 6 abed (ii) \2 x*jP 

(iv) a*b 2 c 2 (v) 15 a*b 7 <? 

4. (Refer to Laws of Indices). 

5. (i) a 5 (ii) p 9 (iii) m 6 

6 . (i) 2 x 2 / (ii) 5 m 3 n 

(v) 3/ 2 /i 7 . 

7 . (i) 64 ‘ (ii) 729 

(v) /> 4n (vi) y 15 . 


(iii) 2/>V 


(iii) a 


3m 


EXERCISE 4. (page 9) 


1 . 

2 . 

3 . 

4 . 


(Refer to Laws of Indices) 


(i) 5 2 
(v) 3y 
(i) 4a 3 
(i) 2a 2 


(ii) 

(vi) 

(ii) 

(ii) 


43 

5 ab 2 . 

6a 4 

3 b* 


11 


(iii) * 


(iii) 5/ 
(iii) 4r 6 . 


(iii) a<W 
(vi) 6 /> 6 ^ 4 

(iv) 

(iv) 2 m 4 /» 


(iv) x 


3m 


(iv) 2 a 3 


EXERCISE 5(a). (page 10) 


1. 11a 2 
4 . 28 xy 
7 . 5a 2 
10 . 2a-\-2b 
13 . 3a+7>»+4 
16 . 2xy -\-3xz 
19 . 2p 2 +/>+3 


2 . 9 ab 
5. 6 ab 
8 . 4** 

11 . 3*+2 y 
14 . 2a 
17 . 6 a 2 —3a 


20 . 7a 8 —3a 2 — 2x +4. 


3 . 15 /> 

6. 5a6c 
9 . 2x+3y 
12 . 3a + 7 
15 . 3a -{-2b — 2c 
18 . a 3 +a 2 +4a 


EXERCISE 5(b). (page 10) 

1. (i) 7 a 4 +a3+5a 2 +3a+ 4 (ii) 4+3 a+5a 8 +a 8 +7a 4 . 

2. (i) a 7 +4a 6 +5a 3 +a 2 + l (ii) 1+a 2 +5a 3 +4a 6 +a 7 . 

3. 5+3a+2a 2 +2a 3 +a 4 . 

4 . 3a 4 —4a 3 +8a 2 +4a+9. 

5. 3 x 10 2 +7 x 10+4; 3a 2 + 7a+4. 

6. 5 x 10 3 + 7 x 10 2 +4; 5a 8 +7a 2 +4. 


EXERCISE 6 . (page 13) 

1. (i) 3a (ii) 3a, ab (iii) none (iv) 12a 3 & 5 

(v) 6 ab, 12 a 3 6 3 , 12 a 2 £ 2 , 6 a 2 b t 3 a 2 b s 6 abc 2 
(vi) 12 a 8 £ 3 , 1 2a 2 b 2 , 6 a 2 b. 


12a 2 b 2 , 16a 4 
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2 . (i) 
(Hi) 
(v) 

3. (i) 

4. (i) 


(iv) 

5. (i) 

(iv) 

6 . (i) 
(Hi) 

(iv) 

7. (i) 

(v) 

(ix) 


2a 2 6 2 , 12 a 3 b 3 
3 ab, 12 a 2 i 
ab, 12aW 

98, 2744. 

3 be 
5 a 

_1 _ 

3 abc 

35 xy 

ab 2 


(ii) 6a&, 36a 3 i 3 
(iv) 13a 8 6‘, 156a 3 * 5 
(vi) 2a6, 72a 2 5 2 c 2 . 

(ii) 225, 3375. 


(H) 


3ax 


(v) 3x>s 

(ii) 12 a 3 b, 2a 
(v) amn 3 . 


« ?■ 

3x 

(vi) - 3 ' 

v a>“ 

(iii) a*b 2 


9xy 


5^ 8a 18£ (ii) 

6ax 9 6ax’ 6ax 12x^' 

6cx 2 4fry 2 3 az 2 
\2abc* \2abc ’ 12afc 
606 3 x 2 y 40a6 2 x 3 45a 2 6y 3 48x;y 2 a 3 

60^P~’ 60a 3 6 3 ’ 60a 3 6 3 ’ 60a 3 6 3 

S on ^ « 4 


2x 3 


4>' : 


TZx^y 2 ’ 12x 2 _> 2 ’ 12x 2 _)’ 2 


60a 3 6 3 


17x 
12 


(ii) 


(iv) 


x 2 -h> 2 


, -x 1 +3a 

( V1 ) 


(xvi) 

(xviii) 

8 . (i) 


y±? (vi) - 

bjzt (x) 

bex -\-acy -\-abz 
abc 

8 ayz -f -5 bxz -j-9 cxy 

12xji 

a 2 + b 2 +c 2 
abc 


% (ii) 

c 2 


, 2 

( V11 ) s 


(viii) 


(xi) 


(x ii) 


(xiv) 


61x 

60 


xyz 

(xv) 


13a 

12x 


... 15x 2 -36xy+20y 
(xvn) -[so 


(xix) 0 . 


(iii) 1 (iv) abc 


25 


10 . (i) 


x-ry 


(ii) 


, x 6c , -s Sx 
< v > 25a (V,) §4 

x-r-y 
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EXERCISE 7. (page 15) 


1. *-h)> =JV4-*- , 

3 . 2 n + l is an odd number 


5. 4*+* = 5*. 
8. iOrc+3. 


6 . A 
9. A 


2. * 2 xx = * 3 . 

4. The sum of the first n odd 

numbers is n 2 . 

Ixb. 7. 10/1+5 


77 r 2 . 


10 . ^(a-\-b) xh. 


EXERCISE 8 . (page 17) 


1 . 100 * +y paise. 

3. (i) y km.p.h. 

V 

4 . -^-m metres per minute 
o 

4-a* 

6 . — km. 

8 . ^ 711 km per hour. 

a-\-b 4-c 

10 . — % 


12. Rs. 15r. 13. Rs. 


5 pr 

Too* 


2 . 


(i) - hrs. 


(ii) - hrs. 

y 


.... 250m 

(n) - metres. 


t 


5. 


7. 


9. 


11 . 


60* 


days. 


metres. 


s 
ax 

15 

29* 

25* 

(i) (“) 


14. Rs. 


a 

pir 


A 


100- 15 - 8 mCtreS ‘ 


1. Re. 


n—m 


m 


200 


EXERCISE 9. (page 19) 


2. Rs. 


19r 

20 


kg/Re. 5. Rs. 3 xy. 


4 ‘ 3(100— p)^ 1 

7. abc cu.cm.; 2 (ab-\-bc-\-ca) sq. 


cm 


8 T 6 


cm. 


9. hk. 


3. * paise 
xv 


6 . 


10 * 


10 . t cm. 


EXERCISE 10. (page 22) 

1. Rs. 4 gain & Rs. 4 loss; Rs. 10 credit & Rs. 10 debit ; 
3 boys joining the class and 3 boys leaving. 
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2. Going 2 km cast and 2 km west ; rising 3 m above the 
ground and going 3m down a pit ; going 1 m away from 
and towards a fixed point. 

3. Rs. 12 given. 4. 500 metres below sea-level. 

5. Departure of 5 men. 6 . (i) +Rs. 50. (ii) —Rs.»20. 

(iii) —Rs. 100 (iv) —Rs. 40 (v) + Rs. 15 

(vi) + 25 metres (vii) -f-Rs. 5 (viii) —200 m 

(ix) + 13 km (x) -{-15 km (xi) —17 km 

(xii) —20 km (xiii) +8 men (xiv) —10 men 

(xv) —16 metres (xvi) +24 metres. 

7. (i) +Rs. 12 (ii) -Rs. 9 (iii) +Rs. 25 (iv) -Rs. 15. 

8 . (i) —Rs. 12 (ii) +Rs. 9 (iii) —Rs. 25 (iv) +Rs. 15. 

9 . (i) +5 km (ii) —7 km (iii) +3 km (iv) —8 km. 

10. (i) —5 km (ii) +7 km (iii) —3 km (iv) +8 km. 

EXERCISE 11. (page 24) 

2. (i) 6 divisions (ii) 13 divisions (iii) 20 divisions 

(iv) 3 divisions (v) 10 divisions (vi) 7 divisions 

(vii) 9 divisions (viii) 8 divisions. 

3. 6 divisions towards west. 

4. 3 divisions towards east. 

5 . 3 divisions towards east. 

6 . 13 divisions towards cast. 

7. 5 divisions towards west, (x 1 ). 

8 . 14 divisions towards west. 

9 . 12 divisions towards east. 

10 . 6 divisions towards west. 

11. +60-25-15 + 12-16+24+40 

12. (+350m) + (—3507 h) + (+260m) + ( — 145//?) 

13. (+ 8 * metres) +(— 5x in.) +( + 11 * m.)+(— 6 * m.)+ 

( + 13* m.) +(— lx m.) + ( +15* m.) 

14. ( — 10a m.) + (+ 14a m.)+(— 8 a m.)+( + 16a m.) 

15. _ 5 °, -2°, +4°, + 8 °. 

16. (i) +6 (ii) +2 

17. (i) +46° (ii) - 8 ° 


(iii) -2-30 (iv) +5-20. 
(iii) 0° (iv) -32°. 
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EXERCISE 12. (page 28) 

* 2 * ft —4y 2 z. 9. 10m 2 n. 10. 0. 11- ~~^ ab ‘ 

g : Sf' £ 

19. 2**jiz+ 4*A+2*)-«*. 20. 12^-3^-n<^ • 

EXERCISE 13. (page 29) 

I. 2. ,* +y• 3. *-J*. 4. -£+^+ 3qt - 

5. 9 a 3 —4a—4. 6. _6* 3 +4^--5y. 7. -6* 2 > Jf 

8 . -36 2 4-6 2 c-4c 2 6. 9. a 2 x 2 -2ax-7. 10. 3a 86 . 

11 . _26 2 —46a + 11a 2 . 12. 4 a; 3 4-* 2 2. 

13. —19<f4-5*4-6/. 14. |a*+Jfl64ir* • 

15. —a: + 12. 16. —a. 

EXERCISE 14. (page 32) 

i c o liq 3. _19. 4. —5. 5. —5. 6. 19. 

7. -19. 8. 4-5. 9. (i) -5a (ii) 19a. (iii) -19a 

(iv) 5a. (v) 5a. (vi) 19a. (vu) — 19 «- 

10 . (i) — lOx. ~(ii) 14m. (iii) 0. (iv) 0. 

II. (i) m. (ii) — m. (iii) —m. (iv) m. 

12. (i) 2y. (ii) 0. (iii) 0. (iv) 2 (x-y). 

13. (i) 2x4-2.z. (ii) — 3a6-4-76c — ca. 

(iii) —6y+4x>'. (iv) —18-h4> 2 -3x 3 . 

14. 2— m 2 — m s — m 4 . 15. 3x 2 —4/* —1. 

16. —7a 2 +3a6 —126 2 . 17. —4x 2 y 2 —jv 2 £ 2 4-8* 2 * 2 

19. a 2 +6 2 . 

21. 3a 2 — 26 2 — 5. 

23. -2a 2 -6 2 4-8. 

25. 4a 2 —36 2 4-2. 


V*/ - 

(viii) —5a. 


18. p*— 5pPq+4<? — 6. 
20. x 2 —2x?4-_>’ 2 - 
22. 36 2 —a 2 —3. 

24. 2a 2 -}-36 2 —4. 

26. —2a 2 4-^ 2 4-12. 


1 . « + 5 . 

2. (i) 4-3m, 


(ii) 

(») 


3. 

5 ^. 


15. (page 35) 

(iii) -7- 
(iii) “2. 


(iv) 4-6 

(iv) 0 . 
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3. (i) 0. 

4. (i) -3. 

5. — 3q — p. 

9. 1U-+2/. 

12 . - 2 c. 

15. 4 *— 2b. 

18. 1. 

21 . 2y—2z—2x. 
24. —2b. 


(ii) 0 . 

(ii) -9. (iii) 9. 

6 . 2a—b. 7. 2p+q. 

10. 5*—96. 

13. — 4p+3q + \. 
16 2 a- 6 . 

19. 1. 

22 . 0 . 


3. 3 q — p. 

11. 61 — 9*24-5*. 
14. p+2q + \. 

17. — 3 * 4 - 67 — 6 ^. 
20. 2b. 

23. 0. 


1 , 

2 . 

3. 

4. 

5. 

6 . 
7. 
3. 
9. 

10 . 

11 . 

12 . 


EXERCISE 16. (page 36) 

(i) -}-(2*4-36-4c) (ii) —(—2*—36 4-4c). 


(i) -}-(2*—36 -{-Ac). 
(0 4-(3* 4-4>’-b5<;). 
(i) 4 -(3*- 47 -2z). 
(i) ax 4- (by —c). 

(i) * + (- 27 +*). 

(i) 3/> + (4?—5*). 

(i) 5/4-(—4*2—;>). 


(ii) -(-2*4-36-4c). 
(ii) -(-3 X - 47 -5s). 

(ii) —(— 3 * 4 - 474 - 2 ^). 

(ii) ** — (— / 74 -c). 

(ii) *-( 27 -^). 

(ii) 3/>— ( —4*74-5*). 


(ii) 5/ — (4m+/i). 

(i) — * 2 4 -(* 2 2 -f 6 2 — * 2 ). (ii) — a 2 — ( — m 2 — 6 2 4 -* 2 ). 

(i) * 2 -f-( — * 2 -f6c — 6 2 — ca). (ii) * 2 — (* 2 — 6c4-6 2 4-c*). 
(i) (2* 4 —5* 4 ) 4- (* 3 -4* 3 ) + (3 a 2 +a 2 ) ; - ( -2a 4 +5* 4 ) - 

( —a 3 4-4a 3 ) — (— 3a 2 —a 2 ). 

(* 2 — ah) 4 -( — 6 2 -f- 6 c) 4 -(c 2 — ca) ; -f -(* 2 — 6 2 -fc 2 ) — 

(— bc-\-ca-\-ab). 


EXERCISE 17. (page 38) 


1 . (i) 

35. 

(ii) -14. 

(iii) 

-45. 

(iv) 

32. 

(V) 

—60. 

(vi) -120. 

(vii) 

40*. 

(viii) 

—28*2. 

(ix) 

—32m. 

(x) 56*2. 

(xi) 

-72*. 

(xii) 

—24*2. 

2. (i) 

0. 

(ii) 0. 

(iii) 

0. 

(iv) 

0. 

(v) 

25. 

(vi) 25. 

(vii) 

* 2 . 

(viii) 

— 6 3 . 

(ix) 

c 4 . 

(x) -/A 

(xi) 

1 . 

(xii) 

— 1 . 

4 . (i) 

5. (i) 

“T“ 1 • 

0. 

(ii) - 1 . 

(ii) 0. 

(iii) 

— > ■+■ 

> 4 “ 

> + 


6. -49, 63, -21, 3, -3, -1. 
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7. (i) -59, 121, -11, 1. 

(ii) -42, -197, 3, 4. 

(iii) 3, —117, -13, -9. 

8. (i) 648jy 12 . (ii) -4 a l4 b\ 


EXERCISE 18. (page 42) 


1. (i) 12a+ 156 
(iii) 14/?i — 21;z 
(v) \2p 2 —8pq 

(vii) 8or+46c-12c 2 

2. a 2 +5a+6. 

4. ab -\-b 2 -\-ac-\-bc. 

6. 6a 2 + 7a6+26 2 . 

8. a 3 b — 2a 2 6 2 +a6 3 . 

10. — Zx*y + 7x 2 y 2 — 2xy*. 

12. 4a 4 -25 a 2 b 2 . 

10a 2 — 121 at —12 


(ii) — 15 a-21 y 

(iv) — 21 m 4-35/2 

(vi) — 15/ty + 10? 2 
(viii) —10ac+56c + 10c 2 . 

3. a 2 + 7a+ 10. 

5. a 2 +2a6+6 2 . 

.7. 2a 2 +5a>>+3_>> 2 . 

9. —a g +20a 3 —100. 

11 . — a 3 — 2 a 2 y —a y 2 . 

13. 9m 2 ti 2 — 9m 3 n — 2mti 3 . 
15. — 10a 3 — *a 2 -$a+ T \. 


EXERCISE 19. (page 43) 

1 . I-a 2 . 2. 1+a 3 . 

3. a 3 +2a 2 6+2a6 2 +6 3 . 4. a 3 — 2a 2 b+2ab 2 —b*. 

5. a 6 -* 6 . 1 6. a G +6 G . 

7. 21a 4 — 36a 3 6 — a 2 6 2 +48a6 3 — 36b 4 . 

8. 12a 4 +24a 3 _>»—25a 2 j> 2 +29a>> 3 —12y. 

9. 2 1a 5 —34a+ +18A 3 y — 1 8 a+ 3 +1 7xy 4 —4+\ 

10. A 4 +A 2 y+y. 

11 . a 4 +y + 4 * +a y* +yz? +ZX 3 —3a 2 yz —3xy 2 z—3xyz 2 . 

12 . x 4 +y +^ +.Ay 3 —£A 3 +3a 2 ^+3a_> 2 ^ —3 xy* 2 . 

13. 1—a 5 . 14. a3_|_£3_|_ c 3_ 3a ^ 

15. 16 . 61a** 2 +6a& 3 +6a 3 &-12<i«-126« 

144 

17 . 2a 11 —a 9 —a 8 +6a 7 — 1 Oa 6 —4a 5 +8a 4 —5a 3 —2a 2 +5a — 1. 

18. a 5 — 5a 4 + 10a 3 -10a 2 +5a — 1 ; 1. 

19. 4a 4 —5a 2 + l; 280. 20. x*+y 3 +3xy — l; 0. 
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EXERCISE 20. (page 44) 

1. 1— a*. 2. a 3 +6a 2 + lla+6. — 3. a 3 +6a 2 — a— 30. 

4 . *3 _j_( a _i-& -f-c)x 2 + (fl& +ca)x+abc. 

5 . x 3-L-6x 2 y + \\xy 2 +6y 3 . 6. a 3 +3a 2 b + 3ab 2 +b 3 . 

7. a 3 +3a6 2 — 3a 2 b-b 3 . 8. x 6 —y*. 

9. a 8 4-a 4 6 4 +^ 8 . 10. a 12 -b 12 . 

11. 2c 2 a 2 -\-2b 2 c 2 -{-2a 2 b 2 — a x — b* — c*. 

12. a 2 -\-b 2 +c 2 +2ab+2bc+2ca. 

13. a 2 +b 2 +c 2 — 2ab— 2bc+2ca. 

14 . 4 a 2 + g^ 2 _i 6 c 2 — 12<z&— 246 c + 16ca. 

15. a 3 -l-6 3 4-c 3 4-3fl^ 2 4-3^ 2 4-3ic 2 4-36a 2 4-3ca 2 4-3c& 2 4-6 abc. 

16 . _^ 34 -^ 34 - 3ab 2 -+-3ac 2 — 3bc 2 — 3a 2 b 4-3a 2 c4- 3b 2 c—6abc. 


1. 

1 . 


EXERCISE 21. (page 45) 
2. 4-2. 3. —4. 


6 . 39. 
10 . — 3 *. 


7. -23. 
11. — 3y. 


4. —3_y 2 . 

8. —2x 2 . 


1 . 

5. 

9. —47*. 

12. 12x 2 +4jy 2 —4xj>. 

14. 4(x 4 4-2x 2 a 2 4-0 4 ). 

16. 6x 4 4-11* 3 -M0x 2 4- 7 *4-2 


13. 3(x 2 —j> 2 ). 

15. (i) a 3 +b 3 +c 3 —3abc. 

(ii) 0 . (iii) 0 . 
72072. 

39483. 


17 3x 4 4-8x 3 4-14x 2 4-8*4-3 » 

18. 2x 6 +x 5 4-6.v 4 4-Hx 3 4-4x 2 4-9x4-12; 21/4502. 


EXERCISE 22. (page 48) 


1. 3x 2 . 

2. —3 ab 2 . 

3. 

3 ab 2 . 

4. 2 - 

5. 3 by. 

6. 

-m 2 np 2 q- 


a Apq 

9. 

bd — xm. 

7. — lab 3 c 2 . 

B. 3 . 




„ 3by—2cz +bcyz 

10 . 6 

12. 5a 2 x 3 —4ax 2 —7x. 

14. — 2a 3 4- 3 ^ 2 + 6f3 ‘ 


11 . ab+bc -\-ca. 


13. — 3r/ 2 fc 2 4-2*— abx 2 . 
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1. A+3. 

3. a — 3. 

5. x —2. 

7. 3 m —2. 

9. 2a — 3. 

11. m—3. 

13. 1—A. 
is. a 2 —3A^+y. 
17. a 2 -2a4-3. 
19. l-}-a. 


EXERCISE 23. (page 49) 

2. a 4-5. 

4. a — 7. 

6. 5a+3. 

8 . a “l - ^. 

10 . 2p-\-\. 

12. 3a+2. 

14. a 2 —2a-hi. 

16. a 2 — ab — b 2 . 

18. — 2a 2 +3a — 1 
20. A 2 -fA-}-l. 


EXERCISE 24. (page 51) 

1 . a 2 — a y ~hy 2 . 2 . a 4 —x 3 y -\-x 2 y 2 — xy 3 -j -y 4 . 

3 . X*-\-X 3 y-\-X 2 y 2 -\-Xy 3 -\-y*. 

4. a 7 — x 6 y -\-x 5 y 2 —a^ 3 -hx^y 4 —a 2 y h -j-xy 6 —y 7 . 

5. a 3 —2a 2 -f-2 a —1. 6. a 4 -|-2a 3 -f3 a 2 +2.<H-1. 

7. A 6 —Ay +y e . 8. a 2 -f- y 2 -f - 1 —A y +a 4 -y. 

9. A 3 — 2x 2 y+2xy 2 - y* 10. * 8 +*y— 3A 2 y— 3y*. 

11 . a 3 +la 2 b+tab 2 +T,\b 3 . 12 . hx+iy~iz. 

13. x 2 -\-y 2 +z 2 + l. 14. a-b-c. 

15. x 2 +4y 2 -h9z 2 —2xy+5y Z -\-3zx. 16. a +2b+3c. 


1 . a-\-b — 1 4 - 


EXERCISE 25. (page 53) 

4 - 5(a-fl) 


3. a 2 +4a-{-l 4 - 


a+b 4 - 1 ' 

2a+3 


a 2 4-3a4-l 


a 4-2 4- a_i_R—rc* 
a a 4-5a4-6 

4. 2a 2 -ab+b 2 + ~ 3b * 


a 2 -hab—2b 2 


5. Remainder = a 4 ; complete quotient 1 —x-\-x 2 —x 3 -\ _— 

1 

6 . Remainder = 135 a 4 ; complete quotient 

l-5a + 15a*-45a> 

7. Remainder = —4a 5 4-8a 8 ; complete quotient 

l+a-2a*-4 a * + ~ 4 f + 8g6 

T 1 —2a+2a* 
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8. Remainder = a 4 ; complete quotient 1 -f* +* 2 -f-A 3 -f- - - 

1 X 

13. a 4 — 4a 3 +6a 2 —4x + l- 14. a- 2 — 3a+2. 


15. 

-2. 


16. 

-2. 



17. 

ba — a 

+4. 

18. 

m +4 = 

0. 

19. 

-36. 



20 . 

5 

m 




EXERCISE 

26. (page 

58) 



1. 

6. 

2 . 

7. 


3. 

3. 


4. 

4. 

5. 

28. 

6 . 

18. 


7. 

40. 


8 . 

48. 

9. 

18. 

10 . 

10. 


11 . 

18. 


12 . 

15. 

13. 

13. 

14. 

17. 


15. 

13. 


16. 

11. 

17. 

7. 

18. 

9. 


19. 

9. 


20 . 

11. 

21 . 

6. 

22 . 

6. 


23. 

5. 


24. 

4. 

25. 

3. 

26. 

3. 


27. 

6. 


28. 

9. 

29. 

9. 

30. 

7. 


31. 

1. 


32. 

21 

33. 

3. 

34. 

2 h 


35. 

3b- 


36. 

3h 

37. 

6. 

38. 

6. 


39. 

4. 


40. 

3. 

41. 

9. 

42. 

3 

4 • 


43. 

1 ? 

1 B- 


44. 

3. 

45. 

13. 

46. 

10. 


47. 

2. 


48. 

3. 

49. 

3. 

50. 

2 

B* 









EXERCISE 

w 

27. (page 

61) 



1 . 

2. 

2 . 

-3. 


3. 

— 1 

1. 

4. 

-H- 

5. 

—4. 

6 . 

1. 


7. 

— 7 

• 

8 . 

— i. 

9. 

2. 

10 . 

CN 


11 . 

H. 


12 . 

*9 

B* 

13. 


14. 

5. 


15. 

0. 


16. 

4 2 

17. 

24- 

18. 

2. 


19. 

2 i • 


20 . 

7. 

21 . 

—3-rr- 

22 . 

1 0 

1 TB- 


23. 

4-5. 


24. 

—5g. 

25. 

29. 

33. 

17 

TB- 

—tV 
8^. 

26. 

30. 

34. 

— 2. 
2f. 
— 1. 


27. 

31. 

35. 

2 

T- 

10. 

1. 


28. 

32. 

36. 

ft 

1. 

—3 TIP 

37. 

3fg. 

38. 

14. 


39. 

1«. 




40. 

(o -1. 

(ii) any value of a. 

(iii) no value ot 

A. 


ANSWERS 

EXERCISE 28. (page 65) 


1. 

4. 

7. 

10 . 

13. 

16. 

19. 

22 . 

25. 

28. 


6. 

2. 

36. 

3. 

3. 

24. 

H. 

5. 

8. 

9. 

3#. 

6. 

9. 

&• 

— i? 

44. 

11. 

3. 

12. 

n\. 

10. 

14. 

— 11. 

15. 

li. 

24. 

4. 

17. 

24. 

18. 

54J. 

20. 

2. 

21. 

34. 

13. 

23. 

l 3 i 

— a 73* 

24. 

3yV 

3 5 
— IT- 

1 4 :< 

1 y~s- 

26. 

29. 

I T . 

1 (S 

TBT* 

27. 

30. 

2|. 

24. 


1. (i) b = 


3. (i) h = 
5. (i) r = 


2 A 
h 

2 A 


EXERCISE 29. (page 67) 

r-\ a 2A 
(n) h = . 

(n) a+6 = -j~. 


a+b‘ 

100 (f-l). (“) 5. 


2. r 


4. r 


II 

• 

& 

(ii) 

k-r 

r 2 n 

7. «/-%“• 

8 . a = Vc 2 —b 2 . 

(ii) 

9. 

v ~ u 

f ’ 

C = $ (F- 

3F 

10. (i) h = 

v 7 7rr z 

11. / - 2 ( 7 “°. 

(ii) 

' - vs 

12. «== |^-273 ; 

42. 

• 


EXERCISE 30. (page 68) 


1* 7 
4. p— q. 
7. m. 


2. m+w. 
5. x—7. 
8. m —17 


3. q — 
6 . 2 m 

9. 20- 


_ _C 

“2t r 

= V 


15. 
—n. 
—-tw.. 
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10 . 

in — n. 


11 . 

A-j-14. 


12 . 

2 5-d. 

13. 

Rs. 160 4-a. 

14. 

53 — ii. 


15. 

m — 34. 

16. 

p—q. 


17. 

4. 


18. 

40-/72. 

19. 

y—x. 


20 . 

60 —m. 


21 . 

2m — n. 

22 . 

21— n. 


23. 

2p—q. 


24. 

28 
~. — ■ • 

n 

25. 

n 


26. 

m 

» • 
mm 


27. 

2 p. 


m 



5 



28. 

6. 


29. 

48 


30. 

11 





a 



m 

31. 

a 3 


32. 

5a -f-15. 


33. 

7/2-12. 

34. 

3 P+q- 


35. 

6m —n. 


36. 

4a 4-13. 

37. 

2y+5. 


38. 

i m 4-7. 


39. 

iA-9. 

40. 

iy +u 

• 

41. 

i^m — 13. 




42. 

(i) 14, 

15, 16. 

1 


(ii) 

A — 1 

, A, A 4-1. 

43. 

W H> 

12, 13. 



(ii) 

k, k- 

4-1, k 4-2. 

44. 

(i) 25, 

26, 27. 



(ii) 

P-2 

> P — 1, P- 

45. 

2 m -{-2, 

2m -j- 3. 

, 2m 

4-4. 




46. 

2/i+2, 

2/z+4, 

2/2 4 

6. 




47. 

2a--6, 

2a-4, 

2a- 

2. 




48. 

2a — 2, 

2a, 2a 4-2. 





49. 

2x —3, 

2a — 1, 

2a + 

1. 




50. 

2m —1, 

2m 4- 1 , 

2m 

4-3. 




51. 

2/i + l, 

2n 4-3, 

2/2 + 

5. 




52. 

80 4-/2. 




53. 

10 A: +4. 

54. 

10 m+n 

• 



55. 

10/2 4-m. 

56. 

30p- J r2q. 

57. 

(i) (m — 

16) years. ( 

ii) (m —ti) years 

58. 

(i) 47 years. 

(ii) 

(35 4-a) 

years. 

59. 

(y-Fk) years. 

60. 

(i) 30 years. 

(ii) 

1 7 4-a years. 




61. (i) 18 years. * (ii) (p+n) years. 

62. (60— k) years. 63. ( n—m ) years. 

64. (i) (m —5) —k years. (ii) (m —5) +p years. 

65. m-f-34 years. 66. (i) 3a km. (ii) hx km. 

67. (i) 4* km. (ii) tx km. 68. (i) 4 km per hour. 



32 

X 


km per hour. 



ANSWERS 


467 


69. (i) 10 hours. 


m 


(ii) ^ hours. 


70. (i) hours 

71. Rs. (3m+5). 
73. Rs. (2/1+6). 


75.. r cows. 
k 


74. 


(ii) — hours. 
v ' s 

72. Rs. {lx — 9). 
(i) Rs. 50 (ii) Rs. 50*. 

76. 5; * 


77. Rs. 


5 m 
~2 ’ 


Arm 


(“) Rs - ! 00 * 


8* 


78. Rs. 10Q x. 


79. 


88 n 

Rs. — X3m 


80 


100 


. Rs. 


1 


100 


EXERCISE 31. (page) 74 


1. 

3. 

5. 

7. 

9. 

11 . 

13. 

15. 


50, 33 
19. 

170. 

24. 

48 years ; 24 years. 

69°, 37°. 

5° 25°. 

A Rs. 81; B Rs. 69. 


17. Rs. 90, Rs. 120, Rs. 130 


2 . 10 . 

4. 30. 

6 . 28. 

8 . 25. 

10. 45 years ; 15 years. 

12. 72°, 72°, 36°. 

14. A Rs. 43; B Rs. 53. 

16. A Rs. 20; B Rs. 27; 

C Rs. 34. 

18. Rs. 200, Rs. 160, Rs. 140 


EXERCISE 32. (page) 76 


1 . 

4. 

7. 

10 . 


60. 

36, 45. 
56 litres. 
566, 112 


2. 420. 

5. 6 metres. 
8 . Rs. 7200 
11. 854, 210. 


3. 60. 

6 . 120 km. 

9. 12, 28 or 108, 92 
12. 645, 214. 


1 . 

3. 

5. 

7. 


9 years, 24 years. 
21 years, 45 years. 
28 years, 56 years. 
8 years, 34 years. 


33. (page 77) 

2. 16 years, 36 y 
4. 48 years. 

6 . 54 years, 44 y 
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EXERCISE 34. (page 78) 


1 . 

28, 29, 30. 

2. 14, 16, 18. 

3. 

25, 27, 29. 

4. 50, 51. 

5. 

110, 112. 

6. 75, 77. 

7. 

123, 124. 

8. 115, 117. 


EXERCISE 

35. (page 79) 

1 . 

48. 

2. 25. 

3. 

71. 

4. 53. 

5. 

62. 

6. 21. 

7. 

72. 

8. 24. 


EXERCISE 

36. (page 81) 


1. 27£ minutes past 8 P.M. 

2. 12i days after the start of first steamer ; 3000 km from P. 

3. 144 hours. 4. 3 km per hour. 

5. 20 km per hour. 6. 5£ km. 

7. ' 48 km. 8. A meets after walking 21 f km. 

9. 30 km per hour, 240 km. 

10. B overtakes A in 10|-£ minutes and after travelling 10-J-r km. 


EXERCISE 37. (page 83) 

1. 32 metres, 48 metres. 

2. Tea at Rs. 8 per kg, coffee at Rs. 7.50 per kg. 

3. 20 kg. superior, 30 kg. inferior. 4. Rs. 5400. 

5. Rs. 1200, Rs. 2000. 6. Rs. 2400. 

7. No. of males 3400, No. of females 3200. 

8. 40 goats of each kind. 

EXERCISE 38. (page 86) 

255 metres. 2. 49 metres, 40 metres. 

16 metres, 10 metres. 4. 27 metres, 15 metres. 

20, 30, 5 and 125. 6. 40, 31, 72, 12. 

19 13 7 42. 8. Rupee coins—170, 

50 paise coins—310. 

25 paise coins—60, 10 paise coins—20. 

28 boys, Rs. 125. 


1 . 

3. 

5. 

7. 

9. 

10 . 


ANSWERS 


469 


SECTIONAL REVISION 1 . (page 88) 



PAPER 1. 

1. 4 a — By. 

3 . a 2 +a>> —xz —yz- 

2. -35, -11, -5. 

5. |. 6. 48. 

1. a 2 4-i 2 -fc 2 . 

PAPER 2. 

6a—5 b 

2. 3. 3 ‘ 3 * 

• 

o 

I 

e> 

• 

5 . _4|. 6.15 years, 36 years. 


PAPER 3. 

1. 6a— 2b km. 2. 2 a+> 

3. Quotient is 1 +3a+4a 2 +2a 3 ; remainder, —4a 4 —4a 6 . 

4. 20a 2 — 5ab. 5. 

6. 5-J- hours after the departure of B\ 24 km from the starting 

point. 


PAPER 4. 

1* — a-\-b-\-Ac. 

A. 1. 

2. a 2 +3a —1. 3. a 6 —1. 

A 


PAPER 5. 

2. (i) +1 (ii) -H (iii) -M (iv) -1. 

3. Quotient 1—a+a 3 — a 4 ; remainder, a 6 . 

4. 5. 5. a 8 +a 4 +1. 6. 30 km. 


1. 2ab+4bc+2ca. 2. — 56+68* — \58x 2 + \07x* — 98.x 4 

4- 4 7.x 5 — 15 a: 6 +a 7 . 

3. 11am 2 . 4. a 3 . 5. 2. 6. 48 km. 

PAPER 7. 

1. (if 20, (ii) 9a 2 -i-3a—5. 

2 . 8a 2 -f 86 2 —22c 2 -f-86fec -86ca -16a&. 

3. 18a 2 4-40a>». 4. 10a 2 +2. 5. —1. 6. Rs. 2300. 
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PAPER 8. 


2. 2 p, 2 q. 3. a 4 -2a 3 4-3a 2 4-5a-f-n. 

4. 4 km North. 5. 6. 24. 


PAPER 9. 





11 +7a — 1 O.y 2 -f.Y 3 + 2* 4 —4a 5 . 



2. 25, 121, 361, 841 etc. 

4. 1 3a 2 . 

6. 31m, 20m. 


OBJECTIVE TYPE ITEMS 1. (page 91) 


1 . 

2 . 

3. 


(i) terms. (ii) —7. (iii) the index. 

(v) Conditional, (vi) Ascending. 

2 

2 —771 

(iii) B Unity in all cases. 

B. a — 1, a, fl-f-1. 


(i) A. variables 


(ii) C. 


(iv) 

(vii) 


Root. 

Odd. 



EXERCISE 

39 

. (page 93) 

1. 

4 a 2 -f- 2 O.y)' -f 2 5_>» 2 . 


2. 

9a 2 +42ab +49b 2 . 

3. 

25a 2 -h 30 a 4-9. 


4. 

9-j-24p-hl6p 2 . 

5. 

9a 2 b 2 +24ab 2 + \6b 4 . 


6. 

64a 4 -j-48a 3 b 4 -9a 2 b 2 . 

7. 

81« 2 a 2 4-72<7a^ 2 -}-16_>’ 4 . 


8. 

m i 4-2m 2 n 2 -f-w 4 . 

9. 

p 2 x 2 -\-2pqxy A r q l y 2 . 


10. 

p* + 2p 4 q 2 4- />V- 

11. 

4a 4 b 2 4- 1 2a 3 b 3 4-9a 2 £ 4 . 


12. 

a 2 -2ab+b 2 . 

13. 

56a_>». 14. 

25n 2 . 

15. 49«7 2 . 

16. 

198a. 17. 

9. 


18. 16 p 2 . 


EXERCISE 

40. 

(page 94) 

1. 

9a 2 — 30ab 4-2 5b 2 . 


2. 

23m 2 —30m +9. 

3. 

36p 2 — 60p 4-25. 


4. 

49a 2 — 14a 4-1. 

5. 

16 — 56p 4-49/? 2 . 


6. 

a 2 4-2a£ 4 b 2 . 

7. 

16/w 4 — 40m 2 rr 4-25« 4 . 


8. 

a 2 \ 2 —2abxy 4- b 2 y 2 . 

9. 

4a 4 A 2 — 1 2a 2 b 2 xy + 9b 4 y 2 . 


10. 

49a 4 -56a 2 ^ 2 4-166 4 . 
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11 . 

13. 

16. 


4a*b 2 —4a*b*+b 6 . 
24 ab. 

154 m. 


12 . 

14. 16/. 

17. 36/. 


49// — 112// 4-64//. 
15. 16/. 

18. 25x 2 . 


EXERCISE 41. (page 95) 


1. 91204. 

4. 649636. 

7. 39204. 

10. 19044. 


2. 164025. 

5. 373321. 

8. 60025. 

11. 247009. 


3. 

494209. 

6. 

1002001. 

9. 

156816. 

12. 

358801. 


EXERCISE 42. (page 96) 


1. 9x 2 —25. 

3. a 2 x 2 —b x . 

5. 16a 2 —256 2 . 

7. a*-b 4 . 

9. a 8 -* 8 . 

11 . x 2 — 6*? 4-9/ —16/. 

a -4 # 

15. 3a 2 -6ab-\-8ac+2bc—3c 2 . 


2 . 

4. 

6 . 

8 . 

10 . 

12 . 

14. 


a 2 m 2 — b 2 n 2 . 
p2 x 2- q 2jK 

9.x 2 / -49 a 2 /. 
a 4 — 1 • 

x 2 -/-/4-2>^ 
x 4 4-x 2 /4-/- 
X 8 -|-X 4 4 1 • 


16. 4a 3 &+4a6 3 . 

17. 4ab-4ac+4ad. 


18. 

24ab— b2ac+\0ad. 

EXERCISE 

43. 

(page 97) 

1. 369. 2. 

185 

• 

3. 289. 

4. 305. 5. 

5445. 

6. 7815. 

7. 6460. 8. 

8547. 

9. 4 ab. 

10. 13a 2 —24a6 4- 136 2 . 


11. 

4pqxy. 

12 . 3 m 2 x 2 — 1 Om/ix^ — 8?j 2 / 

1 

• 

13. 

1 7a 2 6 2 —4a 4 —12 ab 

EXERCISE 

44. 

(page 98) 

1. x 2 4-8x4-15. 


2. 

x 2 4-10x4-24. 

3. x 2 4-12x4-35. 


4. 

x 2 4- 16x4-63. 

5. m 2 —3m — 40. 


6. 

m 2 — 4m —77. 

7. /— bp — 126. 


8. 

a 2 —9a—220. 

9. x 2 4-8x — 105. 


10. 

x 2 4-4x—96. 

11. x 2 4-llx- —102. 


12. 

x 2 4-8x —240. 

13. x 2 —x — 110. 


14. 

x 2 4-5x —104. 

15. x 2 4~7x —144. 

/ 

16. 

x 2 4-5x —84. 
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17. 

A 2 —10a — 119. 

18. 

a 2 — 12a-45. 

19. 

a 2 — 23a +90. 

20. 

a 2 — 12a —133. 

21. 

a 2 — 16a+63. 

22. 

a 2 —2 7a + 180. 

23. 

a 2 -23a+ 130. 

24. 

a 2 — 23a + 126. 

25. 

4a 2 +1 6a +15. 

26. 

9m 2 —9m —10. 

27. 

1 — a —6a 2 . 

28. 

9—3a-20a 2 . 


EXERCISE 

45. 

(page 98) 

1. 

a 3 +6a 2 + 1 1a+6. 

2. 

a 3 +9a 2 +26a +24. 

3. 

a 3 +1 5a 2 + 74a+ 120. 

4. 

a 3 -2a 2 -23a-60. 

5. 

a 3 +2 a 2 — 43 a — 140. 

6. 

a 3 —}- 3a 2 — 1 8a —40. 

7. 

a 3 — 6a 2 — 7a —60. 

8. 

a 3 —5 a 2 — 1 8 a 4~ 72. 

9. 

a 3 —12a 2 +47a—60. 

10. 

a 3 — 12a 2 + 39a—28. 

11. 

a 3 — 10a 2 + 31 a —30. 

12. 

a 3 — 1 8a 2 + 1 04a — 192. 

13. 

8a 3 + 36a 2 +46a + 15. 

14. 

27a 3 — 63a 2 +42a —8. 

15. 

q 3 a 3 +11 a 2 x 2 + 36<za +36. 

16. 

m 3 x 3 — 8m 2 A 2 + l 1mA+20. 


17. 

18. 

19. 


1. 

3 

5 

7, 

9 

10 

11 

12 

13 


(a + P) (* +?) (* +r) =a 3 + (p -rq +r) a 2 + (pq +qr+rp)x +pqr. 

(p+a)(p+2b)(p-3c)=p* + (a+2b-3c)p* + 

(2 ab —6bc—3ac)p—6abc. 

(m + 3) (m —4) (m +5) =m 3 +4 m 2 — 17m —60. 

EXERCISE 46. (page 100) 

8 a 3 + 12 a 2 „v+6a)> 2 +>< 3 . 2 . A 3 -f9A^+27Ay+27y 

8a 3 ~36a z b 4-54 ab 2 +27 b 3 . 4. <z 3 a 3 +3a 2 A 2 ^+3<zA6 2 _>> 2 +b 3 f. 

1 +9a+27a 2 ^-27a 3 . 6. 8+60a + 150a 2 + 125x 3 . 

2 7a 6 + 54a 4 + 36a 2 +8. 8. a 6 + 3<z 4 6 2 + 3a 2 6 4 + 6 6 . 

27a 6 + 54a 4 £ 2 + 36a 2 6 4 +86 6 . _ ^ 

(4m +2«) 3 = (4m) 3 +3 (4m) 2 (2«) +3 (4m) (2n) - + (2») 3 . 

(2p + 3q) 3 = {2pY + 3{2 P Y{3q) + 3 (2/ > )(3 ? ) 2 + (3q)\ 
(5p+2q) 3 = (5p)*+3(5p)*(2q)+3{5p)(2q)* + (2q) 9 - 

(2a + 36) 3 = (2a) 3 + (3^) 3 +3(6fl6)(2a+36). 

EXERCISE 47. (page 101) 

8 a 3 — 1 2 a 2 + 6 a— 1. 2.27- 54a + 36a 2 - 8 a 3 . 

27a 3 — 108 a 2 b +144a6 2 —646 3 . 

64a 3 — 1 A4x 2 y +1 08a>’ 2 —27y 3 . 

1 25a 3 —300a 2 _>>+240a>> 2 — 64>+ 

64m 6 _ 144 m*n +108m 2 /r —27a 3 . 

8a 3 * 3 — 36a 2 A 2 ^ + 54aA6 2 >' 2 —27 b 3 y 3 . 
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8 . 1 — 3a 2 4-3a 4 — a 6 . , so 

9. ( 2 *- 3>’) 3 = (2a: ) 3 — 3 (2x) 2 (3 y ) 4- 3 (2x) ( 3y) 2 — ( 3y) 3 . 

XO. (4m -5x) 3 = (4 m )3_3(4m) 2 (5A0+3(4m)(5x) 2 -(5x)3 

11. (4a— 6b) 3 = (4a) 3 — 3(4a) 2 (66) 4-3(4a)(66) 2 — (66) 3 . 

12. (2p—3q) 3 = (2/0 3 -(3?) 3 -3(2/>)(3<7)(2/;-3?). 

13. 27(m 3 -12m 2 rt4-48ma 2 — 64/i 3 ). 

14. 6 3 + 15/> 2 ? + 75/>? 2 4-125? 3 . 

15. 1 2a 2 -h24 a- f28. 16. 96a 2 —96x4-132. 

EXERCISE 48. (page 102) 


1. 35. 

2. 91. 

3. 243. 

4. 343a 3 4-294a 2 6 4-84a6 2 4-36 3 . 


5. 1 25 (a 3 4- 3 a 2 ^ + 3xy 2 4-J' 3 ) . 


6. 2a 3 4-9a 2 4-15a4-9. 


7. 24a 2 4-48a 4-26. 


8. 189. 

9. 335. 

10. 448. 


EXERCISE 49. (page 

102) 

1. a 3 4-27. 

2. a 3 4-125. 

3. a 3 4-343. 

4. A 3 4-1331. 

5. 125a 3 -f27. 

6. 27m 3 4-125a 3 . 

7. a 3 j 3 +64^ 3 . 

8. 64a- 3 4-729^. 

9. a 3 4-6V*. 

10. a 6 4-646 6 . 

11. a 6 4-1- 

12. 98. 

13. 9(x 3 +y 3 ). 

14. 37(x 3 -y 3 ). 

15. 56. 


EXERCISE 50. (page 103) 

1. A 3 -8. 

2. A 3 - 

216. 

3. A 3 -512. 

4. x 3 - 

1728. 

5. 27a 3 -8. 

6. 125: 

v 3 -27>- 3 . 

7. p 3 q 3 —8r 3 . 

8. a 6 - 

W. 

9. 19m 3 —37a 3 . 

10. 37(/> 3 4-<7 3 ). 

11. -189. 


12. (a) 3 -\-(3b) 3 

13. (2x) 3 -(5j-) 3 

14. (4p) 3 + {3q) 3 

15. (7a) 3 —(66) 3 


(a4-36) { (a) 2 —(a)(36)4-(36) 2 }. 
(2'V—5>>) ( (2x) 2 4- (2a) (5^) 4- (5)0* )• 
(4/>4-3<7) { (4p)*-(4p)(3q)+(3 q )* ) 
(7a-6b) { 49a 2 -p(7«)(66)4-366 2 }. 


EXERCISE 51. (page 105) 


1 . 

2 . 

3. 


a 


j-b 2 4 -c 2 4-2 ab —2 be —2 ca. 
a 2 4-6 2 -\~c 2 —2ab 4-2 be —2ca. 
4 a 2 -f6 2 4 -c 2 ~^ab -\-2bc —4 ca. 
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4. An 2 -\-b 2 ~rC 2 -\-Aab — 2bc — \ca. 

5. 4 a 2 _i_£ 2 _L_ 9 c 2 _.Aab — Sbc-\-\2ca. 

6. 25 a 2 4- Ay 2 + 9z 2 —2Oxy — l2yzA~30zx. 

7. 4.x 2 -f 9/ 2 -i- 1 — 1 2xy 4-4a — 6>’. 

8. x 4 +3*y+y—2 a 3 j>— 2xj>». 

9 . A 2 * 4 4-7 2 A' 2 y4->‘ b'*—2pqx z y — 2^a> 3 +2prx 2 y 2 . 

10. Aa 2 -rb 2 A-9c 2 +d 2 4-4 ab +1 2ac +Aad A~6bc -A-2bd 4-6 cd. 

11. a 2 —Ab 2 4-9c 2 -f 16 dr —Aab —6ac + 8ad^\2bc — \6 bd —24 cd. 

12. Ap 2 4-9<7 2 4 -r 2 -f4 j 2 ~M 2 — 12 pq —Apr -8ps-\-^pt —6^r +12?5 

— 6^/—4r5-r2r/—4^/. 

13. 9a 2 4-16y 2 4-4^ 2 4-to 2 —24 ajv4-1 2a£ —6a w — 16>*s4-8yu/ —4^, 

14. 3a 2 —6abA-8<*cA-2bc—3c 2 . 

15. 2<7 2 4-4^4-8<2c4-2^— b 2 — c 2 . 

16. Aa 2 A-^b 2 —2c 2 -\-\0abA-6bc—6ca. 

17. 2(a 2 +b 2 +c 2 +d 2 +2ac+2bd). 

18. 2 (a 2 +b*+c*+d*- 2 ac- 2 ad+ 2 cd). 

19. 2 a 2 —b 2 —c 2 —d 2 —Aab -^Aac —4 ad A-2bc —2bd — 2cd. 

20. 361. 21. 841. 22. 20. 

23. 52. 24. 20. 


1. 169. 
4. 81. 
7. 3. 
10. 3. 


52. (page 106) 


2. 324. 
5. 28. 
8. -61. 


4. 

105 


1. 23; 527 
4. 110. 

7. <2 3 4- 3tf. 


EXERCISE 53. (page 107) 


2. 11; 119. 
5. 14. 


3. p'+Ap 2 +2 
6. m 3 —3/w. 


1. 

3. 

5. 

7. 

8 . 
10 . 


EXERCISE 54. (page 108) 

v 3 . V 3_1 + 3 XV 2. .v 3 -y 3 -1 -3.V)'. 

8.* 3 . 1 4. 4. 

A 3_j_8y3 — 27^3_j_i 8xyz. 6. 8.v 3 —j 3 -27.; — 18.x>^ 

(9**+y ! +-j 2 +3*>’--->*+ 3 **)- _ 70 

(5«+3j—*). *■ 7 ^o 

63. 11- /4U ' 
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EXERCISE 55. (page 109) 


1. (3x + 3^-^) 2 . 
3. (x-y-z) 2 - 

7. 124. 


2. (2.v4-5j>-r£) 2 . 
4. (x — 2y + 3z) 2 - 
8. 35,984. 


EXERCISE 56. (page 111) 


1. m(a — b). 

3. mn(m-~-n). 

5. bc(a—d). 

7. x(ax 2j rbx-\-c). 

9. 2a 3 b(2a 2 —3a -f-46' 2 ). 
11. {a+^ic+d). 

13. (a 2 —x-r 1 ) (2<z 4-36). 
15. (/j^-r-r)(7» 2 -T-^w-r« 2 )- 
17. x(x —7)(x 2 --f-7x—25). 
19. 2(x-j)(3 p+q). 


2. x(x-4-2). 

4. 3(x 2 —2). 

6. a(p-\-q — r). 

8. a 2 x 2 (x —2a-r 1 )• 

10 . <iX')ix 2 y+ay 2 -±a z x). 

12. (x-l)(7m4-2). 

14. (ax+b)(3p+q+2r). 

16. (x-y)(a-b+c+d). 

18. 5(p 2 —<?0 2 (3/> 2 3</r 2). 

20. (x-hy)(x 2 -K>’ 2 -AJ-)* 


EXERCISE 57. (page 112) 


1. (*-h)0 ( a_ r5). 

3. (m-4-3)(x- y). 

5. (x—3 a)(x-i-b). 

7. (3/>-5)(/> 2 -f2). 

9. (p -4 1 ) (^ -h I ) - 
11. (a 2 -hi)(2a-5). 

13. (x—y)(x—3). 

15. (a 3 -i-2) (2,7-1). 

17. (x-f5) (1 lx 2 4-7). 

19. (2x—3)(3y—2). 

21. (ax —l)(x-f 1)- 
23. (a-26) (a-26 4-3). 

25. (ax—by) (bx—ay). 

27. (x — 1) (x +1) (a+bx+cx 2 ). 


2. (a— 6)(x- y). 

4. (x+2)(^-f3). 

6. (a 2 4-9) (a 4-3). 

8. (2p —3<7) (3p — t-2r) . 

10. (a-fl) 2 (a-l). 

12. (fl 2 -fl)(5a-2). 

14. (2a 4-6) (3<z-c). 

16. (y-\)(y 2 ~a + \). 

18. (ax4-6)(x 2 4-l). 

20. (x— b)(x — 2a). 

22. (6x 4 -y) (ax — 1). 

24. (bc+a)(ac-~- b). 

26. (a-fl)(a 2 x — ay— <;). 

28. (x -1) (x -f-1) (A'a 2 -\-lx -\-m ). 


1. (2a4-7) 2 . 
3. (5a4-46) 2 . 
5. (6a4-56) 2 . 
7. (7a4-36) 2 . 


EXERCISE 58. (page 113) 

2. (5p—3) 2 . 

4. (7m-4») 2 . 
6. (6a—76) 2 . 
8. (5x—6_y) 2 . 
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9. 

11 . 

13. 

15. 

17. 

19. 

21 . 


(4a- + 7>-) 2 . 

(9.v-f5>>) 2 . 

(8 x+y)*. 
9(x + 3y)*. 

l \ 2 

a — - 
x f 

(ax-\-3by) 2 . 
(2a —3b ~rC 


d) 


10. (9a —7b) 2 . 

12. (3m — Wn) 2 . 

14. (4p-6q) 2 = 4(2p-3q) 2 . 
16. (5m—7 n) 2 . 



20. (4 ab—c 2 ) 2 . 


22. (3 p-q-r-s) 2 . 


EXERCISE 59. (page 114) 


1. (4a— 3)(4a4-3). 

3. (1— 6a) (1 — 6a). 

5. (3a 4- 10) (3a — 10). 

7. (11-0(114-0* 

9. (a 2 — 5)(/7 2 4-5). 

11. a(2a -f 3) (2a — 3) (4a 2 +9). 
13. a 2 (\ 4-30(1 -30(1 4-9« 2 ). 
15. 3a 5 (8a 2 —9>’ 2 ) (8a 2 -f9>’ 2 ) 

17. (x-2y+3z)(*+2y-3z). 
19. (x—3y) (5x—y). 

21 . (13tf-f£)(a-f-136). 

23. 8ax(x 2 -\~a 2 ) ■ 


2. (9a— 5b)(9a+$b). 

4. (8a-l)(8a + l). 

6 . (7— 5<7)(7+5<7). 

8. (1 — lac) (1 4 -lac ). 

10. (3a — 1) (3a +1) (9a 2 4- 1 )* 
12. (1 — 2a) (1 4-2a) (1 4-4a 2 ). 
14. a 3 (6a 2 —5a 2 ) (6a 2 4 - 5 / 7 2 ). 
16. (a -\-5b 4-70 (a-\-5b— 1c). 
18. 4 ab. 

20. (x-ly)(7x-y). 

22. 4a(b — c ). 

24. 5/?(12m—13/?) 

26. (19m 4-13/?) (23/?-//?). 


25. 12(5/7 — 1) (« 4-2). 

27. (\0a-9b — 7c)(\5b—25c—2a). 


EXERCISE 60 (page 115). 

1. 2. (P+4)(P 2 — 4//4-16) 

3. (/>? 4-6) (/>V-6/><7 4-36). 

4. 8(2/74-5) (4a 2 -\0a -4-25). 

5. (5a 2 -h4>>) (25 a 4 — 20a 2 y 4-16>' 2 ). 

6. (4//?/? -r 1) (16 m 2 n 2 —4//?/? 4- 1). 

7. (3//? 2 -t-5/? 2 )(9//? 4 — 15//? 2 /? 2 4-25/? 4 ). 

8. ab(la—4b) (49a 2 — 28ab 4- 1 8b 2 ). 

9 . (2(7 — 3£ 4-3c) (4/7 2 4-9^? 2 4-0^ 2 — \2ab —6ac ~r9bc) . 

10. (a— 2/7-fl)(« 2 4-4^ 2 4-l —4ab—a-\-2b). 

11. (A - — y 1) (a 2 — 2a>- -h>' 2 4 -a —y 4-1) • 

12. (1 8a —by) (1 56a 2 4-240a>- 4-2 7 ly 2 ). 

1.3. (3y — 8a) ( 1 24a 2 — 1 38xy 4-39>’ 2 ). 

14. — 3p(\ 9p 2 — 45 pq -\-21q 2 ) . 
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EXERCISE 61. (page 116) 

1. (l-tf)(l+a+« 2 ). 2. (2 -a)(44-2a4-* 2 ). 

3. (5a — 2)(25a 2 4- 10# 4-4). 4. 27(3a-2)(9a 2 4-6a4-4). 

5. 8(a —56) (a 2 4-56a 4-256 2 ). 

6. (9a>’ —8^) (81 a^>- 2 -\-12xyz 4 - 64^ 2 ) . 

7. (a 2 —26 2 ) (a 4 4-2a 2 6 2 4-46 4 ). 

8 . (tf-6)(a 2 4-«6 4-6 2 )(a 6 4-a 3 6 3 4-6 6 ). 

9. (a 4 -26 2 c 2 )(fl 8 +2a 4 6 2 <; 2 4-46 4 <: 4 ). 

10. (3a +2>- -*) (9a 2 -f4y 2 4 -^ 2 +1 2a>- + 3a* +2 \yz ). 

11. (a-6)(7a 2 4-13a64-76 2 ). 

-12. 2(6 —2a) (151a 2 — 466a6 -j-3646 2 ) . 

13. (a—6) (a 4-6) (a 2 4~a6 -4--6 2 )(a 2 —a6 4-6 2 ). 

14. (a -6) (a +6) (a 2 4-6 2 ) (a 2 +a6 +6 2 ) (a 2 -a6 -f-6 2 ) (a 4 —a 2 6 2 4-6 4 )- 

15. (2a 2 -4- 1) (2a 2 -1) (4a 4 -2a 2 +1) (4a 4 -f2a 2 4- 1). 

16. (3a -6) (3a 4-6) (9a 2 -f 3a6 4-6 2 ) (9a 2 — 3a6 -W; 2 ). 

17 ■ a(a-t-6) (a -6) (a 2 +a6 +6 2 ) (a 2 -a6 +6 2 ). 

18. 3x 7 (a -f-2 \y) (a —2y) (a 2 —2a_>- -f4y 2 ) (a 2 +2at 4-4y*) . 


EXERCISE 62. (page 119) 


1. 

(a+6) (a 4-7). 

2. 

(a — 13)(a—5). 

3. 

(a 4-13) (a 4-5). 

4. 

(P —6)(/>—9). 

5. 

(a 4-6) (a 4-12). 

6. 

(a 4 - 7 ) (a 4- 13). 

7. 

(a — 13)(a-9). 

8. 

(a +8) (a 4-13). 

9. 

(a 4-13) (a—8). 

10. 

(a 4-12) (a 4-9). 

11. 

(a 4-12) (a—9). 

12. 

(a 4-12) (a -f 15). 

13. 

(p + \3)(p-\2). 

14. 

(a — 15)(a-f-12). 

15. 

(a-13)(a4-ll). 

16. 

(a-16)(a4-15). 

17. 

(a -|-15) (a —7). 

18. 

(a —30) (a -r4). 

19. 

(1 — 1 5a) (1 — 4a) . 

20. 

(1 —51a)(l +2a). 

21. 

(a 4-14) (a 4-7). 

22. 

(a—8) (a —9). 

23. 

(p-\6)(p + U). 

24. 

(»ti4-13)(w— 7). 

25. 

(P— 6)(/>-4). 

26. 

(a 4-10) (a—3). 

27. 

(iw + 12)(»n—3). 

28. 

(a — 16) (a 4-5). 

29. 

(a — 14) (a 4-4). 

30. 

(m4-12)(m—7).. 

31. 

(a — 12) (a—8). 

32. 

(a-12) (a 4-6). 

33. 

(a-21) (a— 4). 

34. 

(a 4-21) (a -4). 

35. 

(a —15) (a 4-6). 

36. 

(a -24) (a 4-2). 

37. 

(a-7) (a 4-6). 

38. 

(a 4-9) (a-8). 

39. 

(l-24a)(l4-5a). 

40. 

(1 4~26a)(1 —3a). 
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1. 

3. 

5. 

7. 

9. 

11 . 

13. 

15. 

17. 

19. 

21 . 

23. 

24. 


11 . 

14. 

17. 
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EXERCISE 63. (page 120) 


a _ 1 0 q ) (p — 2a ). 2. (m — 8«) (m -An ). 

(a—6b)(a—5b). 4. (a — 9b) (a +ob ). 

(p-\6q)(p-3q). 6. (a + 126) (a +86). 

(m — 7/i)(m—4/z). 8* (* 16j>)(A-t-5j;). 

(a-2)(a-2)(a 2 +3). 10. (a -2) (x+2) (a 2 +7). 

(a ~5Ua-5 (a 2 -7). 12. (a 2 -17) a 2 -8). 

a -3v (a-3>')(.v 2 + 7v 2 ). 14. ( fl -l)K+a + D(« 3 +3). 

Tp J)4+ 3 f(>4?+l)(^-3^+9). 16. (a--12)(a--15) 
i a 2 —2a—6) (a 2 — 2n -f-5) . 18. (x 2 +x-7)(x 2 +x+5). 

<m- —3m — 6)(m 2 —3m —2). 20. (/> 2 - 5/»+9 /> 2 -5/>-4). 
(a— 2)-{a 2 — 4a^-12). 22. (a 2 — 6a —15) (a 2 — 6a — 12). 

(”*+4/1+14)(p 2 +4^“ 7)! 31 25. (a-3)(a-5)(a 2 -8a -16) 

EXERCISE 64. (page 121) 


(m—8«)(m—4n). 

(<z—96)(<z4-56). 

(a + 126) (*■+86). 

(x —16 ^)(x4-5j»). 

(a —2) (a 4-2) (a 2 4-7). 

(a 2 -17) (a 2 -8). 
(fl-l)(a 2 +fl-rl)( fl3 +3). 
9). 16. (a 3 — 12)(a- 3 — 15) 
(a-2+x — 7)(a 2 +x+5). 


2 (2 a- —jy) (5a — 3>’). 

(rt — 96)(6tf 4-196). 
10rt(76 —«). 

(3rt-86)(136—4 a). 
~b 2 (9a 2 — 1 16 c ). 

A '"j 12. 


A -r 3. 

c = 20. 


15. 


2 . 

4. 

6 . 

8 . 

10 . 

* + l 

a-+4* 
m = 9 


(7_>>—4 a) (4 a—_>>). 

—2(5m 4-3/i) (/« +5w). 

— (3/h4-17w)(9wi4- 7 '0. 

(a-b) 2 (a+2b)(a-U). 

(a-3b)(a-Ab) 2 (a-6b). 

is. i=i 

A —Z 

16. p = -2. 


EXERCISE 65. (page 122) 


1. 

3. 

5. 

7. 

9. 

11 . 

13. 

15. 

17. 

19. 


(2*-f7)(A--2). 
(5* 4-3) (a+ 1). 
2(3a4-1)(a —1). 
(4a 4-3) (2x — 1). 

(14rt-M5)(« 4-1). 

(1 p) (3 2/>) • 

(3a-U)(3a-b). 

(/>-?)( 4 / > -r 9 ?)- 

(2a-\-5b)(6a—b). 

x-2 

A-3* 


2. (3a-1)(a4-5). 

4. (3a-2)(2a4-3). 

6. (4a — 1)(2a—3). 

8. (3m — 2)(4w4-5). 
10. (lOp —3)(2/i4-5). 
12. (1 4-5/m)(2— 3m). 
14. (m- J r 3n)(2m—7n). 
16. (x — 5y )(1 5a 2_y). 
18. (2a— ly) (5a — 3_y). 

^ 2 a—5 

20 * 3a4-5* 


x 
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21 . 

23. 

25. 

27. 

29. 

30. 

31. 
33. 
35. 
37. 
39. 

41 


_9 4 (2* 4- 2 y-be). 22. (2a* 4 2 b 2 +ab)(a- r b) 2 . 

f x — \)(x22)(x—3) (a 4-4). 24. (2a-~3b -8) (4a -56 -6), 

(W 2 -5)(3* 2 W 26. (2* 2 -3) (3a 2 4-1). 

rJ-2) (5a* 4.3). 28. ,3a -jO ( 3a +j) (2a* 4-3y 2 ) 

(a -2)(a 2 -2a 4 4) (2a -1) (4a 2 4-2* + ! ) • 

(a 2 -2v 2 ) (2 a 2 -y 2 ) (a 2 4 2^’ 2 ) (2a 2 4 -y 2 ) • 


(5a — 3y) (a — 2y ). 

(a—3)(7* —4). 

a^(a> —5)(aj—4). 

(a-9) (a 4-6). 

(a 2 4-a— 5) (a 2 -4a — 21). 


32. (a— 3>>)(5a4-2j). 

34. (7a4-3)(a —4). 

36. a(2a-3b)(4a + 5b). 

33. (a — 1)(a —2) 2 (a—5). 
40. (a — 4) 2 (a 2 -i-8 a4-6). 



EXERCISE 66. (page 12-1) 


1 # ( a —2b 4-3 c) ( a 2 4-46 2 -\-9c 2 4-2 ab — 6bc — 3crt). 

2. (a —_y —*)(a 2 4-_)> 2 4-£ 2 4-*J> —_y£4-^v). 

3. (a-b-\)(a 2 +b 2 + \+ab-b-±-a). 

4. (*4_y-fl)(* 2 -hr —■xy —x— 

5. (a-\-b —6 )(a 2 —b 2 — ab -\-6a-\-6b — 36). 

6. (a — 2v— 4)(a 2 4-4> ,2 4-2a>>4-4a —8^-f 16). 

7. (4a—3b + \)(\6a 2 -\-9b 2 -\-\2ab-4a — 3b^-\). 

8 . ( 3 X _5 y -4) (9a 2 4-125 y* 4-1 5*_y -p 1 2a -20 y 4- 16) . 

9. (2a —3b —c ) (4 a 2 4-9 b 2 -f-c 2 -r6ab — 3bc 4-2 ca ). 

10 . (x~- 3 )(' 2 +J 2 + 3-v-^+lo)- 

11 . (a 2 4-2a-4)(^— 2a 3 4-8a 2 4-8^4-16). 

12 . 2y ( 3a 2 4-j 2 4- 3* 2 4- 3 xy 4- 3yz 4- 3**) . 

13. —2 (b —c)(3a 2 4 ~b 2 +c 2 — 3ab—3ac+bc) . 

14. 9(a4-2). 

15. 4 (a 4 y 4-£) (a 2 4-_y 2 -r* 2 —xy —yz —zx) . 


EXERCISE 67. (page 125) 

1. (a 2 4-5a4-7)(a 2 4-5a4-3). 2. (a 2 +2a—7)(a 2 4-2a-4). 

3. (a 2 -3a-16) (a 2 -3a-12). 4. (a4-5)(a- f-6) (a 2 4-11*4-8). 

5. (a 2 —11a4-12)(a 2 —4a4-12). 6. (a 2 — 3a — 16) 2 . 

7. (a — 3)(2a4-3)(2a 2 —3a4-7). 8. (*4-1K3*—7)(3a 2 —4*43). 

9. 8(* 2 4-a—7)(2* 2 4-2a—5). 10. 3(3a 2 4-a-1)(9a 2 4-3*4- 1). 


480 


ALGEBRA FOR HIGHER SECONDARY SCHOOLS 


11. (x +2) 2 (a 2 +4a- — 6). 12. (x 2 +3at — 13) (a- 2 +3* +5). 

13. 4(2* — 1)(*+4)(2a-* + 7x + 15). 

14. (9* 2 -9.v -17) (9 a 2 -9a —5). 


EXERCISE 68 . (page 126; 

1. (* +y- +z) {x +jr ~Z) . 2. (4* -\-2y — 3z) (4* 2y-\-3z) * 

3. (2* +3+ -5 Z )(2x-3y +5*)- 

4. (4*-f 6 y-f5<:)(4*— 6y-r5z). 

5. ( 6 ^— 5* + ly) (6^—5*— 7y) or (5x+ 7y—6 z )(5x—7y- 6 z)- 

6 . (c+</ + * — 6 )(r+</—.*— 6 ). 

7. (*-26+3c-4</)(*-26-3c+4</). 

8 . (4*^36 — 7c+5</)(4* — 36+7c+5</). 

9. (l+2*-36-5c)(l-2*-36+5c). 

10. (2*4-36— 5c— 6)(2* — 36+5c — 6). 

11. (5c— 2-±a— 76)(5c — 2— *4-76). 

12. {7a —46—8c —1)(7*—46—8c + l). 

EXERCISE 69. (page 127) 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 
9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 
23. 


(* 2 —2*+3)(* 2 +2*+3). 

( a 2 +a+ 4 ) (a 2 _ fl _l_ 4) . 

(2 * 2 +2*6 +36 2 ) (2 * 2 -2*6 +36 2 ). 

(3 * 2 4-5*6 4-46 2 ) (3 * 2 -5*6 -f 46 2 ). 

(*—3)(*4-3)(2* —1) (2*4-1) ■ 

(3*2 4-3*6 —46 2 ) (3*2 —3*6 —46 2 ). 

(5 * 2 -7*6 4-36 2 ) (5*2 4-7*6 4-36 2 ). 

(* 2 —5*6 —56 2 ) (* 2 4-5*6 —56 2 ). 

(* 2 — 2*6 — 66 2 ') (* 2 + 2*6 — 66 2 ). 

(7*2 -2*6 —46 2 ) (7*2+2*6 -46 2 ). 

(* 2 +*6 + 6 2 )(* 2 —* 6 + 6 2 ). 

(25 + 10* +2*2) (25 — 10* +2* 2 ). 

(* 2 + 2 * + 2 ) (* 2 — 2 * + 2 ). 

(* 2 +4* + 8 ) (* 2 —4* — 8 ). 

9 (* 2 + 2*6 -r26 2 ) ( rt 2 _ 2 «6 +26 2 ). 

(8/;2 — 12 pq + 9 < 7 2 ) ( 8/> 2 +12 pq +9 ? 2 ). 

(* 2 +* + l)(* 2 —* + l)(« 4 -^ 2 -rl); 

+ 2( rt 2 + 6 2 ) (* 4 —* 2 6 2 + 6 4 ). 

( 5 * 2 — 5*6+66 2 )(5* 2 +5*6+66 2 ). 

_ r \ ( 3 0 - r —2*). 22. (* —5c) (* +5c — 66 ). 

( 5 * —3c)(5* —46 +3c). 24. (7*—3c)(7*—46+3c) 
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SELECTED QUESTIONS A. (page 127) 

I . {p+q)(p+q — •)- 2. (a—A)(a + A+2c). 

3. (2a+3A)(2a+3A—4). 4. 8aA(a 2 +A 2 ). 

5. (a- 4 +/) (* 2 +y) (* +J>) (*->)• 

6. (2a + 3) (4a 2 —6a+9). 

7. xy(x+2y)(x 2 — 2xy+y 2 ). 

8 . (5a 2 +4A 2 )(25a 4 -20a 2 A 2 + 16A 4 ). 

9. (a -3) (x +3) (a 2 +3a +9) (a 2 -3a-+9). 

10. (2a 2 + a 2 ) (2a 2 -a 2 ) (4a 4 -2A 2 a 2 +a 4 ) (4a 4 +2A 2 a 2 +a 4 ). 

11. (2a -3) (2a+3)(a — 1)(4a 2 +9)(a 2 +a + 1). 

12. (a+35)(a — 18). 13, (a +21)(a —19). 

14. (a+5)(2a — 1). 15. (4a+ 7) (3a—5). 

16. (a+3)(6a+7). 17. (2a —1)(3a—5). 

18. (a—2)(2a+3). 19. (a+2)(2a—3). 

20. (a+6)(2a —a). 21. (2A + 3a)(3A-4a). 

22. (5A-2a)(3A—7a). 23. (x-4y)(2x+3y). 

24. (4a — 3>>)(4a —y). 25. (a 2 +5a+2)(a 2 +5a+8). 

26. (a 2 —3a + 1) 2 . 27. (a 2 -5a-40) (a 2 -5a-20). 

28. (a 2 — 1 4a + 18) (a 2 —6a + 18). 29. (a+A+c)(a-4+c). 

30. (p 2 +2p +2) (p 2 —2p+2). 31. (a 2 +4a+8)(a 2 -4a+8). 

32. (A 2 +2A^>+2y)(A 2 —2 a>+2> 2 ). 

33. (2a 2 -2a + 1)(2a 2 +2a + 1). 

34. (a 2 +3a>>+4j>*) (a 2 —3a?+ 4y 2 ). 

35. (9a 2 — 12 ab +8A 2 ) (9a 2 +12 ab +8A 2 ). 

36. (y+ 7 +i)(y->,+i). 

37. (a 2 +2a +4) (a 2 —2a+4). 

38. (A 2 -3A^+y)(A 2 +3A>+y). 

39. (a 2 — 2ab+3b 2 )(a 2 +2ab+3b 2 ). 

40. (a 2 — a + 1)(a 2 +a + 1)(a 4 — a 2 + 1). 

41. (a 2 +2a+3)(a 2 — 2a+3)(** — 2a 2 +9). 

42. ( ac-\-ad-\-bd — bc)(ac — ad-{-bd-\-bc). 

43. (a -\-b — c — d)(a — b-\-c — d ). 

EXERCISE. 70. (page 132) 

1. —1. 2. -37. 3. 4a 3 —2a 2 -(-5a—3. 

4. —5m 3 —m 2 —3 m —4. 5. —56a 4 . 

II. (x-l)(x 2 +2x+3). 12. (x-l)(x-2)(x-3). 

13. (a: -f-1) (at —}—3) (at —}-o) . 14. (x— 1) (3x 2 -r-4x-f-5). 

15. (x-f l)(4x 2 — *+2). 16. (x —l)(x + l)(2x 2 -f-3x+4). 
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17. (x — 1) 2 (x 2 —4.v-f2). 

19. (x-l)(x + l)(x-2)(x+3). 


18. (.v —f-1) 2 (a: 2 —3x -}- 5 ). 
20. (x-l) 2 (2x 2 4-3x-4). 


EXERCISE 71. (page 132) 


1. p = 3. 

3. a = —2, 6=5. 


2 . a-\-b -\-c-\-d — 0 . 

4. —600. 6. p = f • 


EXERCISE 72. (page 135) 


1. (*+2)(x-3)(*+4). 

3. (x +2) (2x — 3) (3x 1). 

5. (x 2) (x 5) (x —p7). 

7. (x +3) (x 2 —3x +4). 

9. (a +1) (a 4-5) ( 2 a —3). 

11. (a — 6)(a 2 -f2a6-}-36 2 ). 
13. (a4-26)(a +56)(a —46). 
15. (a-l)(*-4)(2a+3). 

17. (2a 4-6) (a —26) (3a 46). 


2. (x —4) (x — 3) (x +2) • 

4. (x+2)(*+3)(*—5). 

6 . (x+2) (x 2 -3x4-6). 

8 . (x — 3) (x 4) (x 2 4"5x 3) • 
10. (a — 3)(4a 2 — 3a— 6). 

12 . (a —6) 2 (a —26). 

14. (a+ 3) (a —6) (2a 3). 

16. (2a—6)(a 2 —a6 4-36 2 ). 

18. (a— 6)(3a4-26)(4a4-36). 


8 . 

10 . 


EXERCISE 73. (page 136) 

4^+4«+a-. 9.4^-4^ + ' 6 * 

32 a 5 _i 6 a 4 x+ 8 a 3 x 2 —4<i 2 x 3 4-2ax * ■ 


11. 9m 2 +3m + l. 

12. x 3 4-4 at^)> + 16»9 , "4-64> • 

13. 1 — 2m-t-4m 2 — 8m 3 . 

14. 1 6 a 4 —8 a 3 b +4a 2 i 2 —2ai 3 




SELECTED QUESTIONS B. (page 137) 


1 . b = 132. 

3. (*+2)(*+4)(* + !)• 

5. (fl+2)(a 2 -«+4). 

7 . (x — 2)(x — 3)(x+5). 
9 . (x — 2 ) (x 6 ) (x -r 8 )- 


2 t) _ 3 

4. (x4-l)(*—3)(x+9). 

6 . (x-f-1) (■* 4"3) (x 4). 

8 . (x — 1 ) (x 2 )(x 4 ~3) • 

10. (x + l) 2 (x- 2 ). 


answers 

SECTIONAL REVISION II 

TEST PAPERS, (page 137) 


48? 


Paper 1. 

1. ( i) The square of sum or difference of two quantities is 
equal to the sum of their squares plus or minus twice 
their product. 25x 2 d-16>’ 2 i40A>’. 

(ii) 10(a 2 +6 2 ). 2. 34. 

4 . (ij 3(«-l)(« + l). («) (1 — 2a—6)(1 +2a+6). 

(i«) 4(2*—3) (3*+4). (/») (*—5)(*-7)(2*-3). 

5. 0. 6. 0-24. 


Paper 2. 

1. (0 (a) 49y 2 . (b) \32xy. (ii) {a) 254016. ( b) 245025. 

2 . 66 . 3 (0 3 a — 1 . (ii) x*+x*y+x*y 2 +xf. 

5. (0 *(*-6)t*+7). ' (««) 4(36—2a)(2a—6). 

6. 330300. 


Paper 3. 

1. The product of the sum and difference of two numbers 
is equal to the difference of their squares. 

p 2 — 4pq-\-4q 2 —9r 2 ; 3255. 

2. 322. 3. d 2 = 3c 2 — 3b 2 +a 2 . 

4. (3a-2) (2a-3). 

5. (0 3(g ~f - («) (a-8)(a-9) a . 6.0. 

J 

Paper 4. 

\ 

1. (i) (a+q) (a +6) (a-{-c) = x 3 + (algebraic sum of 2nd 

terms of each factor)A a + 
» a (sum of products of 2nd 
terms taken two at a time) -\- 
product of 2nd terms. 

(/> + 2 ) (p—3) (/>+4) =p* + (2-3H-4)p 2 

+{2 x ( -3) + ( -3) X4+ 4 x2}/>+2 x ( -3) x4. 
(ii) a 3 4-4a 2 — 17a—60. 
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2. 52. 4. (i) 6. (ii) 18. (iii) 23. 

5. (i) (2* 2 — 1) (2a 2 -M) (2a 2 —2a-{- 1) (2x 2 +2* + l). 

(ii) a 2 b 2 (3a — 2b) (9a 2 +6ab-{-4b 2 ). 

(iii) ( 7 a - r 3 b ) (a+9 b ). (iv) (2a-1) (a-2) (2a 2 -5a+5). 


Paper 5. 

1. The sum (or difference) of two cubes is equal to the sum 
(difference) of their cubes increased (decreased) by three 
times the product of those two quantities and their sum 
(difference). 

(5m—2n)» = (5m) 3 -3(5m) 2 (2n)+3(5m) (2«) 2 -(2n) 3 . 

ku 

2. (i) 341. (ii) 387. (iii) 4. 3. (ii) » =JZZ U - 


4. (i) 2x (x — 3)(a 2 +3). 

(iii) (x-y) (x+y—z). 

5 - (*)» = (ii) 


(ii) x*(x+ 6 ) (x-5). 


-33. 6. (i) 55. (ii) 3-030625. 


Paper 6. 

1. When the sum of two quantities is multiplied by the sum 

of their squares diminished by their product, the resul 
is equal to the sum of their cubes. 

(In the text read a 2 — ab-\~b 2 for a 2 Nab + b 2 .) 

27-i_64a 3 * 133. 

p 3 4-3p. * 3. (i) 4(A-f2_>0 2 . (ii) 

(i) 16a 4 . (ii) 2m 3 — 9m 2 -f-16/?i —14. 

(i) 0. (ii) 13-2. 6. 1. 

Paper 7. 

The square of the sum of three numbers is equal to the 
sum of squares of those numbers plus twice the sum of the 
products of those numbers taken two at a time. 

9*2 _u 4 y 2 — 1 6z 2 1 2xy — 1 6yz +24*a; 

2 (p 2 — q 2 —2r 2 3pq qr^rpr) • 

50. u * 


2 . 

4. 

5. 
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4. (i) (9a 2 -12 ab +8£ 2 ) (9a 2 +12 ab +Qb 2 ). 

(ii) {7x — 7y —4) (5* — 5jy —3). 

(iii) (2* +3y) (2* — 3y — 3). 

(iv) (4* 2 + 16* + ll) 2 . 

5. 0. x = 1* 

# 

Paper 8. 

1. 8m 3 — n 9 —18ma—27. • 

2. 246684600000. 

3. (i) 18*(28* 2 -10.v + l). 

(ii) (*+3)(2*-{-l). 

(iii) ‘ (2a +3b) (2a +3b -4). 

(iv) (a + l)(a+2)(2a-l). 

5. 6. 8734. 

Paper 9. 

1. (i) *414. (ii) x s —a 8 

3, 6m 2 — 7in —3. 4. 288. 

5. (i) (a 2 +2a + l)(a 2 -2a+2). 

(ii) (a-f-l) 2 (a — 1). 

(iii) (a 4 —a 2 -j-l)(a 2 —a + l)(a 2 +a + l). 

6. £*(* 2 -f-3_>> 2 ). 


Objective Type Items— EE. (page 142) 

1. (i) ( 3) 2 —( 2) 3 = 17. 

(ii) (3*4) 2 -h(8*6) 2 -f(6*8)(8-6) = 144. 

(iii) If (at— 2) is a factor of* 2 — a*+8 then a = 6- 

(iv) If *+— = 2, then = 2. 

A? X 


(v) 5*2— \y 2 = 5(x — £>)(*+&?)' 



(1*53)*—(*47) 2 
106 



(vii) (2*475) 3 +(l*525) 3 +12(2*475)(1*525) =64* 

(viii) 256a 8 —6 8 . •, ; , 


2 - M X > B - (^) C. 

(iv) X, J3. 
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EXERCISE 74. (page 144) 


1. 

a — b. 

2. 

a — 3 b . 

3. 

a 4-26. 

4. 

a-f-2. 

5. 

a — 3. 

6. 

a — 1. 

7. 

a-f-3. 

8. 

a ± 2 . 

9. 

a — b — c. 

10. 

a 4-4. 

11. 

a — 2. 

12. 

a-2. 

13. 

a-f-3. 

14. 

a 2 4-1. 

15. 

a—2. 

16. 

a — 3. 


1 

3 

5 


EXERCISE 75. (page 145) 

a( a _l) 2 ( a + i). 2. (a — 2)(a-f2)(a 2 — 2a 4-4) 


(a-l) 3 (a 2 -f-a4-l)- 

(a+b)(a-2b){a-3b). 


7. (* 4 - l )(*+ 2 )(*+ 3 ). 


9. a 3 -l. 

11 . (a 2 -4b 2 ) 2 . 

13. 72(a 4-*)*(« -^) 2 (fl 2 +«* -M> 2 )- 

14. 60a 3 M(a4-*)(«— )• 

15. a 3 Ma4-6)(a — b) 2 (a 2 — ab-\-b*)(a 2 -\-ab-\-b*). 

16. (x 2 -a 2 ){x 2 -b 2 ){x 2 - c 2 ). 

17. (1 4 - 2 a)(l —8a 3 )(l 4-2a—4a 2 ). 

18. (jc-|-l)(jc*-f-l)(Af — l) s - 


4. (a + l)(a+2)(a+3). 

6. (A4-<0(*-f4a)(A4-7a) 

(a 4- 13a). 

8 . (a-l)(a + l)(a 2 +a + l) 

(a 2 — a-f- 1) 

10. a 12 — 1. 

12. 36 a»b 2 (a-by>. 


EXERCISE 76. (page 147) 


1. a 2 -f-3a 4-4. 

3. a — 4. 

5. 2a 2 -f-3a4-7. 

7. 8a 4 — 24a 3 + 18a 2 . 

9. a 2 -2ab-\-4b 2 . 

11 . a 2 -2. 

13. a 2 — 3a + l. 

1J* 


2 . a—3. 

4. 3a — 1. 

6 . 3a-f4. 

8 . 2a 2 4-a —1. 
10 . a 2 —a — 1. 

12. a*4-3a4-5. 
14. a*-f5a 4-1. 
a 2 —3a 4-5. 


EXERCISE 77. (page 148) 


1. a—2. 

4. a 2 4 - 5xy 4 - 4_>' 2 


2. x — 3. 3. 

5. 3a—2 \y. 


a 2 -3a 4-2. 
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1. 2a 2 —a—3 

3. a 2 -a- 2. 
5. a 2 —2a 4-1 

7. 3a 2 —x 4-1 

9 — 

x+2' 

6a 4-5* 

13 * 2 +*~ 6 

a 2 — 1 * 


EXERCISE 78. (page 149) 

2. a 2 -3a4-4. 
4. a 2 4-2a4-3. 
6. a 2 4-2a 4-3. 

8 *- 2 

• a 2_ a: _3* 

io **+*- 12 
1U * a 2 4-a4-2 * 

12 

lZ * a 4-1 

3a 2 4-.v4-2 


12 . 


14. 


2a 2 4-a 4- 3 


15. 


A 2 4-A —12 
A 2 -A-12* 


EXERCISE 79. (page 151) 

1. H.C.F. = a*— 2a 4-3 and L.C.M. = (a -3) (a 3 4-a 2 -3a 

4-9). 

2. H.C.F. = a 2 4-3a4-2 and L.C.M. = (a -5) (a 3 -a 2 — 10a 

- 8 ). 

3. H.C.F. = 2a 2 — 9 and L.C.M. = (2a— 5) (6a 3 4- 8a 2 —27a 

-36). 

4. H.C.F. = 2a 2 — 3a4-1 and L.C.M. = (a 2 4-2a—2)(2a 4 -7a* 

4-1 1a*—8a 4-2). 

5. H.C.F. =a 2 4-a — 6 and L.C.M. = (a 2 — 3)(a 5 4-6a* — 49a 

4-42). 

6. H.C.F. = 4a 2 —3a 4-2 and L.C.M. = (2a 2 -3) (16a 4 -12a 3 

4-20a* — 9a 4-6). 

7. H.C.F. = a 2 —a4“3 and L.C.M. = (a 2 —a 4 - 1) (2v 4 — a 3 

4-6a 2 4-2a*4-3). 

8 . H.C.F. = 3a 2 - -oax+a* and L.C.M. 

— (5a —2a) (6a 4 -25 ax* -\-26a~x* —a 4 ). 

9. 15a 3 —a 2 —5a—1. 10. 4a 4 — a 3 4-4a — 1. 

11. a 7 — a 6 — a 4 4-1. 12. a 4 —2a 3 4 - 10a 2 — 12a 4-24. 


\ 
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EXERCISE 80. (page 152) 
a s +a 5 +3a 4 + 11a 3 +4a: 2 + 12a + 16. 


,7 


1 . 

2 . 

3. AT 10 4-2a 9 —6a 8 —6a 7 -f 22a 6 +2a 5 —44a 4 +42a 3 +1 7a 2 — 108a ' 


A* +A 6 — a5+2a 4 — A 3 — A 2 -fA—2. 


1 . 

3. 

5. 

7. 

9 . 

10 . 

11 . 

12 . 

13. 

14. 

15. 


4-81. 

SELECTED QUESTIONS—C. (page 152) 

2y—x. 2. 1-f*. 

4a 2 —4a 4-1. 4. 4a 2 —4a4-1- 

3{a 2 ~l). . 6. 2a 3 4-a 2 +a. 


x+y. 

H.C.F. 

H.C.F. 


8 . a 2 4-5. 


16. 


= 2(a—3) L.C.M. = 12a(a + 1)(a4-3)(a— 3). 

= (#4-^4-*-) L.C.1M. = — b — c ) x 

(b — c — a) (c — a — b) . 

= a 2 4-3a4-2 L.C.M. = (* —1)(*4-1)(*4-2)(a4-3) 

= 2a 4-3 L.C.M. = (2a4-3) 2 (a 2 -1)(6a-1). 

= l4-*4-* 2 L-G.M. = (1 -a)(1-a+a 2 )(1-a4). 

= a 2 — 2 a4-3 L.C.M. = (a4-2)(a 4 4-2a- 2 4-9). 

Read a* for a in the first expression: 

H.C.F. = a 2 —a — 1 L.C.M. = (a 2 -a-1)(a 2 -a4-1) 

(a 2 4-* —1)* 

H.C.F. = 2< 2 2 4-< 2 4-3 L.C.M. = (a 2 +a 4-1)(4a 4 4-1 la 2 +9). 


H.C.F. 

H.C.F. 

H.C.F. 

H.C.F. 


EXERCISE 81. (page 155) 

2{a+b) —3(a+b) 4 {a—b) 

1# a 2 — b 2 3 a 2 -b 2 3 a 2 -b 2 ' 

{a+b) 2 ( a-b ) 2 -2 ab 

a 2 -b 23 a 2 — b 2 3 a 2 -b 2 ’ 

„ (4*-6) (l 4-4*6) (4*4-6) (1-4*6) 46(8* 2 —1) 

3 * \—\Ga 2 b 2 5 1—16* 2 6 2 3 1— 16* 2 6 2 ' 

3(a — 1) 4(a-2)_ 

(a-1)(a-2)(a-3)’ (a-1)(a— 2)(a-3)’ 

—5(a— 3 ) 

(.v-1)(*-2)(at-3 )■ 
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a+b— c b+c—a _ 

(a— c )(b — c —a)(c —a —b) ’ (<z— b — c){b —c —a) ( c—a—b ) ’ 

_ c-fa— ^ 

(a —b —c) (b —c —a) ( c —a —by 

a 2 (a — b-\-c ) 6 2 (g— b — c) 

ab(a 2 +b 2 -c 2 —2ab) ’ ab (a 2 +b 2 —c 2 —2ab) 9 

abc 

ab(a 2 -\-b 2 -c 2 ~2ab) 


• (*_ 2 )(*+3)- 


(*-3) (*+4) 


A ' 2 -a 2 * 



(a: +>) 2 

11 ^ 

12 . 

1 

it!# 

*- y 

‘ (* + l)(*+ 2 )- 

* • 

1 — X 

13. 

i 

a 6 * 

14. —. 

x-y 

15. 

6xy 

8A.* 3 +27y 


1 

17 2ab 

18. 

2a(a*4-56) 

lOt 

IT 

1 

1 

• 

1/# a 2 -b 2 ' 

JL • 

(a 2 -b 2 ) 2 * 


EXERCISE 82. (page 157) 

2 (* 2 7a-4-11 

(*—2)(*—3)(*—4)(*-5); 2 ‘ (*+5)(2*+3)' 

4 

3 - (at —1)(*—5)' 4. 0. 

_ 3 1 

(jc+ 1)(*+2)(*+3)‘ (*-l)(*+2)(*+3)* 

7 _ 1 _ 8 3 x 9 7 10 ab{2a-\-b) 

. (*+a)(*+13aV 1M \(a+*)(a-*)’ 

11 12 4a 2 13 * 2 -}-2* -|-3 

(a 2 — l)(a 2 —4)* ^ * (**-1 )(j 


13. 


(**-l)(** + l)- 


• 6 (a 2 —2) 

(a 2 —1) (a 2 —4) 
8a(a 2 —7b*) 


83. (page 158) 

9 6ab 2 

(a 2 —6 2 ) (4a 2 
8(a«-3) 


-b*) 
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5. 


8 . 


1 


1-a 2 ' 

8 

\-a 8 * 


6. 


9. 


1 


1 — 9x 2 ‘ 
6 

a«-r 


7. 


10 . 


a Aj rb A 
a*-b 4 * 
-3b 2 
a(a 2 — b 2 ) 


EXERCISE 84. (page 160) 


1. 


4. 


7. 


9. 


11 . 


4a 7 


a 8 — a 8 * 

2(*4-6) 

a 2 -\-ab ~rb 2 ' 

4 

(x-1)(a- + 3) 
-48 


2 . 


5. 


1 


a*-\ 

1 


3. - 

6 . 0 . 


1 


A-rrt 


a 2 +ab+b 2 ' 

8 . 


10 . 


12 . 


*(*—2) (a +2) (a 4-4)’ 

2x(a 2 —b 2 ) 

(x 2 -a 2 )(x 2 -b 2 Y 

EXERCISE 85. (page 162) 


(a4-2)(x4-3)(a4-4)(a4-5)* 

16 (a 4-4) _ 

(a 4-1) (*4-3) (a 4-5) (a 4-7)* 
\0b 2 (a*-6b A ) 
(a A -4b*)(a*-9b A Y 


1. A. 

x4-1 


2 . 1 . 


4. 


7. 


A — 1 

a 2 4- a — ax 4~ Q 
a —a 


5. 


8 . 


2xy 


a 2 4->' 2 * 

A 4 —_)' 4 

2x_y * 


3. 

6 . 


1. 

1. 


in 

A J 

11. A 2 . 

12. 

JLU# 

13. 

A 4 —A 2 4“ 1 " 

a 

a—b 

14 2 ' 3 

A *‘ y- — a 2 — 2xy 

15. 


9. 1. 

6(1-a) 

4— A 

x(2x 2 - 3x+6) 
6 


1 . 1 + 


4. 3- 


*4-3’ 

10 


7 . 


*4-2’ 

2a 4-1 

2x+ 2a 2 4-2*4-3* 


EXERCISE 86 

2. 1 4--—q* 

5# 2 3x^2* 


(page 164) 
7 


3. 24- 


1* 


6 . a 3 —x 2 a4-*0 2 — fl3 4 _ 


a 4 -l 

x—a 


17. Mil. 
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SELECTED QUESTIONS—D. (page 165) 


3a 2 — 14 

1# (x-i)(A— 2 ){x-Yy 
2 {a+b) 
a 2 +ab+b 2 ' 

16a 15 

5 * 1-A 1 ®* 

n {a-\-b -\-c ) 2 
7m 2 be * 


2 . 0 . 


8x 7 



o 

a 2 +6 2 * 



3. x = 3, y = 2. 

5. a = 1, y = 1. 

7. a = 7, = 4. 

_ b 2 -\-ac ab—c 

9 - x - y ~ jz+b' 

n. * -- V-, > = 

13. a == 5, y = 6. 

15. a = 1, = — 1. 

17. a = 5, y = 3. 

19. a = 6, y = 4. 


87. (page 168) 

2. a = 1, y = -2. 
4. a == 4, _y = 3. 

6. a = 5, _>> = 1. 

8. a = 4, = 1. 

10. a = 8, y = 5. 


12. A = 
14. A = 
16. A = 
18. A = 

20. A = 


1,^ = 2. 

—i. y = — 1 

6, y = -*a- 

3. J 1 = 2. 

c ( g —*) „ _ 

a (a— h)’ y 


EXERCISE 88 

i. (page 170) 

1. a = 10, y = 4. 

2. a = 19, y 

3. a = 5, y = 6. 

4. a = 4, 

5. a = 3, y = 2. 

6. A = 14, y 

7. a = 1, y = 2. 

8. a = 5, 

9. a = *02,^ = 2’9 

10. a = 18, y 


11 . * 
13. * 
15. A 
17. A 

19. A 

20. A 


4, ^ = 2. 

3, y =2. 

3, _)> = 2. 

y — f • 

2, y = 5. 
fle — bd — c 2 

a 2 — ac— ab+b 2 ' 


y = 


12. A = 3, y 
14. a = 8, y 
16. a = 40, y 
18. a = 5 , y 

_ be -\-ad—ac 


7. 

2 . 

15 

3. 

48 

2 . 

5. 

60 

2 . 


a 2 — ac— ab-\-b 2 


c(a—c) 
b(a — b) 


w * F V 

C/l (/) C/> C/) 
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EXERCISE 89. (page 172) 

2 . x = 3 y y = 4. 

4. A' = 3, y = 4. 

6. x = 1, y = 1. 

mp—nq 

<*9 


1. x = 
3. A = 
5. A = 

7. A- = 


1,^ = 1. 

4, = 10 

b y = b 

mp—nq 


ap 


y = 


EXERCISE 90. (page 173) 


1. a- = 2, y = 0. 

3. a = —3, y = 4. 

5. x = 10, y = 15. 

„ am—bn an—bm 

'• X = a 2_ b 2 ’ — a 2 _ b 2 ‘ 


2. a = 5, y = 3. 

4. a = -1, =2. 

6. A = 4, _>’ = 6. 

8 . a = 7, y = 3. 


EXERCISE 91. (page 174) 

1. 23, 16. 2. 15, 13. 3. 21, 12. 

4. 18, 15. 5. -32, -24. , 6. 12cm, 15f. 



EXERCISE 92. (page 175) 



EXERCISE 

. 70, Rs. 50. 

. 7, Rs. 4. 

. 22, Rs. 24. 

. 140, Rs. 180. 


93. (page 176) 


2. Rs. 1-25, Rs. 150. 
4. Rs. 350, Rs. 460. 

6. Rs. 535, Rs. 315. 
8 . Rs. 20, 30 paise. 


EXERCISE 94. (page 178) 

1. 4 km per hour, 3\ km per hour. 

2. 31 km per hour, 11 km per hour. 

3 3 km per hour, 1 km per hour. 

4*. 8 km per hour, 3 km per hour. 

5. 40 km. 6 * 8 2 ' houls * 

7. 22 km/hour, 132 km. 


ANSWERS 
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EXERCISE 95. (page 179) 

1. 142* kg ; 127* kg ; 15 kg. 

2. Rs. 200. 3. 288 sq. metres. 4. 90 kg ; 30 kg. 

5. A = Rs. 4'50 ; |B = Rs. 7’50 ; C = Rs. 10. 

6. Men = 16; Sum = Rs. 48. 


EXERCISE 96. (page 181) 

1. x = 7, y = 4 or x = 4, y = 7. 

2. x — 12, y = 5 or * = 5, y = 12. 

3. x = 15, y = 8. 4. at = 12, y = 1. 

5. x — 8, = 7 or at = 7, = 8. 

„ .. _ _ a + \/a 2 —46 2 a-Vfl 2 -46 2 

6. at = 11, _y = 7. 7. at =-^^ = - 2 - 

0 Vm 2 +4n 2 -\-m Vm 2 +4n 2 -m 

8 . a: = - ^^ ^-* 

9. x 3, y = 4 or at = 4, ^ = 3. 

10. * = 2, = 5. 11. 48 metres ; 36 metres. 

12. 20 metres ; 8 metres. 13. 80 m. ; 48 m. 

14. 4 cm 15. (£) 36 m. ( ii ) 25 m. ; 11 m. 


SELECTED QUESTIONS—-E. (page 182) 

I. 8 ; 5. 2. 692. 3. f. 

4. Sohan : Rs. 1100; Mohan : Rs. 2900. 

5. 40 years, 10 years. 

6. 12 km per hour ; 15 km. 

7. 10 km per hour ; 11 km per hour. 

8. 54 km ; 6 km per hour.. 

9. A’s time = 4 minutes, B’s time = 5 minutes. 

10. 8 km per hour ; 3 km per hour. 

11. 100 students in Room A, 80 students in Room B. 


2 . («) 

4.-6, 7. 


1 


SECTIONAL REVISION ID 

TEST PAPERS, (page 183) 

Paper 1. 


— b (ii) 2(*+*). 


3. a; = 4, y 
5. 52. 


= 6 
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1. 3a--2. 

3 . x = 3, y = 5 
5. 6/?+44. 


Paper 2. 

2. (i) (") **(*+2)(* 

4. A = 32 years, • B = 20 years. 


- 2 ) 


1. .v 2 — 2x4-1. 

3 . a = 3, y = 2. 
5 . (2a+3) (3a—8). 

* 2x 2 + 7x + 3 

• ’ 3a+2* 


Paper 3. 

2 . 


17a 


(a —3) (a —7) (a 4-4) 
4 . 87. 


2 . 


Paper 4. 
8a 2 


1 —A®' 


4 . 15 km per hour, 90 km. 


3* a = by y == 0. 
5. 27. 


2 . 


34 xy 


Paper 5 

3. a = a+b, y = ab. 


4 . 25 km. 


49a^— v 2 

5.(0 (**_3*-6)(*»-3*+4) «i) ( 9 ^ 2 + 1 2a _12x+8). 

Paper 6. 

1 


2. • 1 

A —1 

5. 143. 


3. a = 3, y = 4. 


4 . Rs. 480, Rs. 960. 


Paper 7. 


1. 3x 2 4-8ai>>4-4>' 2 . 


2 . -. 

A 


4. Tea—Rs. 2.50 per kg, Coffee—Rs. 1.25 per kg. 

5. —5. 

Paper 8. 

1 HCF.=j ! + ! L.C.M. = *»(**+!){** 

2 . 


a 4-2 * 

5. (a-3)(2a 2 -a + \). 


3. a = 4, y = 5 


-l)(*-2). 

4 . 2 metres 


ANSWERS 


Paper 9. 

1. (* 2 +8tfA: —2a*) (7 a - — 4a) (3x — la) 

2. 2. 3. a = b = f. 

4, 48 persons ; Rs. 2.50 each 5. 11. 


Objective Type 



. (page 188) 


1. (i) Same. (ii) Two. (iii) H.C.F. 

(iv) Complex. (v) Denominator. 

2. B D 

3 C. 

4 # . (i) C AxB = HxL. 

(ii) c —. (iii) G 10*-h>'. 
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EXERCISE 98. (page 199) 


1. y = 

2. x = 


5 (a straight line parallel to a: axis at a distance of 

5). 

8 (a straight line parallel to_y axis at a distance of 

—8) * 


3. (i) y = (a straight line passing through origin and with 

slope = f) - 

(ii) y = —!* (a straight line passing through origin and 

with slope = —f). 


EXERCISE 99. (page 202) 


5. y — f 

slope = 4. 

6. y = — 2*-f8 

slope = —2. 

7. y = 

slope = J. 

8. y=ix-% 

slope = J. 

9. y = *x+4 

slope = y. 

10. y = 

slope = — . 

11. y= 0a+3 

slope = 0. 

12. 0 y = —a+5 

slope = oo. 

13. y — Oat+0 

slope = 0. 


14. (i) = (u) *+(-2)>-5 =0. 

° ¥ 
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- 4 -^ = 1 
4 ' 8 


a: 

To 

S' 


+ 


y 


= i 


£+ JL 

Q ‘ 3 

— 3^4 


= 1. 


= 1. 


x - a -1 = i 

ft ' 4 1 ’ 

T 7, 


34*225 sq. units 


2 *- r ^—8 = 0 . 


3 a— 4^ —10 = 0. 


x —8>’—3 = 0. 
4a— 3y + 12 = 0. 
16 a+25>>— 20 = 0. 


1. 

3. 

5. 

7. 

9. 

11 . 

13. 

15. 

16. 


EXERCISE 

100. (page 206) 

a = 3, y = 4. 

2. a = 5, y = 4. 

* = 4, y = 3. 

4. a = 4, _y = 5. 

a = 2, y = 3. 

6. a = 3, y = 2. 

a = — 5, y = —2. 

8. a = 2, jy = —5 

a = 4, jy = 3. 

10. a =4, y = -3 

a = — 3, y = 4. 

12. a = 3, y = 4. 

* = 5, _y = 6. 

x = 2, y = 3. 

14. a = 4, jy = 5. 

(-5, -5) ; (-5, 9); 

(2, 2) ; 1\'2, 7V2, 14. 

• 


SELECTED QUESTIONS—F. (page 206) 

C 

1. * = —’#, = 2. x = —\,y = 

3. a = —1, v = —2. 4. a = 2, _y = 3. 

5. a = 13, y = \\. 6. x = 6,_r = 4; (8, 0); (0, 16) 

7. a =2, y = 1 . 8. * _r = 3. 


EXERCISE 101. (page 214) 

2 y = _3 a . 4. 72*6 km. 

6*. 102*7°F, 10-20 A.M., 7-20 P.M. 

7. From 22nd June to 5 July. 

8 13 14*4, 21*3. '9. 65 cm, 51*5 cm. 

10.’ 38*6°. 11- (i) "'2 m. (ii) 24*8 m. 


i. 

9 

VP 


*• xs 


7. \/m 3 .x 2 


10. x ? 


14. 

19. 

24. 

29. 


X. 

16. 

4 * 


1 

■g 


33. 1562*5 


l. A 

4. 

7. 


1 

x 4 * 

“8 _R 


m 


V 


10 . 


13. 


£13 

„ 12 * 


V 
'VI 


5 

b™ 


16. 1. 


EXERCISE 102. (page 220) 

6 
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Va 3 

* 

••vs- 

1 


3. 


f/x*.y/a 

6. 4.^31 


9. v 7 * 


/vl7 


11. “5* 


12. m. 



13. 

a* 


m- 







15. 


16. 

4- 

17. 

4. 


18. 8. 

20. 

b 

21. 

4* 

22. 

25. 


23. 

25. 

1 

Tiy* 

26. 

9. 

27. 

81. 


28. 36 

30. 

i 

3XT* 


31. 11. 



32. 

5. 


34. 


* 2 + l 

x(A—!)• 


35. a 


»»- 2 » 


EXERCISE 103. (page 223) 


• 'VS 


5. m 3 « 4 . 

8. 4 

.v* 


11 . 

x 2 

..4 ’ 


3. x.6«. 


6 . 

9. 


14. 


12 


15 


a-«b 3 . 
1 

V a 

9 

25a 2 b 2 ' 


x 


2bc (o + c) 


2 


17. 2 3 is greater by 448. 


EXERCISE 104. (Page 225) 

1. (i) 5x“ 2 +3x“ 1 -f -1 — 7x +4x 2 . 

(ii) 6 x- 3 +4x' 2 +7x- 1 4-3x+5a-3. 

_i _!_ _j_ i 

(iii) —x n -f6x 2n +4-f3x 2n -f-5x"-fx. 
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2. (i) *- 2 y*+2-b* 2 jr 2 . 

(ii) x~^y% — 1 -\-x^y~^. 

(iii) 1+7 x*—5x*y-'—xy-*+3y-*. 

3. fl+a” 1 . 4. 

5. a 2 +16c 5 —96+8ac 7 . 


12 . 


a a 


i 


-2 


7. x“ 2 +x“ 1 jf* 1 +^> 

9. 1— — a* + «H“* 

11. a :^y~ 7 + x*y~ ^ + x~ ^y* + x~ 7 _>> 7 . 


6 . a—2a* + I. 

8 . a+£+c — 3<z a b'c^. 

10. x% — a^x^+a^. 

4 4 


1 -*“*+**. 


EXERCISE 105. (Page 226) 


1. 

3. 

4. 

5. 


a^ +2a^£^ + £ :i . 
a 2 _u a + a* + 2 a* — 2 a 7 — 2« 7 . 
eft -|-4a +a 7 —4a 7 +2 a 7 —4a 7 . 

1 +<z“ s +a^+2a~^+2a 3 +2. 


2. <z 2 + 2+a“ 2 . 


6. 

a - -\-ab “+£—2 a*b 

“*+2aM 

-2 aM. 




3 3 

7. 

a+a” 1 . 

8. 

a 7 +^ 

9. 

x" 2 -hy~ 2 +x“ 1 _>' -1 . 

10. 

•> 

A' J —A 

11. 

4a+b~ 1 +c*—2ah 

~-+2aM 

. * 

i 

+ 

12. 

a 3 n_ b - 3 n 

13. 

a n +a~, 

14. 

a? — b 3 . 

15. 

G*" +3 

16. 

3 (n + 3) 

X • 

17. 


18. 

a m ~ 1 . 

20. 

1 : 2 8 . 

19. 

• n . q o n “ 1 _9 ^1 

x* +2.x J .a 

-fa 2 ". 



.-if 


T 


ANSWERS 
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EXERCISE 106. (Page 228) 


1. 

h 

2. 

7. 

3. 

2"-i # 

4. 

?• 

5. 


6. 

2—2 n-2 # 

9. 

(i) • 

10. 

I+*" 1 . 

11. 

A 2 + ^ 1 -f-jf" 2 • 

12. 

1 

13. 

1. 

14. 

8. 15. 1. 


12 - (I-*)"’ 


16 . -{(b ~* -a" 1 )(a“ 1 1 ) (er 1 —6“ 1 ) (a +b +c)}. 

19. 1. 


SELECTED QJJESTIONS—G. (page 230) 


1. 

1 . 

2. 

3 3 " 

3. 

-*• 

4. 

ii _» 
X **>' * 

5. 

x -p1-q* 

6. 


7. 

1 . 

8. 

1 . 

9. 

1 . 

10. 

x 2 (a* * 6a +«») 

11. 

X-( a * + 6» ‘ tf») 

12. 

A- 2 **. 


EXERCISE 1( 

1. (i) 5 : 12. (ii) aid. 

2. (i) 9 : 49. (ii) a*b *: 

(iv) **+2x + l : x 1 —2a -f-1 . 

3. (i) 64: 125. (ii) m 3 /i 3 : 

^iv) x 6 : 2 3x . 

(ii) x*:y*. 

(ii) a: 3 : y 1 . 


4. (i) 4: 5. 

5. (i) 4: 3. 


6. (i) 5 : 6>2 : 3. j[ii) 8: 5>I4: II. 


(iii) a 3 + 1 : a* — 1. 

(iii) a*+x*+2axz a*+x*— 2ax 

(iii) (a-by: (a+b)*. 

(iii) x+2a:x—2a. 

(iii) 5 a*b* : Ixy 1 . 


7. —57. 

11. 23. 

12. 

ii abifl+b) 

<P+ab-\-b v 

14. 28 and 32. 

15. 

16. 49J and 381. 

17. 21 and 35. 

18. 

19 7 

T5- 

20. -|f. 

21. 

22. 

23. £ ; — T \. 

24. 


ab 


a+b' 

15 and 20. 
b 


A*. 


3 

4 


y +x 

y—x 
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X 3 4- 

25. -y~~. 26. 2. 27. 

x 2 +y 2 

28. 45 yrs. and 36 yrs. 29. 

30. 28000 and 8400. 


EXERCISE 108. (page 237) 


1. 

_9 

2. 

1 3 

3. 

— f. 

4. 

5. 

3 

■53* 

6. 

2. 






EXERCISE 

109. 

(page 239) 


1. 

21. 

2. 

20. 

3. 

40. 

4. 

5. 

4 a 2 b*. 

6. 

12. 

7. 

35. 

8. 

9. 

132. 

10. 

3. 

11. 


12. 

13. 

8. 

14. 

64 

'fi-* 

15. 

1 2 

T- 

16. 


17. 3. 

EXERCISE 110. (page 241) 
1. 5. 2. 6. 4. 4, 36. 5. 22. 

8. 60 kg, 120 kg, 160 kg, 200 kg. 

10. 3 : 4. 

EXERCISE 112. (page 246) 

1 . 2 . 2 . 2 . 

EXERCISE 113. (page 248) 

17. 1. 


11 . 


x 


8 

x 



EXERCISE 114. (page 249) 

y x -{-y x —y _ 15* — 12 y 
= 3 “ 11 — 5 “ 84 

_y x +y _ x —y 
3 10 4 


-3, -12. 
: 10 . 


2 _ 

la 


i 

F* 

24. 

(a 2 -b 2 ) 2 . 

( *+y ) 3 

x-y 


7. 36, 63. 

9. 13:35. 


12 


ANSWERS 
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EXERCISE 117 


1. 

i- 

2. 

ft- 

3. 

4.2. 

4. 

1 

sir- 

5. 

1 

6. 

3. 

7. 

7. 

8. 

6. 


ab 




7 6 

— / TT- 

12. 

2 ab 

9. 

12. 

10. 

r 

T7- 

11. 

a+6‘ 


9 ab 




1 



13. 

A 4 

14. 

14. 

15. 

• 

• • 

16. 

1. 


ar -+- b* 



a-f-6 






EXERCISE 

118. 



1. 

-2b 

2. 

—6. 

3. 

-11. 

4. 

4. 

5. 

6. 

6. 

_c: 1 

7. 

<j+6 * 

8. 

tV 

9. 

7. 

10. 

7. 

11. 

13. 

12. 

0. 




EXERCISE 

119. 



1. 

-H. 

2. 

-1*. 

3. 

09 1 

4. 


5. 

2ab 

6 

2(a+6) 

7 

- 

-2.) 


a-\-b 


a+24 ' 


(a 2 -f6 2 — ac — be) * 

8. 

ab 







Q 

2J. 

10. 

Q4 

11. 

“A- 

c—a—b' 


12. 

f- 

13. 

2f». 

14. 

_ 50 

*5 BIT" 

15. 

bc{b — c) 

2 a-b-c 

16. 

-21. 

17. 

3«. 

18. 

A- 

* 





EXERCISE 

120. 



1. 

3. 

2. 

2. 

3. 

3. 

4. 

b 

5. 

1. 

6. 

ac—bd 
ad—be 

7. 

_ 7 

T*£- 

8. 

nr- 

9. 

_ 1 

XT 75* 

10. 

— 1» 

11. 

0. 12. 


6 3 —<wr* 

13. 

2 V 


3 

a*- 

4 2 +c®— ab' 

3. 

14. 

5. 

15. 

6. 16, 

. 7. 



17. 

8. 




18. 7. 


33 
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EXERCISE 

121. 




1. 

1 s 
TB* 


2. 

4 4 
TG~5 

3. 

tV 


4. 

b 8 

{a-by 

5. 

4. 


6. 

4. 

7. 

-4- 


8. 

1 4 

1 Yff* 

9. 

2i- 


10. 

li- 

11. 

_ 1 2 


12. 

— 4. 

13. 

4* 


14. 

-If- 

15. 

2 

3- 


16. 

10 

TT- 

17. 

tV 


18. 

-If 

19. 

- 2 ?. 


20. 

“If 

21. 

1 & 


22. 

4* 

23. 

a& . 

a-\-b 


24. 






EXERCISE 

122. 




1. 

—4. 


2. 

h 

3. 

84 . 


4 

. 8. 

5. 

2i- 


6. 

-u- 

7. 

4. 


8. 

44. 

9. 

- ¥ * 


10. 

—3£. 

11. 

1. 








EXERCISE 

123. 




1. 

sV 



2. 

13 


3. 

1 s 
TT- 


4. 

4- 



5. 

— TT- 


6. 

A- 


7. 

<7 3 

-pr 

+r 2 

2 

—/V 


8. 

1 

ab-\-Za—b 

>—2" 






EXERCISE 

124. 




1. 

-3f 

- 

2. 

— 4f 

3. 

- 3 *. 


4. 

- 44 . 

5. 

-3« 

• 

6. 

— 1. 

7. 

-2|- 


8. 

-3f 

9. 

44. 

2fo 

10. 

1 7 

11. 

20 

ST- 

14. 


12. 

c 

—4. 


13. - 

a 

(6 4-c) 




2a 

• 






EXERCISE 

125. 





3 


2. - 

-1. 

3. 2 

•IT • 

4. 

1? 

(Read 

it 

T* 





+2* 

—5 

in R.H.S.) 

5. 

-i- 


6. 24. 

7. 1 

• 


8. 4 

» • 


ANSWERS 


1. a+b. 

4 .^. 

7. -I 
ab 


10 . 


a+b+c 


13. ab+bc+ca 
16. <2 3 -f-^ 3 +^ 3 * 

19. 


22 . 1 . 


25. 


cq—br 
ar—cp 

28. - 


a+b 


EXERCISE 126. 


2. <2+6. 

a 2 a* 
a-H>* 

c <2 2 +£ 2 +4<2& 

6 6a 

2 (a+b) * 

6. T . 

8. 1. 

9. 

11. either a or 6. 

12. 

ab-\-bc-\-ca 

abc 

15. a(<2-{-^+0‘ 

17. a +*. 

18. 2 

2 

a+b 

20. - (a-6+c). 

a+b—2c 
bc+ca—2ab‘ 

23. a + b . 

24. 2 ‘* . 

2 

b—a 

26. 

27. 25. 



EXERCISE 127. 


1. x 

2. x 

3. x 

4. x 

5. x 

6. x 

7. x 

8. x 

9. x 

10. x 

11. x 


6 , y = 11, z = 6. 

1, y — 2, z = 3. 

— 11 , ^ = — 8 , £ = — 6 . 
2>y =3, * = 1. 

3, > = 2, * = 5. 

2, ^ = 3, z = 4. 

l > y = h z = h 

~b> y — - sis, £ = 


-— 9 


11, JV =9, z — 7. 
c+a—by y = a-f-6—c, z — b+c 


— a. 


i > y = - 2 , * = | 


12. x = 

13. x = 


> = 


c-\-a — b 9 ^ a-}-6—c* 

14, = 12, « = 10. 


£ = 


6+r— 
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14. x = 

15. x = 

16. * = 

17. x = 

18. * = 

19. x = 


4 > y = 3, z 

b 2 +c 2 —a 2 


= 2 . 


y = 


c 2 +a 2 -b 2 


2 be 

5, y = 5, z = 

1 , y = h z = 

2, y = 4, z = 
2 

c-\-a — b* y 


2 ca 


, z = 


a 2 -\-b 2 — c 2 

2ri 


5. 

1 . 

6 . 


a-\-b— c 


Z = 


b-\-c—a 


20. x = abc , y = * = a-\-b-\-c. 

21. x = — (ab+bc+ca), y = a+b+c , * = 1. 

22. x = 5, ^ = 4, £ = 6. 

23. x = 4, = 5, £ = 6. 

24. x = 7, jy = 5, z = 3. 


1. 15, 22, 40. 

3. 20, 12, 8. 

5. 79. 6. 426. 


2. 18, 12. 

4. x = 160, y = 180, * = 210. 

7. 648. 8. 253. 


1. 1:3:5. 

3. 3:4:5. 

5. x = 7, y = 10, * = 8. 
7. x =2 y y = -4, z =6 
9. x = 3, y = 4, * = 5. 

11. x = 1, y = 2, * = 3. 

12. x = b—c, y = c—a , * 

13. x = 8, y = 6, * = 4. 

14. x = 3, ^ = 9, z = 15. 


2. 3:4: 2. 

4. ab — c 2 : be — a 2 :ac—b 2 . 

6. x = 2, y == 3, z == 1 • 

8. x =8,^ = 12,* =20. 

10. x = 3, _>> = 2, * = 1; 

or x = —3,_y = — 2, * = — 1* 

-b. 


1. x = 3, y = f. 

3. x = 1, = —i- 

2/> 2 —3 ^ _ 10/>+9 

5# * “ 36 + 5 ’ y 3 /> + 5 ‘ 

1 _ b _ * — l 
7 * * — 1 ^ 1 +«* 


2. x = 7, y = 9. 

4. x = 3, _>» = 2. 

^ l P „ _ 

6 - x — / 2+m 2> / a +m 2 ' 

9. x = —2, _>• = !. 


8. 5. 


ANSWERS 


EXERCISE 131. 


1. x 

3. x 
5. x 


— h y — i 

= -i 

= 1> .T = 3- 




7. x = 

9. x = 
11. x = 


<2 


2 — b* 


,a 


-6 2 


-• y 

am —bn 

1 H,J=- 

i* y = ■ et- 


an 

l-rs 


— 


2. x = 
4. x = 
6. x = 

8. x = 

10. x = 
12. x = 


h y = \- 
3 > y = £• 

l,y = l. 

1 1 

-2,y = l 

h y =4. 


EXERCISE 132. 


1. x 

3. x 
5. x 
7. x 


-3, >> = 3, * = 
—7, y = 3, z = 
1, jv = 1, = 1 * 

6£, 7 = 3 , £ = " 


1. 

8. 


2. x 

4. x 

6. x 


3 

VIV 


3, ^ 

4, ^ 


2, s 

3, £ 

4: 


SECTIONAL REVISION IV 


1. (i) (a) 3 s x 10 4 

2. («) (a) 1. 

fi f§\ —2c • 

■ Y' 6c+ca — 2a6 
7. x = 3 , y = —2 


1. 

5. 

6. 


c : 8a. 

(t) x = | or 0 
2"—1 


1 . 22 . 

3. 2: 1 


TEST PAPERS 

Paper 1. 

( b ) (23) 3 x 10 8 . 

(b) x. 

(ii) x = a, 2a. 


Paper 2. 

2 . - 2 . 

(«) x = 1. 

7 < 


Paper 3. 
2 . 
4. 


s© 

■ffg 


» 2(a*+ab+b*) 

ab 
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5. (*) h (ii) -3f 
7. x = 3, y = 2. 



y = -**+}; 
slope = —£ ; 

intercept on^-axis 



Paper 4. 


1. (i) 


(ii) X 2 — y 2 

2 4:1. 


3. 20:27. 

.(0 1*. 

(«) -4*. 

V| 

• 

X 

II 

Vs 

II 

CO 

V# 



Paper 5. 

2. 4. 


5. (0 y (») 

6. x -2nr . 


Paper 6. 

1. (0 27, 

(«) 243, 

(iii) 16, (iv) -001. 

2. 72 and 

27. 

5. («) 7, (if) 

x = 'TQ> 

= 

_2 

TX- 



Paper 7. 

1. *. 


2. 0. 

5. (i) -4, 

(«) If- 

6. x = 10, 



Paper 8. 


* = 2 . 

I. 




1. (i) *+*V+.r. 

2. 30,000 ; 18,000. 

5. (0 -2f. (ii) 8. 

7. (-4, 5), (3, 2), (1,-3). 


(ii) x* -i-x^y*-j-x^^-j-yf. 

3. (i) 28, (ii) 22*5, (iii) 37 5 

6. 20 km per hour. 


Objective Type Items—IV. 


1. (i) Zero, (ii) straight line, (Hi) duplicate ratio, 

(iv) the product, (y) increased, (vi) two of them are of 

the form ax-\-by -\-cz = 0. 

2. (i) E y (ii) C, (Hi) A (iv) D , (v) D. 


* 1 1 _ 1 1 

*_2 x—3 x —6 *-7' 

5. D (0, C (»), £ (iii), ^ («). 


4. (2, 3). 
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EXERCISE 138. 

1 . *3_|_*2_io* 4-8. 2. x 3 -f-5x 2 —2x —24. 

3. x®4-9x 2 4-26x4-24. 4. x 3 —9x 2 -f26x—24. 

5 . &—(a-\-b+c)x*+(ab+bc-\-ca)x—abc. 

6. x 4 —6X 3 —5x 2 4-42x-f-40. 7. x 4 -t-4x 3 —19x 2 —46x4-120. 

8. x 4 —(a+ c 4~^)* 3 4~ ( a ^ -\-ad-\-hc -\-bd-\-cd)x 2 

— (a/>c -\-abd -\-acd -\-bcd)x-\-abcd. 

9. x s +5x 4 a + 10x 3 a 2 H-10x 2 a 3 +5xa 4 +a 6 . 

10. x 3 +6 x 5 a +15x 4 a 2 +20x 3 <2 3 4-15x 2 a 4 +6xa 6 + a 8 - 

11. x 4 —4 x 3 <2+6x 2 ^ 2 —4xa 3 -+-a 4 . 

12. x 3 — 5x*a + \0x*a 2 — \0x 2 a*-\-5xa A — a 5 . 


EXERCISE 139. 

1. x 5 4-5X 4 +1 Ox 3 4-1 Ox 2 4-5x 4-1. 

2. a 6 —6 a b b 4-15 a*b 2 —20 a*b* 4-1 5a 2 * 4 —6 ab* 4 -b*. 

3. /; 7 4-7/>V4-21/>V+35/ > V4-35/ > V4-21/>V4-7^ 6 +9 7 . 

4. i_6x4-15x 2 —20x 3 4-15x 4 — 6x*4-x 6 . 

5. 324-80m4-80m 2 4-40m 3 4-10m 4 4-ra 5 - 

6. 81—108a4-54a 2 —12a 3 4-« 4 . 

7. 32x®—80x 4 4-80x 3 —40x 2 4-10x —1. 

8 . 1 — 18x 4-135x 2 — 540X 3 4-1215x« — 1458X 6 4- 729x*. 

9. i _10 x4-45x 2 —120x 3 4-210x 4 —252x 3 4-210x« —120x 7 4-45x® 

— 1 Ox® 4-x 10 . 

10. 644-576x 4-2160x 2 +4320X 3 4-4860X 4 4-2916x* 4-729x®. 

11. 243a 6 — 810 a*b +1080a 3 6 2 -720a 2 6 3 +240a*« —326®. 

12. a 4 -\-2a z b -\-%a 2 b 2 -\-%ab z 

13. a 6 +5a» + 10a+ —+ ^ + i. 

a a 3 a 6 

35 21 7 1 

14. **-7*3+21*3-35*+ "-y+p-j. 

15. 8*»+8jt. 16. 2*3+20*3 + 10*. 

17. 12*«a+40*Sa» + 12*a'. 18. 864/>3 ? +1536/> 9 ». 


EXERCISE 140. 

1. 114. 2. 11. 3. 249. 4. 126. 

5. 1 0253. 6. 1-218. 7. 1 0075. 8. Rs. 1-47 
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1. 

3. 






1. 

3. 

5. 

7. 

9. 



13. 

15. 


1 




EXERCISE 141 


3 


a 2 b 3 


4 x 4 y 6 ‘ 
— 2 a 2 b s . 



2. 

±8a* b*c 5 . 

9a 3 6c 2 



-L *5^8- 

4. 

±! 1 

2 a\x-y) 2 

± A «( X+J ,)3- 

6. 

5 a 2 bc 3 . 

lab 2 

— 4xb 2 a 5 . 

8. 

v 3,,4- 


12 . 


10 . 

2 . 


± 2xy 2 z 3 . 


13. - 






±(2a-3^). 

±(3^+5^). 

±(^ 3 -l). 

it( x— "i)- 

± &-!?)• 

zfc(-s* a W* 
±(<2*—j<2&). 

±(*+ 4 +0 

± (* 2 + 1 + i ) • 

4 - 0 - 


EXERCISE 

2 . 

4. 

6. 

8. 

10 . 




EXERCISE 

2 . 




142. 

±(4* 2 +5). 

±(9a-6 2 ). 

=b(l-6x). 

±{x 2 y+h)- 

*(»-?)■ 

±("-0- 
± (i + j) ■ 

143. 

±(*+2+i). 

±( A + ‘-i)- 

± (*• - 2 4) ■ 
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i^x-f-2-t - 



8 . ± 


(«■ - 2 4.) 


EXERCISE 144. 


1 . 


2. ±(3fl*+8). 

3. 

4 

4. +(56—a). 


y 

_ 4a6 

5. 

±2a 2 . 

6 . -+- 2 A 2 * 

a 2 — b 2 

7. 

ik (3a -{-3b -)-x -\-y) 

8 . k(* 2 - 2 x + l). 

9. 

±(2x 2 +3x-5). 

10 . ± (at*+x^+>*). 

/ \ 

11 . 

zb (3x* — 5xy f 4y*) 

i2, ^O 4-14- *)' 

13. 

±(*+4 *)• 

i4 - * 6 + i + -) - 

15. 

±(ab-\-bc—ca). 

16. ± (x +2»(2x +j>) (3* 

17. 

. (y+z- 2x\ 

IQ 1 f v _1_ 1 1 ^ 1 

H 6 )' 

10 * ± l X .T 1 1 _!#• 

19. 

± <**+**)• 

20 . ±(*- 1 ). 21 . ±(x- 


EXERCISE 145. 

1 . 

±(x m -2x n ). 

2. ±(2 2 "+3"). 

3. 

±(5x m —2x"). 




EXERCISE 146. 

1 . 

±(4x-7». 

2. ±(x 2 +3*+3). 

3. 

±(4**—3*+ 2 ). 

4. ±(x*— ax+2a*). 

5. 

±(x* — 6 **-}- 12 x 

— 8 ). 6 . zt (a**+2x-f-3a). 

7. 

±OS+i-0 

8 . ±3(x*-*-l). 

9. 


10. ±(3x-4+4x). 

11 . 

± (*•-*+». 

12. ±($-a6+3a*6 2 ).' 
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5. 

6 . 






7. 

9. 



EXERCISE 147. 


zb 


± 


(*—?)■ 

(£-■+*)• 


2 . ± 


4. 



±U 3 -1 



6. ± 


G-i)' 

±(2**+3* + |) 
6 - 





± l? +1 + 

±(2*-3r). 


£• 


8 . ±(1 —*). 


EXERCISE 148. 


±(2* 2 +2* + l) ; +221. 2. +(**+* + 3) ; ±113. 


*•2 ^4 v 6 

a_f 2^~8^ + leia 1 ' 


, \ * 5 _ , 5 , 

4. l + 2~r +16^ 


a —J should be subtracted or £—a should be added 

x = 2. 7. p 2 = 4q- 


a = 12, b = 9. 

SELECTED 

±( a+ 1 ~i) 

±(* 2 + 2 -i)- 

±(?-**+s)- 

± (^ +2+ I). 

± ( a:+1 ~3;)- 


QUESTIONS—I. 

2 . ±(*- 2 -;)- 

4. ±(**+4-1). 

„ / 3* 2 ax b\ 

6 ‘ ± \2 3 5/ 

8 - ±(* 3 - 2 + ^)- 
10. ±( 2 * — 2 + 3i)' 

12. ± ( 2 **+i* +1 — 
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13. 

15. 






: (Read — J for — 




16. 4. 17. 2. 18. 16. 

EXERCISE 149. 


1 . 

V96. 

2 . 

-57500. 

3. 

1/ 96. 

4. 

-574057 

5. 

-^96. 

6 . 

-57972. 

7. 

Vx”> 

8 . 

K/x*fy. 

9. 

v7c> s y. 

10 . 

4-V/37 

11 . 

3V77 

12 . 

2VTT. 

13. 

5-^27 

14. 

3v7f7 

15. 

2-j7f 

16. 

x 2 ^. 

17. 


18. 

*«\t5^7 

19. 

-8-5710. 

20 . 

5x 2 _y-572)77. 


EXERCISE 

150. 

1 . 

7V57 

2 . 

0 . 

3. 

4V^7 

4. 

9-5747 

5. 

3-5757 

6 . 

— 34. 

7. 

3*(2V5i-15\/>'). 

8 . 

a(x— 4a) Vx. 

9. 

4a-57a7 




1. ‘1/46656, ‘V27, ‘VTb. 2. ^§7 

3. ‘^,‘V^ 4. ^57 

5 - ^3. 6 . v / 4. 7. &6. 

8 . ■J'4, -^5, -v/27 9. VJ, </ 5 , ^67 

*0. 3V2, 2V37 -^77 11 . v^67 ‘& 8 , ^127 
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EXERCISE 

152. 


1. 

v^63. 

2 . v'ga 

3. 

V / 144. 

4. 


5 . Vf: 

6. 


7. 

*7944784. 

8. v 486000. 9. 

1 B/ 882165816. 

ID. 

12/1280 

V 27 ' 

11 + 2187 
“• V 512 * 

12. 

V32. 

13. 

18V67 

14. \6V33. 

15. 

12^ 

16. 

35^27 

17 3 

1/# T0 -. 

18. 

6 A 6 / ® 

■g-v off- 

19. 

V / 432. 

20. 2 1 v 442368. 21. 

^360. 

22. 

1 

23. 

24. 

x 2 y Vxy 2 . 



EXERCISE 

153. 


1. 

V 10 -1- V 14 + 

VT5+V2T. 



2. 

Vl5—V10+3V/2-2V3. 



3. 

2V6 — 29. 




4. 

12v / 35+24v / 21 —12V15—30. 


5. 

54 - 22 V 6 T 

6. 

62-20V6. 


7. 

3 -V 2 . 

8. 

9\/2+2\/3+V6-6. 

9. 

69 + 12\/30. 

10. 

159 — 24V 427 

11. 

43 -24V 5. 

12. 

2x 2 — 1 — 2xVx 2 — 1. 

13. 

a*-\a 2 — b 2 +2a 2 V a 2 —b 2 . 14. 

2a 2 —2v a 4 

-4b*. 

15. 

16. 

5 —4* + 12V12* — 1 -32a 2 . 
25a 2 —7 b 2 + 24 Va* — b*. 





EXERCISE 

154. 


1. 

V 2, V 5, V6, 

V ab, Va 2 , Vx- 

-1, Va 2 b. 


2. 

a/(T. 

3. VI. VJ. 

4. 

Ve: x/36. 

5. 

V3-V2: 

6. V5 + V3. 7. 

V c ~-\- V b. 
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8. a-Vb. 9. V57 v''36. S/T. 

10. v'S'O. 4/T. 11. aVic+bVj. 12. W3 — 2VT. 

13. 3VT+2V3. 14. VaTi + Vr^: 15. x-Vx^-f. 


EXERCISE 155. 


1 . 

Vl5 

7 ‘ Z ‘ 

I* 2 ' 

, v / 20 

2 * 

4. 

^135 

9 * 

0*462. 

6. 1*060. 

7. 

1*010. 8. 

*149. 

9. *671. 

10. 

*693. 




EXERCISE 

156. 

1. 

5*828. 2. 

-3*732. 

3. 17*944. 

4. 

9*898. 5. 

2*956. 

6. 5*585. 

7. 

12. 8. 

1154. 

£ 

9. 18 + 13V2: 

10. 

£(4V 6 + V15). 11. 

i( 2a2 ~ 

-b*+2oVa*—b*\ 

12. 

13 . 

* 2 -f Vx* 

— 1. 


EXERCISE 

157. 

1 . 

v^s+^+^io. 

2. 

^164-^9-^12. 

3. 

v^36 + v^25 +-5^30. 

4. 

.^36 + ^9 —*^18: 

5. 

tyx* + -55* + tyxy. 

6. 



7. ^27+V3. ^2 + ^3. V2 + ^87 

8. v'S! + ^54 + ^36 +-^24 + -^16; 

9. ^'3l25 + ^l875 + -^TTB + -^675 + ^'405 + ^243: 

10. ^27-^T8 + -M2--^8T 

11. ^8l-^54+ ^36--^24+-^16. 

12. ^3l25-^T875 + ^n25_^675 + ^4oF_^243. 
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EXERCISE 158. 


1. 

V 2(1 —V2 — 

V 3). 2. V 2(V 3 — 

V2+1). 

3. 

V6(V3—V2 

—■V5). 4. V6(V2 + V3 + V5). 

5. 

(8 —V , 3)(3\/5+2V3 —1). 



6. 

(V6+2)(3V2-f-2V'3+3\/6). 





EXERCISE 159. 



1. 

2 a. 

„ 2 Va 2 -b 2 

b 2 * 

3. 

2V2+V3. 

4. 

V5 + V3. 

4 

5. 3\/2-2\/3. 

6 . 

4 aV a 2 — 1 . 

7. 

* 

2x 2 . 

8. — 30VT 





EXERCISE 160. 



1. 

7+V3. 

2. 3 — 2\/2! 

3. 

6 +V5. 

4. 

4+V3 : Read 8\/3 for V83. 

5. 

3 —V57 

6. 

7+3\/5. 

7. 5—3V2. 

8. 

s-v/f: 

9. 

3V7—2V6’- 

10. VT+s/5. 

11. 

v/5+V3^ 

12. 

V3 + V2. 

13 . 2+V3~. 

14. 

4—V 5. 

15. 

VJ- 1. 

16. * = 15, y = 6. 





i’ 

EXERCISE 

161. 

1 . 

V2(v/|+V£). 

2. 

V3(V2-1). 

3. 

V3(V5+V2). 

4. 

V2(V5—V3). 

5. 

V3(V3+V2). 

6. 

V5(Vf- -v/f). 

7. 

2+VZ 

8. 

vi-vf 

9. 

V3—1. 

10. 

V5—>/3. 



EXERCISE 

162. 

1 . 

V2 — 1. 

2. 1. 

3. —(V3 + 1 ). 

4. 

vf. 5 - & 

y/67 6 . 2\/ 5 —\/ 2 -f-3 — y/ 6 + 1 . 
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7. 2. 8. 1. 9. 1 + y/2 

10. V2-V3+V5. 11 • 1 -+V3 —/5. 

12. 2—\/6 : (Read +2/307. 


1 . 0 . 

4. 15. 

8. 1154. 


SELECTED QjUESTIONS—J 

2. 98. 3. -144/5 


6. 568. 

9. 39202. 


7. 76. 


1. 

3. 

5. 

7. 

9. 


1. 

3. 

5. 

1. 

3. 

5. 


1. 

3. 

5. 

7. 


2m 
ab' 
pb 2 

l(a- 


n. 


-ab = 0 . 
-qab +ra 2 
4a*. 

c) = m(6 


EXERCISE 163. 

2. a 2 m 2 — b 2 = 0. 

4. am 2 —bm +c = 0. 

= 0. 6. aq z — bq 2 p-\-cqp 2 — dp z — 0. 

8 . v 2 =u 2 +2fs. 

— d). 10. lb % — mab-\-na 2 — 0. 


EXERCISE 164. 


aq —bp = 0. 

a z d 2 -\-b z c 2 = 0. 
a s d 4 -j-b s c € = 0. 

P*~q 2 = 2. 

P* -q z = 3 q. 

P {1 =y 4 -4 ? 2 +2. 


2. 8a 2 n—m s =0. 

4. p*n 3 —^ 4 m 3 = 0. 


EXERCISE 165. 


2. q z —p 3 = 3^. 

4. q*-p*= 2. 

6. /> 4 = ? 4 +4? 2 +2 


EXERCISE 166. 


a 2 —6 2 = 4. 

/> 2 —^2 = 4 . 

__ , 

d 2 6 2 ~~ 1# 

a 2 * 2 —6 2 y = 1 


a 2 __ 

* 2 ~^2 — R 


2. m 2 —n 2 __ 24. 

4. 10a6+3=0. 

6. a 2 —b* = 1. 


.2 


2 


«• 5+5 = I- 


10. 2a* — 1 = o. 




. % 


9. 
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EXERCISE 167. 

1 . m 2 n 2 = a 2 -{-\. 2. a 2 -\-b 2 = r 2 . 

3. a 3 -\-2c 3 = 2>ab 2 . 4. +3^ 2 = 4o 3 r 3 . 

5. a 6 —26 6 +9a 2 c 4 — Sa 3 b 3 = 0. 

6 . m 3 —am 2 -j-6 2 /a—c 3 =0. 


1. 

2 . 

3. 

4. 

5. 

6 . 

7. 

8. 
9. 



1. 

2 . 

4. 

6 . 

7. 

8 . 


tf(<7 —0 />) +£(/>— ?) ~ °- 

abc -\-2fgh — a/ 2 — bg 2 — c/ 2 2 = 0 . 

(/>-i?*) (s - /) = (*—>)*• 

(X— /•?)(*>' —•*.>’) = («* — «*)*• 

(c— arf) 2 + 6 2 J = 0. 

( 6 c -b'c)(ab’ -a b) 2 = (ca'-c'a) 3 . 

(bc' — b'c ) 2 (a 6 ' — a' 6 ) = (ca'-c'a) 3 . 
p 3 r = (r-f-/>< 7) 2 • 

(c 2 }- 4a6) ( 6 2 — 3 ab — ac) = (4a 2 — 3ac + be)*. 

EXERCISE 169. 

a’{be 1 — b'c) +b"(ca — c'a) + c " (ab' — ab) = 0 . 
2abc-\-ab -\-bc-\-ca = 1 . 

x 2 +j> 2 +Z 2 +2xyz = 1 . 
ab-\-bc+ca-{-\ = 0 . 
ab-{-be-\-ca-\-2abc = 1 . 

EXERCISE 170. 


a -\-b -\-c — 0. 

(P+q)(<i+ r )( r +P) = K 

ab-\ bc-\-ca-\-\ =0. 
2a=6(l+c). 

"*(/>+<7) 3 = q(P + m ) 3 

p h - e Xq e ~ a X r°~ h = 1. 
<p+b 3 +c 3 +abc = 0. 


4 . a 2 = 6 2 -f" 2 c 2 . 

6. />-}-/• = 4<7- 

8. x -fa = 0. 


SELECTED QUESTIONS—K 


3. b 3 — a 3 -f3a-f-36 = 0. 

5. y— x 2 = 4x 2 >' 2 . 


am 3 —blm 2 -\-cL 2 m—dL 3 = 0. 

a 2 —6 2 = 1. 

TbS-t'c) 2 + (ca'-c'a) 2 = (a6 — a'6) 2 . _ 

(£ c '_ b c) 2 -{-(ca— c'a)(be — b c) -\-(ca -c a) 

\ v 0-2 

(x—a)(^i- —= 1 • 


9. 


(b+d) 2 (b d) 


2 
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EXERCISE 171. 

1. Fractional and irrational. 

2. Fractional and rational. 

3. Integral and irrational. 

4. Fractional and rational. 

5. Integral and rational. 

6. Fractional and irrational. 

7. (i) 4. (ii) 9. (Hi) 12. 

(iv) 5. (v) 6* a -8* + 10 

(vi) 9£ 2 +12*+ 15. (vii) 3m a +2m+4. 

8. (i) 14. ( ii ) 6. (Hi) 2(1 —p) 

9. 2(b+2ax). 10. 7. 

11 . x. 12. x. 


1. tfo* 8 + a t x 7 -l-azx 6 -j-a^x 5 -+-a 4 x 4 + a&x 3 + a 6 x 2 + a 7 x + a B . 

2. aox 4 +<Jix 3 _y -\-azx 2 j> 2 +<z a *y 3 -\-asx 3 -\-a e x 2 j>-\-a 7 xy 2 

+*8>> 9 -\-a*x 2 +tfio*)'+*nj 2 +tfi 2 * +«i3V+<*i 4 . 

3. 2J 4 —5x 3 —2x a + llx—6 . . 

4. 2*®—10x 4 +3*®+16* 2 — 14x+3. 

5. \5x*+5x*— 6x 4 — x 2 — 2x — 1. 

6.12*® +2x 7 — 18*® —3*® +22x 4 +4x 3 +3** —4. 

7. 2*® +5x 7 —2* 6 —9** -x 4 — 5x 3 — 14x a —3*+3. 

8. Sx 3 :—a:*(5+6<j)+x( 5<2—6)+6<i ; — £. 

9. * 2 -x. 10. 2x— 1. 

11 . * 3 —**+*-!. 12 . x 4 — x 2 + 1 . 


EXERCISE 173. 

1 . a = 2 , 6 = 8 , c = — 3 . 

2. a = 3, b = —9, c = 0, d = 15. 

3. / « 1, m =b 1, » = — 11, * = —23. 

4. a = 2, b = 0, c = 12, = 0, * = 2. 

5. 18. 6. a = 2y k = 

7. ^ = 1, B = 2. 8. ^4 == 2, 5 = 

9. A = 1, B = 2, C = 3. 

ff'o,** 1 ’ ^ = -1, C = 0, D — 2. 

11. 3(x-l)*+2(x+2)+l. 

I?’ ?(*+l) 3 —2(x + l) + l. 

13. (x + l)*-4(x+l)a + (x+l)-4. 

34 


— 8 . 

= —3 
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14. 

15. 

16. 

17. 

18. 


— 1 

* + l 

3 

2x + 1 

1 


1 


+ 


5(x—3) ' 5(*4-2) 
7—6x 

~ 4**—2* + l* 
x +4 


x —2 (* + l) 2 ' 

A =3, B = C = 2. 

A = 1, B = 2, C = -1, D 


= - 1 . 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 
9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 


21 . 


22 . 


EXERCISE 174. 

Homogeneous and symmetrical, absolute symmetry. 
Homogeneous but not symmetrical. 

Neither homogeneous nor symmetrical. 

Homogeneous but not symmetrical. 

Homogeneous but not symmetrical. 

Homogeneous but not symmetrical. 

Homogeneous and symmetrical, absolute symmetry. 
Symmetrical but not homogeneous, absolute symmetry 
Homogeneous but not symmetrical. 

Homogeneous and symmetrical, absolute symmetry. 
Not homogeneous but symmetrical, absolute symmetry 
Homogeneous and symmetrical, cyclic symmetry. 

X a (J+y**+*) Vb(*?y +jy 3 * +J 3 z +f x +^) + 

^ c(x*y 2 +yH 2 +Z 2 x 2 ) +d(x*yz +y 2 zx +z 2 xy). 
2x*+3xy+2y*. 

2x 3 4- 3x 2 y 4- 3xy z -f- 2 y 3 • 

(* +a) {x +b) +(x+b)(x +e) + (x+c) (* +a). 

(x —a) (b -a) (c —a) +(x-b){c-b)(a-b) + 

(x —c) (a —c) (b —c ). 

(x 4 -a) (x +*>) \x —c ) 4-(* +*>) (* +*) (* 

-M*4 -c)(x+a)(x—b). 

*(a +b) , x 2 (b+c) 


x*(c 4-a) 


~~ab h be ca 

lc ca _ , 

(a — b)(a — c) + (b-c)(b — a) (c — a){c-b) 
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o'z _:_ _:_ 

(« ~b) (a -c) (x -a) h (b -c) (b-a) (x-b) 

+ (c—a)(c—b)(x—c) 

24. 3a: 2 -f-2 x(a-\-b-\-c) -\-(ab-\-bc-\-ca). 

25. 2(a*4-^*4“^ 2 — ab — be — ca). 

26. 3x*-\-2x(a-\-b-\-c). 

27. ab(a — b) -\-bc(b — c) -\-ca(c — a). 

28. 27* 2 4-327*y. 

29. 27a:*—27 xy. 

30. xty+y'z+z'x— x 2 y* —y 2 z 2 — Z 2 x 2 . 

31. 327a 2 — 2Eab. 

32. (i) fl =/» = 7andc= < / = —3. 

(ii) p = 4 and q — —2. 

(m) m = —a = 2 and —/» = q = 7. 

EXERCISE 175. 

1. A = 1, £ = 1, C = 0. 2. 3Ex*j+6xyz. 

3. 24 xyz . 4. 0. 

5. (*-l)(**4-2*4-3). 6. (a: — 1)(* —2) (x —3). ' 

7. (*-l)(*-3)(*+5). 8. (x +2)(* —3) (x +4). 

9. (*+2)(*+3)(*+5). 10. (x — 1)(at —|— 1) (*+5). 

11. (x +2) (x+3) (x —5). 12. (x+2)(x a —3x+6). 

13. (x + l)(x-l)(* a -2x-2). 

14. (x-3)(* — 4)(x a +5x+3). 

EXERCISE 176. 


3. (a— b) ( b—c) (c—a ). 4. —( a—b) (b—c) (c—a). 

5. (a 4 - 6 ) ( 64 -c) (c-j-a). 6. 3 (a—b) (b—c) (c—a). 

7. (a+b) ( 64 -c) (c-j-a). 8 . (a-\-b) (b+c) (c-j-a). 

9. 24 abc. 


10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 


—(a—b) (b—c) (c—a) (a4-6-Hr). 

(a—b) (b—c) (c—a) (a4-&-f-c). 

(a4-£4-c) (ab-\-bc-\-ca). 

2(a—b) (b—c) (c—a) (a-\-b-{-c). 

—(a—b) (b—c) (c—a) (a*+b 2 -\-c 2 +ab-\-bc-\-ca) 
— (a—b) (b—c) (c—a) (ab-\-bc +ca ). 

5 (*-*) (**+>■ 4 -Z*-xy-yz-zx). 

—(a—b) (b—c) (c—a) (a*+b*+c*-\-ab+bc+ca) 
5 xy ( at 4 -^ v ) ( x *+ x y+y 2 ). 
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19. 5 (x+y) (y+z) (z+x) (x 2 +y 2 +z*+xy+yz+zx). 

20. — (*+_v) (y+z) ( z+x) (x—y) ( y-z ) (z—x). 

21. —( a—b ) (6—0 (c-a) (a*+b 2 +c*+a 2 b+a 2 c+b 2 a+b 2 c 

+c 2 a + c 2 b -\-abc). 


1 . 0 . 

3. 1. 

5. 0. 

7. 0. 

9. 2. 

11. a 2 +b 2 +c 2 + ab+bc+ca. 

13. 0. 





8. 

10 . 



1. 

J_ 

abc 

J_ 

abc 

0. 

a6+6c+£a. 
<2 -\-b ~\~c. 



15. a-\-b -\-c. 1 • 

(a-b) ( b-c) (c—a) , 8 , 

l/ ' (a+6) (i+c) (e+a) 

19. 2. 20 - — 3 - 


21. x 2 . 


EXERCISE 180. 


1 

2. 

4. 

X 6 

** (x — a) (x— 6) (x—c) 

1 

(x— a ) (x—6) [x—c) 

X 2 

3m (x+a) (x+b) (x+c) 

(x+a) (x+6) (*+0 

1+* 

6. 

1 +/>x +?** 

• 

'x' 

1 

o 

'x 

1 

Cj- 

'x 

1 

• 


(x—a) (x — 6) (AT— c) 

EXERCISE 181. 

1. ( a-\-b ) (6+0 ( c + a ) f 

2. 

ab+bc+ca. 

3. 3. 

4. 

|(a + 6+c -\-d). 

5. —1. 

6. 

x +y +z. 
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1 . 0 . 

3. 0. 
5. x. 


SELECTED QUESTIONS — L. 

2 _ a _ 

(a-\-b — c) ( b-\-c — a) (c+a—b)' 

4. -1. 

6. X 2 . 


1. 

(3x 5y) (6x —7y). 

2. 

.(3a-5b)(9a+4b). 

3. 

(I lx -\-^y) (5x —3y). 

4. 

x a _y 2 ( 15x —4y) (8x -f- 7y). 

5. 

(4x —5>>) (1 lx —4y). 

6. 

(?x—3y)(3x— 7y). 

7. 

(4x -f-_y) (lx — 20y). 




EXERCISE 183. 


I. (a+x — 2)(a+y+2). 

3. (x-fa+2)(x — a — 1). 

5. (bx — x + l)(6x-f-x-|-6). 
7. (x H ~p + 1) (x +/> — 1). 


2. (x-f-l)(<zx— x — a). 

4. (x — a)(x — b — 1). 

6. ( a -b-3)(a-b+2 ). 

8. (a-\-x)(a-\-b-\-c). 


EXERCISE 184. 

1. (x 1) (x — 3) (x +4). 2. (x-\-2)(x —4) 2 . 

3. (x-3)(x*+3x+6). 4. (x+3)(x 2 -3x+4). 

5 - (a: +2^) (at* —-4- lOy 2 ). 6. (2x-l)(4x 2 +2*+3). 

7. (h-b)(2a*+ab+b*). 8. (3a:-1)(9x 2 +3jc+5)'. 


EXERCISE 185. 

1. (x 2 -3x-l)(x 2 +2x-l). 2. (x — l) 2 (* 2 +6x + l)w 

Read +1 in the question. 
3. (x* — x1 ) (x* —4x -f-1) • 4. (2x 2 +x+2)(x a -fx-f 1)'. 

5* (*'h>0 < (3x t “— lxy+3y*). 6. (2x4-^»)(x-}-2y)(2x*— xp-f-2?*) 

Read — xy* in the question. 

7. (x* —_y 2 —xy) (6x 2 -6y 2 — 19xy). 

EXERCISE 186. 

1. (a -2b +3c) (2a+3b —5c ). 

\ —3*)(2x —y -\-z) • 

j- (* +y +z) (x —2y +3 z) . 

(a -f- 2x — y) (a — x -f-2_y). 
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5. (x-\-2a +b){x — a-\-2b). 

6. (x+y + 3^) (at— 2y+z). 

7. (*4-3_>> — 2^) (2* —y+z)- 


EXERCISE 187. 

1. 3{2a-b)(b—3c)(3c—2a). 

2. 3 (a — 2b -\-\)(a-{-b —1) (6 — 2d ). 

3. 3{a — l)(a— 2)(3 — 2a). 

4. —6a(fl-r-£ + l)(a—£—1). 

5. 3 ( 2x 4 -y) {x —y) (*4-2 \y) ‘ 

6. 3 abc(b — c)(c — a) (a — b ). 

7. 5 (x —y) (y —z) (z —x) (* 2 4 -y 2 4 -z 2 —xy —yz —zx ). 

8. —5(x — 1) (a: —2) (2x—3) (3a 2 —9* 4 - 7) • 


SECTIONAL REVISION V 

TEST PAPERS 

Paper 1. 

1. (t) 1 5 a 7 —x 5 4 -13x 4 — 1 4 a 4 * —3,v 2 —2* — 8. (it) 

2. (i) 1-0004. (») 

3 . ( t ) 8 l /> 4 + 216/> 3 <7 4 - 216/> 2 ? 2 + 9 $ pq * 4 - 16 ? 4 . 

( ii ) 8 l /> 4 - 216 /> 3 ? + 216 />y - 96/>? 3 + 16 ? 4 . _ 

4. a = 12, 6=9. 5. ±(7-2v / 2). 

6. A = —1, B =2. 

Paper 2. 

1 . (0 -1 ; 1 ; -13. (») x 4 1 . 

„ ab , be ca 

x 2 (a-b) ^x\b-c) x*(c-a)' 

4 . 12 * 4 - 40 x 3 4 - 12 * 5 . 5 . ±( 3 ^ 3 — 2 ). 

-V 2 _ 

6 ' (*-a) (x -b)(x-cY 

Paper 3. 

, 4 2 -^. , 

*(^-*) ' T y(z-x) z(x-y) 

3. Product is not symmetrical. 



Mr* 


ANSWERS 
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±^5(V3 + V2). 


20 ' 


Paper 4. 


-<r>(A -c) —* 3 (c -a) — c 3 (a —A). 

, 7 • 16 

5 X * + 3*_1 + —j 

I (a 2 +y +^ 2 ) +yz+z*)- 

1-797. 5. \/2". 6. 



a*-\-b 2 + c 2 —4 = afcc.- 


Paper 5. 

1. (0 V2. (»«) 9+4\/5. 

2. ^ ±Jt + 3 -l). 3. A = -2. B - 3,1/* = 2. 

5. (a+6-{-£—4) 2 = 



Paper 6. 

3. 


5. («•) 


4\/5-h3V 15 — 10\/3 —6 

11 



Paper 7. 


±(4*+4>+ 3 )- 
(««') o. 


1. (i) 1 +6* +15 a 2 +20A 3 +1 5a: 4 +6a 5 +a». 

( ii ) 1 —6* +1 5 a 2 —20a 2 +1 5 a 4 -6a 5 +a». 

2. A 2 +| + i. 3. ±0-414. 

4. a* = A 2 —3A. 5. -4-. 

abc 

Paper 8. 



x® +5o* 4 + 10* 2 a 3 -j-10 a 3 ** +5 a 4 x+a 6 . 
x 5 —5ax 4 +1 Otf*** — 10a 8 x 2 -j-5a 4 x — a h . 
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2. 2a 2 —3a 4 5. 

3. 

a*b*(a*+b* + 3) = 1. 

4. 1. 


5. 

1, 2 or 5. 

6. A 

= 3, 5=4, C 

= 2 . 



OBJECTIVE TYPE 

ITEMS—V 

i. (,■) 

Evolution. 

(ii) 

4. 

(««) 

Homogeneous. 

0 iv) 

Two or more simple 

(») 

Conjugate. 

(vi) 

Equidistant. 

2. (i) 

T. (ii) 

T. 

(in) F. 

(«0 

T. ( V ) 

T. 

(«’) T. 

3. (,*) 

B. («) 

D. 

C. 

(mi) D. 

4. (0 

(V). («) 

x. 

(m) x. 

(«) 

W)- (v) 

x. 


MISCELLANEOUS QUESTIONS 

(A) 

a- 2 +a -f-2. 3. (i) ( a -b)(a-ab+b) 

(ii) (a +b +c)(2ab +2 be +2ca —a 2 — b 2 —c 2 ). 




4. 

1. 


5. (i) a = 5, y = 3, * 


(H) 

a -\-b -\-c. 

7 5 - 2 

x+2 *+3' 

8. 

21 m, 15m. 

(B) 

1. 

A* + 
(«) 

A —4. 

O'—*)(*?+«)• 

3. (f) ( fl + l)( fl -l)(i + l){A 


(m) 

(1 8a 2 4-6a 4-1) (1 8a 2 —6a -f 1) ; 1861 x 1741. 

4. 

A 2 . 


5. (/) 5. (H) 5. 

6. 

abc 

= 1. 

_ 3 3a 1 

* a—2 (* + l) 2 ' 

8. 

(i) 

46m. 

(ii) 32m ; 14m. 


= 7 


- 1 ) 
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1. (t) 16; 27, 81. 

4. (i) {x -37) (x+36). 

5. 5+\/6. 

7. A = \ y B = -4, C 


(C) _ 

(») 2a+2\/a r -**. 

(«) (* 2 -**)(*-:*)• 

6. x 4 -/ = 4x*I 

4£. 8. Rs 27 ; 24 men. 


1. (-) 27 ; ±- 

3. 2**4 3*+2. 

(it) (x‘+>*-l) 1 - 
7. = 6, B = 5, C = 


(D) 

2 . ( 4 ) 

5. («) 


5 

X 

(ax-a-\-\)(ax 



x 2 +x _3 
x 2 -2 * 


—6, Z) = — 4. 8. Rs 2725. 


(E) 

1. ( a ) 8.V 3 . (6) 8. 

3. (i) (ar-l-4)(x 2 -4x4-16). (») (*+>) O'+*)(*+*). 

4. A. 5. (t) 4. («) x=>=2or 

6. = 1. 7. A = 4, B = —6, C — 

8. 30 km per hour. 

(F) 

2. *4-2--. 3. at-vV —1. 

X 

4. (:') (x«+4*+8)(x*-4x+8). (it) (*+a)(*+4+0- 


5 ' {x- a )(x-b)(*-cY 

7. p = 6, 7 = 11, r = 6. 


8. 72 of each kind. 



(G) 

1. (») 83. (ii) 21. 

2. _g • x*-|-2x_3. 

4. (i) (2** +1) (2** — 1 )'(2x* +2* +1) (2** —2* 4- 1) . 

(■■') 6(*-jO<3*+5j>)(5*+3>0. 

5. xjx+1) 6 k » +3k 

X — 1 

7. k = 3 y l = 0, m = —1. 


8. 63. 
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1. (a) -1. (6) ( 1 ) 4- 

(H) 

— X. 

(«) x — 4 . 

2. a 3 -7a-6. 

5. 

1. 

6 . (i) 5 or 5-. 

(ii) x 

II 

Hci 

II 

7. —1 ; 0 ; 6a 2 — 12a+8. 

8. 32 t 4 7 minutes past 5. 

1 

(I) 

(*) 

A 2 -J> 2 

1 ‘ W Va 2 -\-b 2 ' 

Va*-W 

2. (a) 0. 

w 

A 8 -f-A 4 + 1 . 

3. 3. 

4. 

a *-4a 2 b+2b 2 . 

5. * a . 

6 . 

0. 

x — 3 

8. 12 abc(a *-b +<:)• 




0 *■«) 4 


W / y 

1. la) 1. 2.(b) 

3. (3a +26) (2a-3d) (a — b ) (4a 2 +6a& +96 2 ). 

4. (i) (a — 26) (a 4-5/>) (a — 3b). (ii) (a-2)(a 2 +2a- 13). 

co 6. 3V2—2. 


EXERCISE 188. 


I. 

±4. 

2. 

±2._ 


3. 

0 or 10. 

4. 

±2._ 

5. 

± V5. 


6. 

±|V2. 

7. 

±Va. 

8. 

±2. 


9. 

±1- 

10. 

±3. 

11. 

±2. 


12. 

±9. 

13. 

± ^ TT* 

14. 



15. 

-}-V a(a —2). 

16. 

4 or —8. 

EXERCISE 

189. 



1 . 

4 or 6. 


2. 

-4 

or — 

6. 

3. 

5 or —7. 


4. 

—8 

or 9. 


5. 

1 or 3. 


6. 

2 or 

—5. 


7. 

a or — b. 


8. 

f or 

4 

5- 
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9. 

11 . 

13. 

15. 

17. 

19. 

21 . 

23. 

25. 

27. 

29. 


1 . 

3. 

5. 

7. 

9. 


1 . 

3. 

5. 

7. 


9. 

11 . 


1 . 

3. 

5. 

7. 


1 or —I- 

10. 

b c 

- or — 
a b 

—6 or 7 . 

12. 

0 or —5. 

-4. 

14. 

7 

¥• 

• 

a 

16. 

b 

• 

“3* 


a 

p+q- 

18. 

p+q or q—p. 

2 or 7. 

20. 

—6 or —4. 

4 or —3. 

22. 

— £ or-}. 

—3 or —9. 

24. 

i or — 1 . 

i or f. 

26. 

3 or ■}. 

9 or -4. 

28. 

—tV or 10 . 

I or }. 

30. 

or -?. 

• 

EXERCISE 

190. 

9 or —5. 

2. 

3±V74. 

—6 or 4. 

4. 

2 r,.- 3 

i °r s* 

• 

1 

U 

C 

o>;« 

6. 

1 or — 

8. 

£ 

0 

1 

ICf- 

• 

8 or 9. 

10. 

V 6 2 +4<jr 
6± 2 a 


EXERCISE 

191. 

2 or —}. 

2. 

1 or 

2 or 4f. 

4. 

1 or J. 

14 or £. 

6. 

-1 ° r 1 - 

2 or i£. 

8. 

-2 or — 4 - 

4 or j. 

10. 

2/> 4/. 

f or - 1: 

2 or —p. 

12. 

t or - 1 . 

m 

% 


q P 


13, 14. 

11, 13. 

17m ; 15m. 


EXERCISE 192. 

2. f or *. 

4. 12 & 14 or -12 & 

6. 5, 12. 

• • • • 

I 


- 10 . 


\ 
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8. (z) (±V3-l)fl. 

(«) 

(2±V2)a. 

(m) or 

(iv) 

2±V2 

4 a ' 

9. 24m ; 10m. 

10. 

30m ; 16m. 

11. 50m ; 18m. 

12. 

4m. 

13. 24m ; 10m. 

14. 

11 hours. 

15. 15 km per hour. 

16. 

6 hours 40 minutes. 

17. 3m ; 2m. 

18. 

6 m ; 9m. 

19. 24m ; 18m, 15m. 

20. 

1024. 

21. Rs 80. 

22. 

Rs 70 or Rs 30 : 


Read “a pen for Rs 21'00 


i » 


5. (b) 

6 . {a) 


EXERCISE 193. 


1. (a) 

13 i. 

(b) 

1 o — V15+5 V 7 5z+2 \/3i. 

(c) 

34. 

—33 —56*. 

2. (a) 

—39 + 80/. 

(b) 

(c) 

p*-q* -2 P qi. 

(d) 

+6V5T. _ 

M 

24 — 10 i. 

(/) 

r 2 — d-\-2cy/ di. 

3. (a) 

\3+8V— 3 

(b) 

26-65 V-3 

19 

79 

w 

• IT' 

| 1 

> 

<N 

1 



9 



4. (a) 

22 7 /— 

9 + 

W 

+ 1 


read 


1 


1 


(1-0* 
2 (/>»- ?*). 


(i -HO 2 ’ 

(*) Read “by 

a4 + £4_6<z*6 s +4a6t (a* 

a 4 + ^ 4 + 2^ 2 


-* 2 ) 


1. (*) -7, 9 

2. (f) *, A 


EXERCISE 194. 

(ii) 13, 7. (Hi) — 
L k . I 


(»> m 2 ’ m 2 ' 


(Hi) - 

v ;/i 


-2. (») J, 3 

- (it-) 0, 

m 


c 

a 


ANSWERS 


529 


EXERCISE 195 

1. (i) Imaginary and unequal. 

(t») Real, rational and unequal. 

(lit) Real, rational and unequal. 

(ip) Real, rational and unequal. 

(p) Real, rational and unequal. 

4. q ^ r. 5. 1 or 9. 6 . 3, 5. 

7. m = 0 or 3; 1, |. 

EXERCISE 196. 


2\/3 

1 . (i) - 2 . (it) 6 . (tti) - 10 . ( iv ) - 6 . (p) -3£. (pi) — 3 - 


2. 

— 1. 


3. -6^. 4. -27. 


5. 

±1. 

6. 

<■> f (*> ^ 

CM 

1 % 
ft 

V) 

7. 

(0 

a— 

w 

..... —3ar 
('") a . • 



a 

<N 

1 

. . 6 4 —4aZ> a c 

, .. 3 abc—b* 


(ip) 

ac 

W A* • 

(«) ^ ■ 


8 . [Read «■+**+« = 0] 


EXERCISE 197. 

1. (i) **-16x-f 55 = 0. (it) x*—9*— 112 = 0. 

(iii) (3a+76)*+21a& = 0. 

(ip) x*-2wf+m 8 -n 2 = 0. 

( 0 ) x 8 —4x+l = 0. ( vi ) />?*x* — (/>* +? 4 )x= 0. 

(pit) (/**—$*)**—2 (/> a +?*)x +(/>*—?*) =0. 

2. (i) x* —6*-{-27 = 0. (it) 3x*+2x+3 = 0. 

(tit) x« — 4x+6 = 0. 

3. (i) cx % -{-bx-\-a =0. (it) a*x* — (b 2 — 2or)x-fr 2 = 0. 

* (iii) *rx* — a(b-c)x*-a* = 0. 

(io) acx*4-6(a-H:)x-f-(a-4-c) 2 = 0. 

(p) (a—&.-+-c)x*—2(a—c)x-b(a-4-6-fc) = 0. 

4. 2** — llx + 19 = 0. 
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1. p = r. 

(iii) kb 2 = (k 

6. b 2 + a 2 c + ac 2 - 

1. 9. 

4. 12o 2 = 49 ac. 

1. (i) A. (ii) 

2 . (a) ; - 

(</) AP. ; 1 

1. 1 -f3 4-5 4-7 - 

3. 46j. 

(w) 5-4//. 

1. 19th term. 

4. 9th term. 


1 . 0 . 2 . 

4. 19, 18, 17,. 

1 . (i) -1221 

2. 1280. 

5. 4; 8. 


EXERCISE 198. 

4. (i) 3b 2 = 16 ac. (ii) 4 b 2 = 25 ac. 

T- 1 ) 2 QC. 

3a.bc = 0. 


2 . 

5. 


a* 2 —4£x+c = 0. 
a K —4a 2 6+26 2 

b* ' 


EXERCISE 200. 


(iii) C. (iv) B. 

—p—2g 
7 

2a 2 —2 


B. 

-6 (b) A.P. ; 


(v) A. 


(c) Sequence 


1. (e) A.P. ; 


a 



2 . 

4. 


-4-14-2+5 

72* —72 + 1 
72 


5. (0 24-1. 


EXERCISE 202. 

2. Yes; 21st term. 3. No term. 

5 . 10 . 6 . 8 . 


EXERCISE 203. 

14, 86. 3. 5+8 + 11+14 +. 

.; yes; 20th term. 

EXERCISE 204. 

(«) 89.5. (iii) | ja(» + l) - 2 ^1 (“0 952 ' 

3. 7650; 7500. 4. 4// + 1. 
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EXERCISE 205. 

1. 1068. 2. 10. 3. 2y. 4. 15. 

5. 17. . 6. 7. 6 ; 2. 8 . 12. 

9. 8 ; 4. 

EXERCISE 206. 

1. (i) x 2 +y*. (») 6-6. 2. 11, 17, 23, 29. 

3. 6, 11, 16, 21, 26, 31, 36. 

4. p, 2p — 1, 3p — 2, . p(p- 1)+1. 

EXERCISE 207. 

3. 13, 17, 21. 4. I, -y-, V» V- 

5. 3, 3i, 4, 4J, 5. 

EXERCISE 208. 

3. £(1 +mn). 4. 53:39. 

6. 19. 7. 9 ; Rs 4 50. 8. Rs 33,000. 


1. G. P. ; a. 

3. G. P. ; -f. 

5. G. />. : ——. 

m+n 


EXERCISE 209. 


1 


2. G. P. ; 4 ^. 

4. Not a G. P. 

6 . G. P. ; VST 


EXERCISE 210. 


1. 2+6 + 18+54 + 162 + 

2. 8+4+2 + 1 +. 

3. — 

5. (t) 


4. w. 

(“) (~1) P 




EXERCISE 211. 

1. yes ; 9th term. 2. 8th term. 

3. 9 terms. 4. 7 terms. 

5. is not a term of the G. P. 2J + 1J + 1 + 
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1. 16+24+36+54 

3. 2 +6_+18+54 + 
5. + V pq. 


2 . 

4. 


212 . 

9+6+4+|+. 

or 9—6+4— ■§ + 
4, 8, 16, 32,. 


1. (i) 12285. 

(»0 (l+(f) 9 }. 

<■> '‘(‘-i)- 

3. (i) |(3" —1). 

4. (2n — 1).2" + 1 +2. 



l«) 16 

(iv) 121(\/3 + l). 

2- ^ 1 iVsV■ 

(ii) 2" — 1 
5. 1093. 


\ 


1. 5 terms. 
3. 2. 


2 . 12 terms. 
4. 7 terms. 

EXERCISE 215. 


1. (0 ±^. («’i) ±-06. 2. 12, 36, 108. 

3. i, 1, 3. 4. 8 , 12, 18, 27. 

EXERCISE 216. 

1 . 2 . 2 . £. 

3. 5. 4. *§. 

5. 2-J-. 6. (0 3 t s t . 

7 * i+42 +43+. to °°- 8 ‘ 4 ‘ 

9. 16+8+4+2 + . to 00. 

EXERCISE 217. 

2. 4, 6, 9. 3. 1, 2, 4, 8. 


5. 2, 5, 8 or 26, 5, -16. 
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EXERCISE 218. 


2. (*) 4K10"-!)-*.»- 
(Hi) ^-bt( 1Q 1q — 1 i ) 




(») «( 10 "- 1 ) 

10 "- 




3. 3, 27. 


10 " 

4 1 f *V*-!) _ >»(>"-1) 1 

* x— y\ x — 1 ^ — 1 I 


0 - 


i. H- 

3. 4, 2, 1$, 1, *, f 

. r\ 14 

4. (?) 


EXERCISE 219. 

2. f. 


5. - 


6+72' 

176 


95* 

7 . *+*m+ 


6 . 


(H) 

_1_ 

46' 


8 +n 


EXERCISE 220. 


1 . (£) 12 . 


2 . 

4. 


7- 

TT> T5) |> 


(«■*') i, 

7/2 2 —72 2 
< m) *■+*• 

(fr) - 


3. Y. 1. 

-- 


5* |j TD T> 

W> iV 


2—^2 


a 


EXERCISE 221 


1. 2, 6 ; 2\/3. 


SECTIONAL REVISION—VI 


TEST PAPERS 
Paper 1. 


1. —2£ or 3. 

3. 2+ 

5. -4, -l, i, i ? 

Ws* 


IS 


> i> 


2 , ± 2 . 

4. 64; li 
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2 . 

4. 








Paper 2 

2 or — 1J. 2. 20. 

~ ; 36 or 16. 4. ** (10»-1) _ *«. 

7* 2 —30*+ 31 =0. 6. 


Paper 3 

0-791 or -3-791. 2. 1, 7, 13. 

5 or — $. 


3 . 
•? > 



60 

16-/2* 


Paper 4 

3. qx 2 +p(q + \)x + (p 2 -\-q 2 

~2q + \) = 


6. 0-42 or 3-58. 


3 ; f. 

2 . 

2 £ or —1. 


Paper 5 

2. p = 3, q = —20. 

4. lfft> 1H> 2*. 4 t 7 7 


OBJECTIVE TYPE ITEMS—VI. 


{i) two 

(»«■) 

(Hi) an 

(w) 

(z/) less than one. 

(«) 

(*) B. 

(««■) 

{Hi) C. 

(<■») 

{a) {iv). 

(*) 

* V X 

( c ) (*)• 

w 

(0 («*)• 

(/) 

te) (« 0 - 



zero, 
it V m/ 2 . 

B. 

B. 

{iv). 

{Hi). 

{Hi). 




